Part [

Answer ALL SIX questions in this pare.

The questions in this part are not all worth the same number of marks.
The number of marks assigned to each question s given o square brackecs.
Part [ as a whole carries 40% of the total examination marks.

Question 1

(i} Starting from the Navier-Stokes equation for a Auid in motion uoder the
infuence of a body force per unit mass F, derive ihe form of this equation
for a fiuid at rest

(i} Determine the pressure distribution due 1o gravity in a static solutios of brine
that bas a variable density given by p = a + bz, wlwre o and b are physical
constants and : is the depth below whe free surfuce. botween the brine and the
atmosphere. The pressure at the free surface is gaven by the constant pg.

(iifs A square plate of side length 10m is submerged in the brine so that the top
edge of the plate lies in the free surface, and the faces of the plate are versical
Find the magnitude of the total surface force on one of the faces of the plate.
(Take pg = 10° Pa,a = 2000 kg™, b = 12 kgm—* and the magnitade of the
accelecation duc 10 gravity as Wms™ )

Question 2

A dise of diameter [} immersed o a Buid of density o and coefficiem of viscogily
# bas a constant angelar speed w, The rate at which energy is produced w drive
the dise is P Use the method of dimensional analysis to show that one possible
formula for P is

-t (52),

where f is an undetermined funciion.

Question 3

(i) Determine whether or not the Bow whese velocity vector eld, in cylindrical
polar coordinates, is given by

u="e+Ley (r20),

is incompressible. (Here m i3 a constant and & is a function of time £.]  «

lii} In Cartesian conrdinates (z, ), the velocity vectar feld for the two-dimensional
fBow of an inviscid, incompressible Auid of density ¢ aod pressure pis

u = —3yi + Iz + 4t)j,
where t represents time, and the bedy force per unit mass is
F =4j.

Give the T and y components of Euler's equation for this flow and use them
o find the pressure disteibution in the Auid (te within an arbitrary function
of time).

]



Question 4

(i} Dwteroime Lhe Fourigr sine series for the luoction f(z] = = on the interl
s z<l.

(i) Sketch the graph, for =2 < r < 2, of the function defined by this Fourier sine
FETIES.

Question 3
Consider the differential equation
dy
{1 dd: +y =z
Dieterming ils power saries salotion about = 0 for whick y = 3 when = = 0, glving
the Brst three terms and showing that subsequent terms have coefficients given by

|
%= Ty {m = 3.

Question 6

(i) Show that if deep water wave theory applies, thea the speed of groups of waves
{the group velocicy) equals hall of the wave speed.

[ii} Consider a wave tank containing water of equilibriim depth 0.5 m. Pure sin-
soadal waves of wavelength A can be propagated in the water,

{a) Detorming whether the deop wave approximation or the shallow wave
approximation is appropriate, and use it to find the wawe spead, in each
of tho cases:

i) 4= 005m,
(i) A =12

(b) U waves of wavelemgh A + 83 and A = 65 are propagaied simeltancously,
fined the specds of the gronps of waves thay ase visilde in the taok for the

s
{i) A=0005m, fA =0.001m,
i} A=12m, 6% =000 m.

(Take the magnitude of the acceleration due to gravity as 10ms=*)

MST322/K ERRATUM

Bage 2. Question 2

The Formuly for & should be:

.
Papdf ['J—rl—) §
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PART II
Apswer THREE questions jo this part,
Each question carries 20% of the total examination marks,

Question 7

(1) Write down Laplace’s equation in spherical polar coordinates {r, #, @) and show
that a separation of variables solution that is independent of the angle & has
r-dependence in the form of & Caschy-Euler equaticn, [5]

(i1} Derive the general solution of the Cauchy-Euier equation
d [ Jdit
= (r _d'.r') =nin+ 1}JR=0 (r>0)
where n is & non-negative integer. 13

(iii} Show that the solution u(r, 8 of Laplace’s equarion in spherieal polar coordi-
nates in the regon r > a, 0 < & < 7 that has cylindrical symmetry about the
podar axid, 15 bounded on the polar axls and satisfios

ul(r, @) — rcosd  asr — oo, x
%fﬂ,ﬂ}=ﬂ, R K
is given by
a
ulr,8) = Ir (r + %) coad

to within an arbitrary constant. [r2)

Question &
(i} One form of Bernoolli's equation is

1 .
E + Eil2 =il = constant along any curve drawn in the fuid.

