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Substitution in Double Integrals

For functions of one variable it is often useful to integrate by a change of variable, e.g. z =
x(u). The rule is to replace x by z(u) and dz by (dz/du)du and then alter the z-limits to
the u-limits. This is integration by substitution, which gives

r=b u=us T
1= [ fa)de = / Fe() L qu,

r=a =uy du

where u; and uy correspond to the limits a and b such that a = x(uy) and b = x(us).
The above equation follows straightforwardly if z(u) increases with w. If x(u) is a decreasing
function of u the u-limits are reversed and therefore we have a change of sign:

x=>b uU=1us dl‘
I = flz)dz = — f(a:(u))@ du .
But dz/du < 0 in this case, so we can combine both cases in one formula:
x=b u=us dr
dr = =
r=a (x) ’ /Uzul f(x(U)) du

Note that on the right-hand side of this equation the function f(z) is expressed as f(x(u)).
Also, the right-hand side of the equation includes a scaling factor |dz/du|, multiplying the
du; this comes from transforming from dx to du.

For functions of two variables one would similarly expect that the change in variables

du.

r=z(u,v), y=1yu,v)
(for example, for polar coordinates u = r and v = #) would result in a change in the area

by a scaling factor S such that
drdy = Sdudv.

As an example consider a linear change of coordinates:

r = z(u,v) = au + bv, y =y(u,v) = cu+ dv

x\  [a b\ [(u
y) \c d)\v
where a, b, ¢ and d are constants.

Let us write M for the transformation matrix composed of a, b, ¢ and d and recall that a
unit square in (u, v) variables has sides

U 1 u 0
v) ~\o) T°n v) " 1) T
To see what happens to this unit square under the transformation M, just apply M. This
gives
a b\ (1 a
Mo = i (1) ()= ()
b\ (0 b
Mo = = (1) ()= (3)

where (a,c) and (b, d) represent the coordinates of the new corners in the (z,y) plane:

or
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(u=0,v=1) (u=1,v=1) (atb, c+d)
32 (b, d)
€ P
(u=1,1=0) € (@)
€ u bY

Therefore, under the transformation M we find that the unit square in (u,v) based on ey,
e, is transformed into the parallelogram in (x,y) based on €], €.

Note from the matrix and the diagram that the point (1, 1) in (u, v) transforms to the point
(a+0b,c+d)in (x,y).

Let us calculate the area of the parallelogram P:
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We have
Area P = [Total area of rectangle]
— [Area of 2 pairs of equal triangles T and T3]
— [Area of 2 rectangles R] .
Therefore,

1 1
Area P = (a+b)(c+d)—2-5@0—2-§bd—260

a b

= ad — bc = det (c d

) = det M

In view of the equation dx dy = S dudv one may understand this result such that the unit
square of area dudv gets multiplied by a factor of S = det M. The same argument shows
that a small rectangle of sides du and dv with area du dv also gets multiplied by S = det M.
Therefore, for a linear change of variables a small rectangular area du dv in the (u,v) plane
is transformed into the parallelogram area dx dy = det M du dv in the (z,y) plane.



Now let us consider a nonlinear change of coordinates. We take the transformation to have
the form

r = z(u,v), y =y(u,v),

where according to the total differential the increments in x and y are given by

ox ox
Oy dy
dy = audu—i-avdv

or, in matrix form,
de\  (0x/Ou Ox/0v\ (du
dy)  \Oy/ou 0Oy/ov) \dv) "
The Jacobian matrix is defined to be

it = (Goion oo

and the Jacobian determinant, or Jacobian,

d(z,y)
d(u,v)

= det M(u, ).

This suggests that for a nonlinear change of variables we also have that a rectangular area
dudv in the (u, v) plane) is transformed into the (deformed) ‘parallelogram’ area det Mdu dv
in the (z,y) plane.

(a) ¥ (b) Y v+Ov

v+Ov---- v
R
vl | | u+ou
| | u
. A X
u u+ou

(with du = du dv = dv)

Therefore, the required formula for double integrals under a change of variables is:

//Rf(x,y)dxdy:/ R,f($(u,v),y(u,v)) 'ggi,g du do
where ‘ggiii .

can be thought of as the scaling factor S.



Note that | - | denotes the absolute value of the determinant of the matrix, i.e., the modulus
as in the one variable case. This may not be confused with the case of a matrix, where
vertical lines on either side denote the determinant. For example, if we let

(0

then
det A = ¢ b’ = ad — be
c d
and
|det A| = |ad — be| .
Example:

Evaluate the integral

1://R(x2+y2)dxdy

where R is a circle 22 + y? < @?, by changing to polar coordinates.
In polar coordinates we have

x =rcosb, y=rsind.

