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Question 1

In what follows, you may assume that the normal distribution N(p,c*) has the
density function

(a)
(b)

(©)

(d)

(e)

®

f(x)= ! exp{— M}

2nc° 20

List the essential defining properties of standard Brownian motion, B(¢).

[8]
Given that B(5) =4, calculate the probability that B(9) <8, expressing you
answer in terms of the distribution of the standard normal variable Y .

[2]
Derive an expression for the joint density function f,(x,y) of B(s) and
B(t), where t>s.

[3]
Hence, or otherwise, given that B(10) =8, calculate the probability that
B(5)<4. You may use the fact that Ie"“2 dx = % .

0
[5]

Explain what is meant by reflected Brownian motion, R(¢), and show why its
density function satisfies [, (x) =25, (x) for x>0.

[3]
Prove that if an arbitrary stochastic process X (¢) has stationary increments its
mean value () = E(X(¢)) must satisfy p(z+s)=u(?)+ pn(s). Hence explain
why reflected Brownian motion R(#) does not have stationary increments.

[4]



Question 2

(a)

(b)

(©)

(d)

Define what is meant by absorbed Brownian motion, A(¢), and briefly explain
for what kinds of problems this is a useful model.

[4]

Prove using the reflection principle that

PA(t) > y|4(0) = x) = P{Y > y\;‘j - P{Y > yj;xj

where Y is a random variable which has a standard normal distribution.
[10]
Hence show that

P(A(t) = 0]4(0) = x) = 2[1 - P(Y < x/1)].

What does this result imply about the behaviour of A(¢) as t - © ?

[3]
Calculate the expected value E[ A(t)] and comment on your answer in relation
to your findings in part (c).

8]



Question 3

A certain stochastic process starts at x(t =0) = y >0 and evolves according to the
Ornstein-Uhlenbeck stochastic differential equation

dx =—yxdt +oc dB(t)

where B(¢) is a standard Brownian motion. We are interested in the mean time it
takes for the process to reach x =0 when y >0 is small. One may show that the
probability O(z,y) that the process does not cross the line x =0 up to time ¢ obeys
the backward Fokker-Planck equation

(a)

(b)

(©)

(d)

00 _c’d’Q0 00
ot 20y oy

Explain why the boundary conditions for this equation are Q(t =0,y)=1 and
0(t,y=0)=0, and also explain why Q(t =x,y)=0.

[3]
Show that the mean first passage time 7'(y) for the process to reach x =0
satisfies the equation

d’T(y) _yydT(y) _

G 2
2 ady’ dy

subject to the boundary condition 7(y=0)=0.

Show that the formal solution for 7'(y) may be written as

y o
T(y) :izj-exp(yt2 /(sz)J-eXp(—ys2 /o *)dsdt .
G 0 t

Hence show thatas y — 0
2
T
T(y)=l\ﬁ—y—2+0<ﬁ).
c\y o

You may use the fact that je'“‘z dx = ﬂ .
0
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Question 4

Let M (t) =max{B(s):0<s <t} be the maximum value attained by a standard
Brownian motion B(s) on the time interval [0,¢].

(a)

(b)

(©)

(d)

Explain, using diagrams or otherwise, why the first passage time 7'(x) for a
standard Brownian motion to reach a value x > 0 satisfies
P(T(x)<t)=P(M(t)>x).

[4]

Discuss in outline form the steps in the argument which show that the
probability density of M (¢) for x >0 is given by

2

2
fM(t) (x) = E exp{— ;_I} .
[10]

Hence show that P(T'(x) <¢t)=2[1-P(Y <x/ Ji )], where Y is the standard
normal variable.

[3]
You own shares in a company whose price follows a standard Brownian
motion. When you purchased the shares their price was P and the present
price is Q where O < P. Your strategy is to sell the shares once the price
returns to P or after a specified time 7 passes, whichever happens soonest.
Calculate the probability that you will lose money if you follow this strategy.

[8]

Professor M J Kearney



