Question 1

Solve ihe following problems:

@) w(z)+ulz)=0, w0)=1;

(i) u{z)+ulz)=10, w0)=1 u(x/2)=0;

() 2¥u"(2) + zu(z) + u{z) =0 (z>0), w(l)=0, ule)=sinl

Question 2

A torpado is modelled as follows. It has a core of radius a rotating st & constant
angular frequency w. Outside the core the motion is that of a vorlex of copstant
sirengih 2ak, so that the velocity field modelling the tornado, in cylindrical polar
coordinates with the vertical axis of the tornado as the r-axis, is

wreg, r<a,
u=i{ k

-@8, FZa

P

(i} Show that this velocity field satisfics the continuily equation for incompressibile
How

(i) Write down the relation between w and k that must be satisfied for u Lo be
everywhere continuous.

(iii) Let T = [{r) be the circulation around circles of radius r in planes perpendic-
ular to the -axis and with centres on that axis.

(&) Show that estside the core the motion is irrotational and that the circu.
lation, T, is pon-sero snd constant.

(b) Show also, by finding expressicas for the vorticily and for the circulation
inside the core, that inside the core the vorticity and circulation, [, are
both non-zera (for r # 0).

Question 3

{i) Show that, for any incompressible flow, the volume flow rate across a streamline
is Tero.

{ii} An incompressible, inviscid Auid Aows steadily with uniform speed u slong &
herizontal channel of upiform semi-circular cross-section of radius r.

(a) Express the volume flow rate, ¥, in terms of w and v, when the fuid fills
the channel.

{b) For a given V, show that the relation between the critical speed u, and
the critical depth b, is given by

i
. = [sata/ G000

where A is the cross-seclional area of fuid in the channel of depth b < r.
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Question 4

Find the solution u(r, # of Laplace's equation in spherical polar coordinates with
cylindrical symmetry, namely

%(r’%)-}:ii%(uini%;):D <r< R 0<8<nx),
thal satisfies the conditions
uir,#) is bounded and w( /2, #) = 2 cos® ;
(The general solution to Laplace’s equation in spherical polas coordinates which is
periodic in # may be assumed.) [8]

Question 5

Find, correct Lo four decimal places, ulix, }x) where u(z, t) satishies

%n% << i>0)

subject to the initial conditions
u(z,0)=0 (0<z <o),
%‘{s,ﬂl =¢""eonz (0<z <o),

and when there is & free-end boundary condition at 2 = 0, (6]

Question 6
The “wave condition’ for waves in an incompresible inviscid Buid of infinite depth
for which surface tension elfecis are considered |s
Ti?
| S T el
w g Y

where T is the magnitude of the surface tension foree per unit lemgth, o is the
density and w, g and k have their usual meanings.

(i} WUsing the sbove wave condition, express the wave speed, e, in Lerms of Lhe
wavelength, 4, and the constanta T and p.

(i1} Show that § = T%* /(pg) is & dimensionless parameter.

(iii) Find an expression for Lthe group velscity, e,, of these waves and hence show
that
711+ 35) gyL
€1 = opi 4 5t md cm {i) (1+8)1,

{iv) Hence show that when surlace tension effects are negligible, so that 5 € 1, ¢
thea the waves are the familiar deep water waves for which ¢, = ¢f2. [




PART 11
Awswer THREE questions in this part.
Each question carries 20% of the total examination marks.

Quesiion T

(The parta of this question are related.)

(i

(ii)

(i)

(i}

(v)

Show that H = py/(peg) han the dimension of length. Here py and py are the
valwes of the pressure, p, and the density, g, at some datum level ¢ = £, and
g s the magnilude of the sccelaration due to gravity.

Wirite down the basie equation of fluid statics for a fuid in & gravitational field
and the equation of state for & perfect gos. Use Lhese equations to show that
bodh the pressure and the densily distributions are exponentisl funclions in 2
in a static, isothermal, perfecl gas in & constant gravitational feld,

Furthermore, show that if both the pressure and the density decrease to a
fraction 1/e of their respective datum values, pg and py, 8t 2 = 15 in & dis-
tance # from that detum then H = pyf{pyg) (lere ¢ is the base of natural
logarithms. )

Interpret the slatement

H = pyf{peg) is known as the height of the constunt density atmo-
sphere

by deriving the pressure distribution for a constant-density model and showing
bow it relates Lo H.

