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All questions may be attempted but only marks obtained on the best four solutions will
count.
The use of an electronic calculator is not permitted in this examination.

Throughout F denotes a field.

1. (a) Let A= (a;;) € "F". Define
(i) the (¢,7) minor, M;;, of A,
(ii) the (4,7) co-factor, A, ;, of A,
(iii) the adjugate, Adj(A), of A.
Explain how to expand |A| by its ith row and jth column.
Show that A Adj(A) = |A|I, = Adj(A)A.
(b) Let A" € "F” be obtained from A € "F" by an elementary row operation. For
each such operation state, without proof, how to calculate |A’| in terms of |A].
Let u, = |4,| where

(2 11 1 1]
2 1 . 1
11 2 1
A, =
11 2 1
|11 12
where the (4, j) entry of A is
1 ifi#j
2 ifi=j °

1<, 7 <n. Prove that u, = n + 1.
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2. (a) Let A € "F". Define the following terms:
(1) eigenvalue of A,
(ii) eigenvector of A,
(iii) characteristic polynomial, c4(z), of A.
If B = A" is the transpose of A, show that cg(z) = ca(z).

6 5 212
0 5] o

(i) Find P € GL(2,R) such that P"'AP is a diagonal matrix.
(ii) Find A" for every n € N.
(iii) Find four distinct matrices B € ?R? such that B2 = A.

) Let A= |

3. Let gV be a vector space.

(a) Let U C V. Define what it means to say that U is a subspace of V. Show that
this is the case if and only if U is non-empty and for every A, i € F and for
everya, be U, Ada+ube U.

(b) Let U and W be subspaces of V. Define U + W. Show that UNW and U + W
are subspaces of V.

(c) Let A, B,C be subspaces of V. Show that (ANB)+(ANC) C AN(B+C). Give
an example of subspaces A, B, C of R? such that (ANB)+(ANC) # AN(B+C).
Justify your answer.

MATHM12B CONTINUED



4. Let {vy,...,v,.} €V where gV is a vector space. Define the following:

(1) {v;,-.., 2.} is linearly dependent,
)

(i) {v;,-..,u,.} is linearly independent,
(iii) the linear span, L(v,,...,2,), of {v;,..., 2.},
(iv) {vy,...,2,} is a spanning set for V,
(v) {vy,...,u,} is a basis for V.
Show that some subset of {v,,...,2,} is a basis for L(v,,...,2,).

[Any standard results about linear dependence and spanning sets which you use in
your proof should be carefully stated.]

Find a subset of the columns of the matrix

1 -2 -1 1 -1

a1 o2 11 3

A=| 5 3 g1 o|CR
1 -1 11 2

which is a basis for the column-space of A. Express each of the remaining columns
of A as a linear combination of the members of this basis. Justify your answers.

5. State, without proof, the Steinitz exchange theorem. Show that any two bases for a
vector space gl have the same number of elements. Define the dimension of V.

(a) Let {u;,...,u,} €V be linearly independent where gV is a vector space with
dim(V) = n.
Show that (i) m < n, (ii) if m = n, then {u,,...,x,,} is a basis for V.

(b) Let {e;,...,e,} be a basis for the vector space gV
If n is odd, show that {e; +e5,65 +€5,...,€,_1 + €., €, + €} is linearly inde-
pendent and a basis for V.
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6. (a) Let oV — W where pV, W are vector spaces. Define
(i) Im(c),
(i1) Ker(a).
Suppose in addition that gV, §W are finite-dimensional. Define
(i) the rank of , r(a),
(i) the nullity of a, n(a).
Prove that r(a) + n{a) = dim(V).

(b) Let a: V — V be a linear map where gV is a finite-dimensional vector space.

Suppose that @* = 0. Show that Im(a) C Ker(«) and hence or otherwise show
that r(a) < 3 dim(V).

Give a specific example of a and V where o = 0 and r(a) = £ dim(V).

[ Throughout you may assume any standard results about vector spaces and lin-
ear maps.|
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