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Question 10

(@) (4 marks) Similar to Unit 1, Example 3.3.
(a) h(3,0)=13)=>5.

()  h@3,0+1)=g(3,0,h(3,0))=mult (6, 1) =6.
h(3, 1+ 1)=g(3, 1, h(3, 1)) = mult (7, 2) = 14.

(ii)(a) (1%2 marks)

add(n, 0) = n.
add(n, m + 1) = g(n, m, add(n, m)) where g(n;, ny, n3) = succ(ns).

g is primitive recursive since it is defined by substitution from the primitive recursive function succ
and the projection function. Since sum is defined by primitive recursion from primitive recursive
functions then sum 1is primitive recursive.

(ii)(b) (3% marks)

mult(n, 0) =0
mult(n, m + 1) = g(n, m, mult(n, m)) where g(n;, ny, n3) = add(n;, n3).

g is primitive recursive since it is defined by substitution from the primitive recursive function add.
Since mult is defined by primitive recursion from primitive recursive functions then mult is
primitive recursive.

f(ny, n, 0) =1
f(n;, ny, m + 1) = h(ny, np, m, f(n;, np, m))  where h(n;, ny, n3, n4) = mult(add(ny, n;), n4)

h is primitive recursive since it is defined by substitution from the primitive recursive function mult
and add. Since f is defined by primitive recursion from primitive recursive functions then f is
primitive recursive.

(iii) (2 marks)

(X1, X2) where X; 2 X5. [[y=01]
(X1, X2) where x,> 9 and x; <X. [[y>01]]
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Question 11

(i) (3 marks)
Topic not covered in post-2003 course.

(ii)(a) (22 marks) [[ See Unit 2, Problem 1.9. ]]
%> (n, m) = sg (m = n).

Since y is defined by substitution using the primitive recursive functions sg and = then it is also
primitive recursive. Therefore > is a primitive recursive relation.

(ii)(b) (2 marks) See Unit 2, Problem 1.5.

Max(x, y) =add (x =y, y).

Max is a primitive recursive function since it is defined by substitution using the primitive

recursive functions add and —.

(>ii)(c) (3%2 marks)

Define the functions
g1(X1, X2, X3) = X1 + 3%y,
22(X1, X2, X3) = 9 = CJ (X1, X2, X3),
g2(x1, X2, X3) = 37 = exp(3, x3),
and the relations
Ri(x1, X2, X3) < X1 + X3 > Max(x,, 30),
Rz(Xl, X2, X3) & 5xp+ 3X2 + 4X3 = 100,
R3(x1, X2, X3) < not Ry(x1, X2, X3) and not Ry(x1, Xz, X3).

Then we can write
gl(Xl,Xz,X3) ile(XansXs)
f(x1, X2, X3) = gz(xl,xz,x3) ifRz(Xlaxst3)

g3(X1aX29X3) ifR3(X19X2aX3)

As g1, &, and g; can be written the primitive recursive functions add, mult, C;, and exp, using
constants then g;, g, and g3 are primitive recursive functions.

The characteristic function of the relation R, g, (x;.x5.x5)=15(x; +x5,Max(x,.30)). As y is

obtained by substitution from the primitive recursive functions 7., add and Max using constants,
then it is a primitive recursive function. Hence R, is a primitive recursive relation.
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The characteristic function of the relation Ry, %, (x1 , X5, X5 ) = Yeq (SX1 +3x, +4x,,1 00). As
Ar, 18 obtained by substitution from the primitive recursive functions y ., , mult and add using

constants, then it is a primitive recursive function. Hence R, is a primitive recursive relation.
Using the result of Unit 2 Problem 1.10, then Rj is also a primitive recursive relation.

From the definition of Rj it follows that the set of relations R;, R,, and Rj are exhaustive.

If the relation R; holds then x; + x3 > 30. Therefore as 5x; + 3x, + 4x3 > 4(x; +x3)> 120 then R,
does not hold. So R and R; are mutually exclusive. From the definition of R3, if the relation Rj

holds then neither R; or R; holds. Therefore R;, R, and R3 are mutually exclusive.

Since all the conditions required for the use of Theorem 1.5 of Unit 2 hold then it follows that f'is
primitive recursive.
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Question 12

(i) (2)2 marks)
Let c(x,y)= div (x, exp(2, y)).

c is primitive recursive since it is is defined by substitution using the primitive recursive functions
div and exp using constants.

(ii)  (3%2 marks)

Define the function

\

h(x,v)= D f(x,z) if vzl

z=1

0 if v=0

Since f'is primitive recursive then by the Bounded Summation Theorem (Unit 2, Th. 3.1) the
function h is also primitive recursive.

Define the function g by
g(x, v, w)=h(x,w) = h(x,v = 1).

If w<vthen since h(x, v = 1) > h(x, w) then g(x, v, w) = 0.

Ifw>=vandv <1 then h(x,v = 1)=0s0 g(x, v, w) =h(x, w).
W v-1 W

Ifw > vandv>1then gx, v, w) = Zf(x,z)—Zf(x,z):Zf(x,z).

z=1 z=1 v

As g is formed by substitution from the primitive recursive functions h and = then g is primitive
recursive.

(iii) (5 marks)

Define the function k by  k(x) =g(x, 1, X)
where g(x, v, w) is defined as above with f(x, z) replaced by c(x,z) (See part (1)).

If x = 0 then k(0) = 0. [[ This is not defined in the question. A mistake?]].