Therefore, taking u = r and v = 6, we can write the Jacobian matrix as

M — Ox/0r 0x/d0\  (cosf —rsind
~ \9y/or 0y/o8) \sinf rcosd

and the Jacobian determinant is

~ O(w,y)
det M = 3. 0) =

cos —rsinf
sinf rcosf

=r (00829 + sin? 9) =r

where here and in the following we assume r > 0, so we do not need to take the absolute
value. The original area R and the transformed area R’ are shown below:

(a) y (b)

2

R!

Note that the circle in the (z,y) plane transforms into a rectangle in the (r, ) plane. Here
R is the region given by 2% + y? < a? and R’ is the region given by 0 <r < a, 0 < 6 < 2.



Therefore

I—//:B+y dzdy—// ) drde

where the r? on the right-hand integral comes from the transformed 2% + y? and the r dr df
is from the transformed dz dy with r coming from the Jacobian determinant det M. Hence

0=2m r=a 0=2m 4
1—/ / rd&dr—(/ r3dr)</ d@)—ﬂ,
r=0 0 r=0 6=0 2

where we note that the integral is separable.

Example:
Evaluate the double integral

rz=y/2+1 2$ y
dx dy
//a: y/2

by applying the transformation u = (2x —y)/2, v = y/2 and integrating over an appropriate
region of the u-v plane.

The region R in the z-y-plane looks as follows:

L r=u+0

. y=2

Al = —_—

w=" n=1 V.

ol v=0 | 0 \

The corresponding region GG in the u-v plane can be obtained by first writing x and y in
terms of w and v as x = v+ v and y = 2v.
The boundaries of GG are then found by substituting these equations for the boundaries of

R:

xy-equations for Corresponding uv-equations Simplified

the boundary of R for the boundary of G uv-equations
x=y/2 utv=2/2=v u=
x=(y/2)+1 u+tv=_Qu2)+1=v+1 u=1
y=0 2v=20 v=20
y=4 2v=4 v=2

The Jacobian of the transformation is

_ |0x/0u Ox/0v
|0y /Oou  Dy/dv
B ‘8(u+v)/8u d(u+v)/ov
| 9(2v)/0u J0(2v)/0v

det M(u,v) =

_‘1 1



and we get

(y/2)+1 20 — Y v=2 pu=1
// dmdy—/ / |detMuv)|dudv—/ / u-2dudv =2
z=y/2 v=0 v=0 Ju=0

Note that for invertible transformations
oz, y)  (0(u,v)\™
O(u,v)  \9(z,y) ’

as you have seen in Calculus 1 for a function of one variable. This can be useful in solving
some problems.

(1)

Example:
Evaluate the integral

I://1~da:dy
R

(i.e. the area of the region R) where R is enclosed by y* = z, y* = 2z, zy = 1 and zy = 2.

y (a) v (b)
2 y2=2x Y= mmmmm e
2y R'
R y

1 xy=2 v=1------------5 .

xy=1 i i
0 0 i |

0 1 5 * 0 u=1 u_itZ

To solve the integral consider the change of variables defined by
u=1y?/z, v=1ay.
Then we can write the four bounding curves as
V=reou=1 Y= u=2 zy=leov=1 zy=2&v=2.

So the region becomes a square (the region R’ in part (b) of the above figure).

Now, for the Jacobian determinant it is easier to use Eq. (1) above. So, to calculate
I(x,y)/0(u,v) we first calculate d(u,v)/d(x,y) and then take the inverse. Using u = y*/x
and v = xy we have

O(u,v) _
Iz, y)

Therefore, using Eq. (1),

ou/0x Ou/dy| _|—y*/z* 2y/z|
ov/ox ov/dy| | vy r |




Hence

I = //1-dxdy—//1-’M’dudv
u=2 v21
= // dudv = = / / —d’udu
v=2
= / [—} du
u=1 Udv=1

3

1 (%1 1 _, In?2
—/ —du:—[lnu]uj:n—
3/, 3 u

-1 U

Reading assignment: Work yourself through the following example.

Example:
Evaluate the integral

/OO e 2y .

If we call this integral I, we can write

R [l N

Now transform to polar coordinates with the limits 0 < r < oo and —7 < # < 7. This gives

P = /_ﬂ/ e "/ H)’drde_/_ﬂ/ re /2 drdo
- /_ﬂ[ er]” d@:/_ﬂ((@)—( ))d@z/_ﬂd&sz.

Hence I = /2m.
Note that the probability density function for a normal (or Gaussian) distribution is
1 w2/
p(r) = C
27

for mean p and standard deviation o. If we write t = (z—p)/o (i.e. express the displacement
from the mean in terms of the standard deviation) then the total probability is

P = e~ (@=m?/(20%) qg — e 2g At

0\/ 21 B o\ 2T
—t2/2 o .
— e dt =1. (by our previous result
o / N (by our p )