What assumptions have been made in deriving this formula? 2]

(i) State Torricelli's formula, explaining cleacly in wisds what the formula means
and what any symbols represeut.

Show how Taorricelli's formule may be derived from an appropriate form of
Bernoulli's equation, stating clearly any assumpeions thae are made, (]

(L) A vertical, cylindrical vessel has a waste pipe of length 10 mm and cross-
szctional area 20mm? pratruding vertically downwards from its base. Water
enters the vessel at the volume Bow rate of 3 % 107% m® 5=, Whar is the degth
of the water in the vessel in the steady state? Stare cleasly any assumpiions
you make in carrying out the caleulation, You may take g, the magritude of
the acceleration due to gravity, to be 10ms=?. 4]

liv) Suppose water flows out of the waste pipe but the watsr in the vessel Is not
replenished, so that the speed of fall of the free surface (of the Auid) is non-
zero. Are the assumptions you made in Pan (i} satisfied in this case? Stace,
Lriefly, under what condition(s) the assumptions might be justified, (2




Question §

(i)

{if)

An inviseid, ineompressible Guid, influesced only by conservative forces, has &
velocity vector feld referred 1o cylindrical polar coordinates (r, 8, z) given by

u = alr, i)k,

where afr, {) is a known scalar function of r and (ime £, and k is & onit vector
in the s-direction. The simple, closed curve C lies on a vortex tube in the duid
and encloses & plane cross-seciional surface S, of area A, of the tube.

{a} State Kelvin's Theorem. Is Kelvin's Theorem applicable vo the situation
described above? Justify your answer,

(b} Describe clearly a typical vortex tube of the low and give its strength as
an imtegral in terms of @, r and A.

(e} [fafr,0) =0 show that the Bow is always irrowstional.

A Buid of density p and coeficient of viscosity p flows past a cylinder of radius
a, placed transverse to the flow. The fiow some distance fromn the cylinder has
speed Lf

(&) Show that each of the quantities

e a¥p i
o and g
has the dimensions of time. Define a Reynolds number for the Sow.

() With reference to & diffusion time scale and a convection time scale (both
of which you must give) and the Reynolds number for the fow, defined
in Part (a), write three short paragraphs explaiping the creation and
transport of vorticity and discussing the competing effects of diffusion
and convection. Use sketch diagrams to explain your answer il you wish.

e} Explaln why Kelvin’s Theorem and the Persistence of Irrotational

Motion are relevant concepts in the ‘main stream’ reglon, away om the
immediate vicinity uf the cylindar.

1)

12}




Question 10

(i) State, briefly, what 3 meant by the standard forwn of & linear, second-order
partial differential equation whose coefficients are, in general, functions of two
independent variables,

(i} For each of (a) the wave equation, (b} the diffusion equation umi [c] Laplace's
equation, write down an appropriate form of the equation in Cartesian coor-
dinates, r:lissif;r it, and give its corresponding standard form.

(i)} The change of variables
(=ly+1", d=-1"
reduces the equation

Fu Pu 1y Su

3 T -] —=

- w k(e l) 20 (s m
to the form

Fu Bu

[You are not asked to derive Equation (2).)
Use Equation {2) o show that the general solution of Equation (1) is

= g{:u + Eyj + :t"i"q '”I[?‘y —_ _1:':]-
amd determing the particular solution thas satishies the additional conditions
wlyl=1+g"
du
—{1, ;
az{ =2

Question 11

(i) Write down the ose-dimensional wave equation for displacements u that de-
pend on the coordinate ¥, time ¢ aod have wave specsl ¢ Use the method of
separatbon of variables to show that if Lhere is a (roc-end boundary condition at
z = [ and the displacement at r = (0 is zero, then the sehation of this equation
for 0< £< 1,020 has the form

'“‘"'Z( it ’}m+d..cmtn+!%}m)mI"""Eﬂﬂ_ (1)

=il

where ¢, and dy, are constants.
(i) Further, if the displacement | subject to the inital conditions;
ulz, 0} =0,
u 7T
ﬁ(:,ﬂ] viin (‘H} ¥ constant,
show that Equation (1) reduces (o & standing wave foc il < £ < L.
[END OF QUESTION PAPER|
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