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DEFINITION Concave Up, Concave Down
The graph of a differentiable function y = f(x) is

(a) concave up on an open interval / if f' is increasing on /
(b) concave down on an open interval [ if f’ is decreasing on 1.

<
Il
><

2up

<4

RS
O f'increases

Bill Jackson Calculus |



Points of inflection

DEFINITION Point of Inflection

A point where the graph of a function has a tangent line and where the concavity
changes is a point of inflection.

Bill Jackson Calculus |



Points of inflection

DEFINITION Point of Inflection

A point where the graph of a function has a tangent line and where the concavity
changes is a point of inflection.

Example: y = x3
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Points of inflection

DEFINITION Point of Inflection
A point where the graph of a function has a tangent line and where the concavity
changes is a point of inflection.

Example: y = x3

The condition that the graph of the function has a tangent line at
a point of inflection is more general than saying that the function
is differentiable at the point since it allows the tangent line to be
vertical (and hence the derivative to be ‘infinite’).
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Points of inflection

DEFINITION Point of Inflection

A point where the graph of a function has a tangent line and where the concavity
changes is a point of inflection.

Example: y = x3

The condition that the graph of the function has a tangent line at
a point of inflection is more general than saying that the function

is differentiable at the point since it allows the tangent line to be

vertical (and hence the derivative to be ‘infinite’).

Example: y = x/3.
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Points of inflection

At a point of inflection (c, f(c)) we have f”(x) > 0 on one side of
¢, f”’(x) < 0 on the other side of ¢, and either f”(c) =0 or " is
undefined at c itself.
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Points of inflection

At a point of inflection (c, f(c)) we have f”(x) > 0 on one side of
¢, f”’(x) < 0 on the other side of ¢, and either f”(c) =0 or " is
undefined at c itself.

Thus, if f”(c) exists, then (c, f(c)) is a point of inflection if and
only if f”(c) =0 AND f’ has a local maximum or minimum at
xX=c.
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Points of inflection

At a point of inflection (c, f(c)) we have f”(x) > 0 on one side of
¢, f”’(x) < 0 on the other side of ¢, and either f”(c) =0 or " is
undefined at c itself.

Thus, if f”(c) exists, then (c, f(c)) is a point of inflection if and
only if f”(c) =0 AND f’ has a local maximum or minimum at
xX=c.

Example: y = x3 — 3x.
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Points of inflection

At a point of inflection (c, f(c)) we have f”(x) > 0 on one side of
¢, f”’(x) < 0 on the other side of ¢, and either f”(c) =0 or " is
undefined at c itself.

Thus, if f”(c) exists, then (c, f(c)) is a point of inflection if and
only if f”(c) =0 AND f’ has a local maximum or minimum at
xX=c.

Example: y = x3 — 3x.

Note, however, that we can have f”(c) =0 WITHOUT (c, f(c))
being a point of inflection.
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Points of inflection

At a point of inflection (c, f(c)) we have f”(x) > 0 on one side of
¢, f”’(x) < 0 on the other side of ¢, and either f”(c) =0 or " is
undefined at c itself.

Thus, if f”(c) exists, then (c, f(c)) is a point of inflection if and
only if f”(c) =0 AND f’ has a local maximum or minimum at
xX=c.

Example: y = x3 — 3x.

Note, however, that we can have f”(c) =0 WITHOUT (c, f(c))

being a point of inflection.

Example y = x*.
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Second derivative test for local extrema

If fis a function, c is a critical point of f and f is twice
differentiable at ¢ then we can use the second derivative f”/(c) to
test whether f(c) is a local extremum of f:
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Second derivative test for local extrema

If fis a function, c is a critical point of f and f is twice
differentiable at ¢ then we can use the second derivative f”/(c) to
test whether f(c) is a local extremum of f:

Theorem

Suppose f is a function, f'(c) =0, and " is continuous on some
open interval which contains c.