Comment, briefly, on the modelling of our Earth's atmosphere and the suit-
sbility, or otherwise, of constant density, isothermal, or ether models,

Quostion 8

(i

{ii}

(idi)

Consider the time-dependent vector field u = vyl + ug j with Cartesian com-
ponents

w=—y and wy=z-—H

Show that u can be used Lo represent the velocity vector feld of an incom-

pressible fluid. Explain why it is nol possible o define a velocily polential for
this flow.

Dietermine whether or not the flow is steady.

Write down the equations deseribing the stream function for the velocity vector
field in Pari (i). Hence find the siream [unction for Lhis Bow. Sketch some of
the streamlines at time § = 0, showing the direction of fow.

Conaider the fow of an inviseid Auid of constant density p given by the velacity
vector field of Part (i) with body force (per unit masa)
F=MXi-yj

Find the pressure distribution in the Auid (Lo within an arbitrary funetion
of time) and bence show thai the pressure slong & streamline, al { = 0, s
independent of z.

(2
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Question B

{i) Find the general salution w = wiz, y) of the partial differential equalion
Pu 0w
drfy &z

(ii] The function u(z, p) salisfies the partial differential equation

3
ar’gf;-ﬁ%-ﬁ:’%i-(:-r I—;-—;)g—:frﬂ (= #10). (1)

(a) Show that this equation s hyperbolic in the region R of the (=, p)-plane
over which it in defined,

(b} Find the equations of Lhe charncteristic curves in the region R and hence
show that the characleristic coordinates may be chosen Lo be

{=y=3" 4d=p43:7

() Use these charactetistic coordinates and the chain rule to transform the
pariial differential Equation (1) to its standard form,

(d) Hemce, and using the remult of Part (i), above, find the general solulion
u = ufz, p) of Equation (1),

Question 10

(i) Show that the Fourier cosine series for the Tunction
fizj=z47¢

on the interval 0 < r < 7 is
o b

T

{ii) Show Lhat the sigenvalue problem
Xz +AX(z)=0 (D<z<x)
X =x(==0

bas eigenvaluea 4, =n* (0 =0,1,2,...) and corresponding cigenfunctions
Xolz) = coamz.
{iii) The equation governing the temperature distribution u(e, ) in an insulated
bar of length x is given by the diffusion equation
lﬂﬂ a:'ll
pem—— ) l-._
B 72l (D<z<a &>0),
where x and ¢ represent distance along the bar and lime reapectively and k is
s positive constant. Initially the temperature distribution of the bar ia
uzl=z4+x (0<z<a)

The two ends of the bar are insulated (5o that there is no temperature change
scross the ends).

{a) Wrile down the boundary conditions al z = 0 and z = r for the temper-
ature distnbution.

(b) Use the method of separation of variables to determine the temperature
distribution u(z ¢) st times ¢ > 0.

1
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Question 11

¥ou have met & variety of fluid models in MST322; for example, for Bows along tubea
and channels, roller-coating processes, sound waves in a gas, planctary slmoepleres
and Aows around eylindrical and spherical objects. Also you have used s variely
of equations, expressed in different coordinats systems, that may be related to the
Mavier-Stokes equation; for example, the equation of Buid statics, Ealer's equation,
the wave equation, Bernoulli's equation and the equation of ereeping motica.

Uee this knowledge to discusa Lhe validity of the following statement:

The Mavier-Stokes equation is fundamental to the study of Newionian
fluid mechanics and has given rise to plaosible explanations of various
physically observed fluid phenomena.

Your anawer should include at least four cxamples of Buid models. For each exam-
ple:

(i) illustrate how the modelling equation is a special case of, or is related to, the
MNavier-Stokes equation;

{il) give both a verbal snd a mathematical description;
(iii} indicate at least cne physical situation for which the model is appropriate.

[END OF QUESTION PAPER]
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