If x > 0 then k(x) = Zc(x, z). Since 2" > x then we will test all possible values of z where 2* could

z=1

be a divisor of x. For each power of 2* which divides x then 1 is added to the sum.

Since c is a primitive recursive function of 2 variables then by part (ii) we know that g is also
primitive recursive. Therefore, using the result of the Generalisation of Unit 2 Problem 1.4, k is
also a primitive recursive function.
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QUESTION 13

)

3 marks.

Let 6 be the sub-formula 3x x =0;
¢ be the sub-formula x = 0;
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vy be the sub-formula ~Vx (I3x x =0 <> x =0).

The given formula can be written as ((—0 & (¢ v —y)) v (¢ — 0))

0 1¢ |y |(=0&(@Vvy)v(d—0)
L{1f1] o010 111 1111
1[1]0] 010 110 1 1 11
1{of1] 010011 10 11
1[0]/0] 010 000 1 0 11
OJ1]1] 101 111 1 1 00
0/1]0] 101 110 1 1 00
0/0]1] 101 011 1010
0/0/0] 100000 1010

206 @ @& @

Since column 4 is all ones then the formula takes the truth value 1 under all interpretations.

(ii)(a) 2 1/2 marks.

[\
~
W
(@)
|
(o¢]

Line 1

AsSS. 1 2 1

[\
(V)]
1

1,2 1,2

@ii)(b)  1/2 mark.
(v > —0) & (y v §) > (¢ v —0))
(ii)(c) 2 marks.

(A)NO (B) YES.

(iii) 3 marks

I found this part of the question hard. I would have to learn the examples given in Unit 5.
This solution is copied from Unit 6 Section 2.1.

Let ¢ be the formula Jy y = (x + 0'), and t; and 1, be the terms 0" and (y + 0') respectively.
T1 = T3 18 the formula 0 = (y+ 0/).

0(t1/x) is the formula Iy y= (0" +0'), and

d(12/x) is the formula Iy y = ((y + 0) + 0).

The first 2 formulas are true in _/~ but the 3™ formula is not.
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QUESTION 14

(i) 2 marks.

L dz@AtX+y)=t—> Vydx (x +2z) =y)

(a) YES (b) NO [[ z becomes bound ]] (c) YES

(i) (a) - 3 marks.

[[ This is a special case of Unit 5, Section 3.2, Example 3.7. ]]

1 (1) IxVy(y.x) =x Ass
2 (2) Vy(y.x) =x Ass
2 3) (yx)=x UE, 2
2 (4) Ix(y.x) =x EL 3
2 (%) Vy3dx(y.x) =x UL 4
1 (6) Vy3x(y.x) =x EH, 5
(ii) (b) - 6 marks.
1 (1) Vx(¢ & 0) Ass
2 (2) \} Ass
3 3) IAX(=0 v =) Ass. Contradiction
4 (4) (=0 v —y) Ass
1 (5) (¢ & 0) UE, 1
1,4 (6) -y Taut, 4, 5
1,24 (7) (v & —v) Taut, 2, 6
1,23 (8) (v & —vy) EH, 7
L2 9  (3Ex(=0V—y) > (v &—y)) CP, 8
1,2 (10)  —3Ix(—d v —vy) Taut, 9
1 (1) (y= —=3Ix(=d v =) CP, 10

The assumption that x does not occur free in y is required for the use of EH on line (8). [[Note that
assumption 2 also contains . |]
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QUESTION 15 - 11 marks

(@) [[ Both sides of the equation look as if they equal (0.x). ]]

- (1) ((0+0).x)=((0+0).x) II

2 2) VX (x +0)=x Ass. Q4
2 3) 0+0)=0 UE, 2

2 4) ((0 +0).x) =(0.x) Sub, 1, 3
- ®)) ((0.0).x) = ((0.0).x) 11

6 (6) vx (x.0)=0 Ass. Q6
6 (7) 0.00=0 UE, 6
2,6 () (0.x) =((0.0).x) Sub, 5, 7
2,6 )] ((0 +0).x) =((0.0).x) Sub, 4, 8
2,6 (10)  ¥x ((0+ 0).x) = ((0.0).x) UL 9

As the assumptions are axioms Q4 and Q6 of Q then the sentence is a theorem of Q.

(ii) [[ If this is a theorem then so is (iii). Therefore probably not one. ]]

In# " let x = a. Then
((0.x). 0) =((0. o). 0) = (0..0) = 0, and
(0. (0.x))=1(0.(0. 2))=(0. o) = a.

All the axioms of Q hold in # ~. As VxVy ((0.x). 0) = (0. (0.x)) does not hold in the
interpretation # " then, it follows by the Correctness Theorem, the sentence is not a theorem

of Q.

(iii) ; (1) ((0.0).0)=((0.0).0) I
2 2)  Vx(x.0)=0 Ass. Q6
2 3)  (0.0)=0 UE, 2
2 @) ((0.0).0)=(0.0) Sub, 1,3
- (5) (0. (0.0)) = (0. (0. 0)) )|
2 ©6)  (0.0)=(0. (0.0)) Sub, 5, 3
2 (7)  ((0. 0). 0) = (0. (0. 0)) Sub, 4, 6
2 8)  Ix((0.x). 0)=(0. (0. x)) EL 7

As the assumption is axiom Q6 of Q then the sentence is a theorem of Q.

END OF PART II SOLUTIONS
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