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Question 1 [12]
(a) Find the gradient of V = 922 — 22 — 4y%.
(b) Sketch the surface V' =5 and describe its shape.
(¢) Find an equation for the plane tangent to this surface at P =i+ j+ k.

Question 2 [11]
Evaluate the integral [, F-dr where F = (2z—2%)i+(y+22)j—ayk and C is the path
going from (0, 0, 0) to (1, 1, 1) described in parametric form as C : r = t%i +t3j +tk,
where the parameter ¢ obeys 0 <t < 1.

Question 3 [10]
Show that F = (x + y?)i + (3y + x2)j + (22 + y3)k has a constant divergence, and
hence, using the Divergence Theorem, evaluate |, o F.dS over the surface of the sphere

of radius a centred at (1, 0, —1), where S is taken in the direction of the outward
normal on the sphere.

Question 4 A surface S has the equation 8]

z=xz(l—2)y(l—vy)

for 0 <z <1land 0<y<1. The unit square Ris 0 <x <1, 0 <y < 1. Describe
the boundaries of S and R. Hence, explain carefully why it is that for any (smooth)
vector field F the integral [V x F.dS is the same as [, V x F.dS, assuming the
normal used for both surfaces has a positive k component.

Question 5 [12]
For each of the following vector fields F, calculate the curl V x F. If there is a ®
such that F = V&, find the most general such ®.

(a) F = 2%+ 2%j + y’k,
(b) F = 2% + 9% + 2%k

Question 6 [13]
Calculate V@ in spherical polar coordinates, where ® = 72 sin? § cos(2¢). Show that
this @ satisfies Laplace’s equation V - (V®) = V2 = 0.
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Question 7 The function u(x) obeys the differential equation [11]

22 + )+ (z — 2u =0,

du
where the prime denotes the derivative with respect to z, i.e. v/ = 1
T

Find the nature of the point = 0 (ordinary, regular singular or irregular singu-

lar).

Using Frobenius’s method, find the solution for the smaller root of the indicial
equation.
[You may quote the following results. If zf = fo + fix + fox? + ... and 22g =
go+g1x + gox® + ... where f and g are the functions appearing in the standard form

W'+ f(2)u + g(z)u =0,
of the equation, then the indicial equation is
clc—=1)+ foc+g9o=0
and the recurrence relation is

ar{(r+c)(r+c—=1)+ folr +¢) +go} + ara{(r+c-1)fi+ g1}
+ar—2{(r+c—2)fo+ g2} + ...+ ao{cfr + 9r} =0 ]

Question 8 [10]
Show that the even function with period 27 whose values in [0, 7] are given by
f(x) = e has the Fourier series

em—1 21— (=1)"e"
S = —_ - _—_— S .
() T T Z 1+n2 %M

n=1

[You may quote the result that

™ T ™ 1 ™
/ e’ cos(nx)dz = [ecos(nsc)} - = / e’ cos(nx)dx
0 0

2 2
n 0 n

which comes from integration by parts.]
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Question 9 [13]
The function V(z,y) satisfies V2V = 0 in the region 0 < z < a, 0 < y < b and the
boundary conditions that V' = g(y) on = = a, for some function g(y), and V' =0 on

the other three sides of the region (and at all the corners).

(a) Show that the solution for V' takes the form of a series

V= ZKnsinh$sm%.

n=1

[You may assume that the general solution of Laplace’s equation in the rect-
angle takes the form of a sum of terms of the forms

(A() + Bo%)(C() + Doy),

(An cos nrr + B, sin w) (Cn cosh nry + D, sinh @) ,
a

a a a
<an cosh sz + b, sinh ?) <cn cos % + d,, sin ?) ,

where n is any positive integer, and the a;, b;, ¢;, d;, A;, B;, C; and D; are
constants.|

(b) For the specific case where g(y) = V, where 1} is a constant, find the coeffi-
cients K, and hence find V.

[You may assume that the odd function f(y) with period 2b and value Vj in
(0, 7) has the Fourier series

> 4V, . Y
20 2k + 1)
;(Qk—i-l)ﬁsm( k1)

End of Paper: an Appendix of 1 page follows
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Appendix

You are reminded of the following, which you may use without proof.

In orthogonal curvilinear coordinates (u1, ug, ug), with corresponding unit vectors
e1, e9, e3 and arc-length parameters h1, ho, hz, the gradient of a scalar field f is
given by

1 of 1 of 1 of

e+

V= 0w T R ous® T g 0

The divergence of a vector field F = Fie; + Fses + F3es is given by

1 0

VF=——|—
h1h2h3 8U1

0 0
(hsh1Fy) + ——(h1hoF3)|

hohsF —
(231)+6u2 8’LL3

and the curl of the same vector field is given by

h1e1 h262 h3e3
8/81“ 0/81@ 8/8u3
h1F1 h2F2 h3F3

VxF =

hihahs

In spherical polar coordinates (u1, ug, us) = (r, 6, ¢), the arc-length parameters are
hl = 1, h2 =7, hg = rsin.

In cylindrical polar coordinates (uj, us, ug) = (p, ¢, z), the arc-length parameters
are

hlzl,hgzp,hgzl.

© Queen Mary, University of London (2009)