Q Iff"(c) <0 then f has a local maximum at c.
Q Iff"(c) > 0 then f has a local minimum at c.

Q Iff"(c) = 0 then the test fails, f can have either a local
maximum, a local minimum, or a point of inflection at c.
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Graph Drawing: Strategy for Graphing y = f(x)

Step 1 Identify the natural domain of f and find any symmetries the
graph may have.
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Graph Drawing: Strategy for Graphing y = f(x)

Step 1 Identify the natural domain of f and find any symmetries the
graph may have.

Step 2 Determine ' and f”.
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Graph Drawing: Strategy for Graphing y = f(x)

Step 1 Identify the natural domain of f and find any symmetries the
graph may have.

Step 2 Determine ' and f”.

Step 3 Find the critical points of f and determine the functions
behavior at each one.
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Graph Drawing: Strategy for Graphing y = f(x)

Step 1 Identify the natural domain of f and find any symmetries the
graph may have.

Step 2 Determine ' and f”.

Step 3 Find the critical points of f and determine the functions
behavior at each one.

Step 4 Determine where f is increasing or decreasing.
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Graph Drawing: Strategy for Graphing y = f(x)

Step 1 Identify the natural domain of f and find any symmetries the
graph may have.

Step 2 Determine ' and f”.

Step 3 Find the critical points of f and determine the functions
behavior at each one.

Step 4 Determine where f is increasing or decreasing.

Step 5 Find the points of inflection, if any occur, and determine
where the graph is concave up or concave down.
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Graph Drawing: Strategy for Graphing y = f(x)

Step 1 Identify the natural domain of f and find any symmetries the
graph may have.

Step 2 Determine ' and f”.

Step 3 Find the critical points of f and determine the functions
behavior at each one.

Step 4 Determine where f is increasing or decreasing.

Step 5 Find the points of inflection, if any occur, and determine
where the graph is concave up or concave down.

Step 6 Investigate the behavior of f(x) as x — fo00 and identify any
asymptotes.
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Graph Drawing: Strategy for Graphing y = f(x)

Step 1

Step 2
Step 3

Step 4
Step 5

Step 6

Step 7

Identify the natural domain of f and find any symmetries the
graph may have.

Determine ' and f".

Find the critical points of f and determine the functions
behavior at each one.

Determine where f is increasing or decreasing.

Find the points of inflection, if any occur, and determine
where the graph is concave up or concave down.

Investigate the behavior of f(x) as x — +oo and identify any
asymptotes.

Plot key points such as the intercepts of the graph on the
axes and the points found in Steps 3-5, then sketch the graph.
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Graph Drawing: Strategy for Graphing y = f(x)

Step 1

Step 2
Step 3

Step 4
Step 5

Step 6

Step 7

Identify the natural domain of f and find any symmetries the
graph may have.

Determine ' and f".

Find the critical points of f and determine the functions
behavior at each one.

Determine where f is increasing or decreasing.

Find the points of inflection, if any occur, and determine
where the graph is concave up or concave down.

Investigate the behavior of f(x) as x — +oo and identify any
asymptotes.

Plot key points such as the intercepts of the graph on the
axes and the points found in Steps 3-5, then sketch the graph.

(x+1)°

Example Sketch the graph of f(x) = —-.

1+ x2
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Summary: Learning about functions from derivatives

y=flx

Differentiable =
smooth, connected; graph
may rise and fall

¥y =fx)

y'> 0 = rises from
left to right;
may be wavy

y=f)

y' < 0 = falls from
left to right;
may be wavy

y" > 0 = concave up

throughout; no waves; graph
may rise or fall

/N

"' << 0 = concave down
throughout, no waves;
graph may rise or fall

y" changes sign
Inflection point

NN

y' changes sign = graph
has local maximum or local
minimum

y'=0 and y"<0
at a point; graph has
local maximum

y'=0 and y">0
at a point; graph has
local minimum
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