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Answer as many questions as you wish. Full marks may be obtained by complete
answers to NINE questions. provided that no more than SIX guestions have been
selected from any one part. All questions carry equal marks.

PART 1 NUMBER THEORY

Question 1

{1} Use the Euclidean Algorithm to determine the greatest common divisor of 87
and 126. and hence find positive integers r and y such that

gcd(87.126) = 8§7r - 126y.
{11) Use Mathematical Induction to prove that the formula
1+-5-12+2+ = In@Bn-1)=in"(n+1)
holds for all integers n > 1.

fiil) Suppose that m and n are positive integers such that n has remainder 3 when
divided by 4. and m = Tn + 4. Prove that gcd{m.n) = 1.

Question 2

(i) If integers py.p2.. ... p- are all of the form 3k + 2, where & is an integer. prove
that {p;p;...p.)° is of the form 3k + 1.

(ii) Prove that anv positive number of the form 3k + 2 must have a prime divisor
of this same form.

(iii) Prove that there are infinitely many primes of the form 3k + 2 by the following
method. Suppose that p;. po..... p- are all the primes of the form 3k + 2.
Construct from this list of primes a number of the form 3k + 2 which is not
divisible by any prime in this list and explain why this proves the assertion.

Question 3
(i) Suppose that n = 4 (mod 6). Find the least positive residue of 12n + 5
(a) modulo 8;
{b) modulo 9.
(ii) Let p be an odd prime and a be such that ged{a,p) = 1. Prove that
2.2+a. 2+2a 2+3a...., 2+ (p-1a
forms a complete set of residues modulo p.

(iii) Find the least positive integer which satisfies each of the following linear con-
gruences simultaneously:

r=1(mod 3); z=2(mod3); 3z=35(modll).
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(i) Use Fermat's Little Theorem (FLT):
(a) to determine the remainder when 55° + 330 is divided by 13:
(b) to prove that
PPl =g?7 =1 (mod pg)
where p and ¢ are distinct primes.
(ii) You are given that the recurring decimal of 1/19 is
1/19 = 0.(052631578947368421).
Answer the following. in each case giving brief justification of vour answer.

{a) What is the order of 10 modulo 197

{b) What is the value of 10° modulo 197

s
tc) Write down the recurring decimal of %

Question 5

This question is concerned with the multiplicative functions ¢ and ¢. where ¢
denotes the sum of the divisors' function and o is Euler's o-function.

(i) An integer n with g(n) > 2n is said to be an abundant number.
(a) Is 74 abundant?
(b) Is 174 abundant?
{c) For which primes p is 10p abundant?

(ii) Show that if p and 2p — 1 are both odd primes then o(4p) = o(4p — 2).

Question 6
(i) Determine whether or not the quadratic congruence
27° — 52 +4 =0 (mod 37)
has solutions
(ii) Evaluate the Legendre symbol (67/107).
(iii) Determine all primes p > 3 for which
(6/p) = 1.

[You may use results given in the Handbook relating to (2/p) and (3/p) if you
so wish ]

Question 7
. . . . . . 39
(i) Determine the two simple finite continued fractions for &

(il Determine the irrational number whose continued fraction is {2,{3,1)].

. . . o
(iii) Determine the infinite simple continued fraction for —-.

-~
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Question 8

(i)

(if)

(iii
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Determine all primitive Pythagorean triples (if any) in which one of the sides
1s

(a) 14;

(b) 16.

Of the two numbers 610 and 620 one can be written as a sum of two squares
while the other cannot. Explain why the one cannot be expressed in this way
and write the other as a sum of two squares.

~ m L. .
Suppose that V7 = —. where m and n are positive integers. Deduce that
n

\/;_:'n~2‘m
| = —————

m - 2n
and show how the method of infinite descent can be used to deduce from this
that /7 is irrational.



PART II MATHEMATICAL LOGIC

Question 9

(i)  We wish to design a Turing machine which. using monadic notation. takes as
input a pair im.n) of positive integers in standard position (on an otherwise
blank tape) and which halts scanning a single 1 on an otherwise blank tape.

(a) Explain why each of the Turing machines below is not suitable for this
task. ‘Your answer may include sequences of configurations for appropri-
ate test data.)

(b) Give the flowgraph of a Turing machine which correctly performs the task.

{ii) Give the complete flowchart of an Abacus machine program which has the
effect shown in the following block diagram. (You may use extra registers,
assumed empty initially, if you wish.)

4
mi = nj —p where:c;yz{z_y‘ ifr2y,
5 Min([m].[n]) —m 0. if z <y,
0 —n .
: _Ju ifz >y,
} and Min(z.y) = {z, fr<y

where {p] = 0 initially.
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Question 10

()

(1)

(iii)

Let A be the function

where exp 1s the function defined by exp(z.y) = r¥.

Pr{Cn/s. z]. Cniexp. Cn's.id3]. Cn[s. id3]))

Compute the values of

fa)

(b)

In this part vou may present vour arguments using either formal or informal

h(2.0j.

h{2.2).

definitions.

