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For grad of products we have:

- V(uv) = U(VV)+V(VU)
or grad(UV) = UgradV +VgradU
VIF-G) = Fx(VxG)+Gx(VxF)+(F.V)G+(G-V)F

For div of products we have:

V.(UF) = U(V-F)+(VU)F
V. FxG) = G-(VxF)—F-(VxG)

and for curl of products, we have:
Vx(UF) = U(VxF)+(VU)xF
= U(VxF)—Fx (VU)
Vx(FxG) = FVV-G)+(G.V)F-G(V-F)—(F.V)G

@

™ O

(3.4)

(3.5)

(3.6)
(3.7)

(3.8)

(3.9)

We see above that equations 3.4, 3.6, 3.7 and 3.8 look quite similar to 3.3, except for the minus sign in

3.7 and the possible minus sign in 3.8.
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Porfy 3.4

For a couple of examples: firstly for Eq. 3.4 it is simple, we have

d 8 0
= i (UV)+J5-(UV) +k> uv)
VY) = igUV)+ig (V) tha Droducks e
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= U(VV)+V(VU)  QED.

Next we’ll prove Eq.3.8: the product UF is a vector field with components (UFy, UF,, UF3); inserting
those into the definition of curl,
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Next we’ll prove Eq.3.8: the product UF is a vector field with components (UFi, UF2, UF;); inserting

those into the definition of curl,

Vx(UF) = i ( (Uar-ama)+3-—amn——40ﬁ) +k-itmn~—4ua0
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3.6 VECTOoR SEcoNd DERIVATIVES ,
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Lizean J U e L

grad() or curl() give a vector result); while they are scalars for 3.6 and 3.7 because div gives a scal

3.6 Vector second derivatives: applying V twice

We also have a second set of identities arising from applying two of grad, div or curl in succession.
U and curl F produce vector fields, to which either div or curl can be applied; while div F produce
field, and then we can apply grad to that. This gives a total of five allowed cases, which are as follc

div(grad U)
curl(grad U)
div(curl F)
curl(curl F)
grad(div F)

V. (VU) = VAU (3.10)
Vx(VU) =0 (3.01)
V-(VxF) =0 3.12)
V% (VxF)=V(V.F)— V2F (2.12)
V(V-F) =V x (VxF)+ V2F (g,zar),

We see here that two of these cases (curl grad U, and div curl F) are identically zero ; this is tru
fields, as long as they are sufficiently well behaved that the partial derivatives commute, see belos
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