(a)

(b

For which pairs (z;.77) of natural numbers is Mn{f](z,.2;) defined. where f

Show thart the function exp. as in part (1. is primitive recursive by defining

it in terms of the sum function.

Show that the function f of 3 arguments defined by

fizy.z = 257
(Iy1.T2.T3) = I,

is primitive recursive by defining it in terms of exp and. if you wish, the

sum and product functions.

is the function defined by

fomiryy=s(m - y+n) {1 =7y’

Question 11

(i)

(i)

A Turing machine has a configuration with left number 41 and right number
91. Draw the configuration which results when the scanning head has moved
one square to the right, and find its left and right numbers.

In parts (a). (b) and (c) below, you may use any of the recursive functions
except e. Eq and d. or results about recursive functions, given in the Logic
Handbook without proving that they are recursive.

(a)

(b)

(c)

Show that the condition “r = y” on pairs (z,y) of natural numbers is

primitive recursive.

Show that the condition “r is even” on natural numbers r is primitive

recursive.

Show that the function f defined by

3, ifz-y+4isodd,
flr.y)=1 v if 2z + 3y = 8000.

2, otherwise,

1S primitive recursive.
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Ip this question vou may use anv of the recursive functions, or results about them.
given in the Logic Handbook without proving that they are recursive. You may
also give vour answers as informal definitions.

(1)

(11}

(iv)
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Show that the function ¢ defined by

ey 2 {L HFSE
Y= 10, otherwise.

is primitive recursive.

Show that if f is primitive recursive function of 2 arguments. then the function
g defined by

w
Zf(z.:). if w >,

=v

0. if w <.

gr.row =

is also primitive recursive.

By summing the values of ¢(r.z) for appropriate values of z. or otherwise,
show that the function k defined by

kiry = {1”2] .
i.e. the greatest integer less than or equal to the square root of z (so that
eg. k(0)=0. k(1; =k(2) = k() =1 k()= - =k(8) =2, k(9)=3) is

primitive recursive.

Explain briefly how to adapt the above argument to show that the function j
defined by

i.e. the greatest integer less than or equal to the fourth root of z. is primitive
recursive.

(3]



Question 13

(1)

(iii)

Show that the following formula takes truth value 1 under all interpretations
of its symbols.

{=Yrr=0&=(Cr2=0—~%212=0—Z2r2=0)) = (Vzr=0Vv-3rz=0))

The following is a correct (but contorted) proof from which the assumption
numbers have been omitted.

1) Yr(H — =1 Ass

27 (o0& Ass

(31 (B — =) UE. (1)

(41 (v ol Taut. (2!

D) o & ASs

6 ok —8vo); CP.(4)

(7Y oV =vu) Taut. {3).(4)
(8) ZrioVv —u EL(T)

{9) 3ri0V -V) EH.(8)

(a) Write down the assumptions in force on each line.
(b) Write down the tautology used on line (7).

(c) For each of the following lines. write down whether the proof would nec-
essarilv still be correct were the line to be added to it.

(A) 2 (10) 3z(6V 0) EL (4)
(B) 2 (10) ¥x(8V o) UL 4)
Answer YES or NO.
By giving an example from evervday maths along with a relevant rule of proof
(in the Logic Handbook}, explain why the validity of the rule you have chosen

requires a variable not to occur free in some of the formulas mentioned within
the statement of that rule.

Question 14

(1)

(1)

Which of the following terms are freely substitutable for r in the formula

Vy(Bavt(z +t) =z & Vz(z 4+ :2)=1t)7

(a) (t+=z)
(b) (z-1)
(c) (z+vy)

Answer YES or NO in each case.
Give formal proofs to establish each of the following results.
(a) Sr3y(r-y)=yk Jycz(z-y)=y

(b) or (Yr(vV —0) = =31 — (§ = v)) where the variable = does not occur
free in ¢. Indicate the step(s) of vour proof which require the condition
on o.

Question 15

For each of the following sentences. decide whether or not it is a theorem of @. If
it is a theorem of Q. write down a formal proof showing this. If it is not a theorem
of Q. justify this. ( You may use without proof the fact that all the arioms of Q are
true under the wnterpretations N* and N ™" giwen in the Logic Handbook.)

(i)
(i1}

(i)

¥r(0+ (z-0) = ((0= 7)-0)
Yivy—r =yl = (2 +y)"

Sr—(z+x)=(z+ 1)
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Question 16

(i) Explain briefly what is meant by saying that the theory Z (of Elementary
Peano Arithmetic) is consistent.

(i1) {a) Give a formal proof in the theory Z to show that
- —0=1
(b) Deduce that if Z is consistent then 0 = 1 is not a theorem of Z.
(iii) Explain briefly when the formula Prov(y) is true in the standard interpretation.

(iv) Which theorem(s} of the course give(s) an answer to Hilbert's Question:

Can the consistency of number theory be proved using only non-dubious prin-
cipies of finutary reasoming”

Explain why the theorem(s) answer(s) the question.

{ Your answer may include references to any of the theorems listed in the Logic
Handbook. )

[END OF QUESTION PAPER|
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