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Part 1

You may attempt ALL the questions in this part and are advised to spend about 90
minutes on it.

The marks for each question are given beside the question.

Question 1

Consider the following tiling, 7.

T
(a) Write down all the tile types and vertex types in 7. [3]
(b) 1s T edge-to-edge? 11
(c). Which one of the vertex types corresponds to two distinct vertex orbits under
the symmetry group of 37 (1]

Question 2
The group G is given by the presentation
G=(rs:rt=er? =5 sr=r)
and the elements are written in standard form as
r™ and r™s, m=20,...,3.
Note that G is not Ds.
(a) Express the element (r?s)? in standard form. 13]

(b) Prove that the element r2s has order 4. (2]
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Question 3

Use the algorithm of Unit IB$ to determine the types of the following friezes, F
and G.

wd

Question 4

Let G be a group. H a subgroup of G and N a normal subgroup of G.
Prove that H N N is a normal subgroup of H.

Question 5

Consider the following hexagon, with three long and three short sides, whose
symmetry group G is of order 6.

E D

(a) Write down the cycle index of G, considered as acting on the six corners
A B,C,D E F.

(b) Write down the cycle index of G, considered as acting on the six sides
AB, BC,CD, DE, EF, FA.

(c) The sides of the hexagon can be coloured red or blue. Use the cycle index in
part (b) to determine the number of equivalence classes of such configurations.

Question 6
(a) Write down all the subgroups of order 3 of the direct product
245 x Zg.

You should express each subgroup ezactly once as ((a. b))for a suitable element
of Z.w X Zg.

(b) How many elements of order 3 does Z45 x Zy have?
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Question 7

Let T be the tiling considered in Question 1. an enlarged portion of which is provided
as Figure 1 of the Figure Sheet.

(a} On Figure 1 of the Figure Sheet. indicate the translational tile orbits by placing
numbers on the tiles.

(b} Write down n,.(7.

{(c) Using a theorem from L'nit GE2. or otherwise, find n.(7).

Question 8

The finitely presented Abelian group A is defined by
A=Va.b.c:2a+2c=0.6b+6c=0.2a+ 126+ 14c=0).

(a) Write down the integer matrix representing 4.

{h) Use the Reduction Algorithm to reduce the matrix to diagonal form.

(¢ Is the group A finite or infinite? Justify vour answer.

Question 9
Leta=(2.0).b=12.1)and c = (2. -1).

(a) Write down a reduced basis for L{a.b).
(b) Write down the lattice type of L(a.b).
(¢} Write down the lartice tvpe of L{b.c).

(d} Using any convenient notation, write down a glide reflection belonging to
[{L{b.c)). that maps 0 to b.

Question 10
The class equation of the permutation group Sy is
24=1+3+6+6%+38.

{a) Write down the elements of the conjugacy class corresponding to "3 in the
class equation.

(b) Prove that the union of this conjugacy class with the subset consisting of the
identity element is a normal subgroup of Sj.
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Question 11

Consider the wallpaper pattern W below, a copy of which is reproduced as Figure 2
on the Figure Sheet.

= = = =
= = = =

= = =2 2
= = = (=

(a) On Figure 2 of the Figure Sheet:

(i) draw a basic rectangle of W;
(i) within your basic rectangle, shade a generating region. [3]

(b) Write down the wallpaper type of W. (You need not give a justification.) (2]
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Part 11

You may attempt not more than THREE questions from this part, and you are
advised to spend about 80 minutes on it.

You may choose not more than TWO of your three questions from Part IIA and
not more than TWO from Part IIB.

FEach question carries 15% of the marks for the whole ezamination, and an indica-
tion of the allocation of marks within each question is given beside the question.

Part ITA
Do not attempt more than two questions from Part IIA.

Question 12

Consider the following transitive tiling 7, a copy of which is reproduced as Figure 3
on the Figure Sheet.

(a) Starting at the marked edge of tile T in Figure 3 on the sheet, fill in appropriate
edge side labels on both the inside and the outside of each edge of T.

b) Hence write down the incidence symbol of 7.

(
(c) How many edge side orbits are there under the action of I'(T)?
(d) How many edge orbits are there under the action of I'(7)?

(

e) Write down the number, ng, of translational orbits of vertices of degree 3, and
also the number, ng, of translational orbits of vertices of degree 6.

(f) Hence find the number of translational orbits of edges.

(g) Neither of the following can be the incidence symbol of a transitive tiling. For
each one, explain briefly why not.
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Question 13

Consider the following wallpaper pattern W, which has been formed from the
Archimedean tiling (3,6,3,6) by shading some of the triangular tiles. An enlarged

copy of W is reproduced as Figure 4 on the Figure Sheet.

%%

How many orbits of rotation centres are there under the action of the symmetry
group I'(WW)? Cleariy mark one representative of each orbit, using Figure 4 of
the Figure Sheet. [3]

Carry out the algorithm described in the audio tape for Unit GE4, to determine
the type of W. You should explain at each stage your answer to the question

posed by the algorithm. (5]
(¢} On Figure 4 of the Figure Sheet, draw an equilateral triangle which is also a
generating region for W', 2]
(d) Assume that the original tiling is by tiles whose sides are of unit length. By
comparing the area of your generating region with that of a fundamental
parallelogram. or otherwise. find the length of a side of the generating region. (5]
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Question 14

(a)

(b)

For each of the following Bravais lattices L(a, b, c), find the offset of ¢ with
respect to a.b and then find the type of the lattice.

(i) a=(1.0,0. b=(0.3.0), c=(}%.2).
(i) a= (1.\/3.0). b=<—1.\/§.0). c=(0.2\/§,1>.
(iii) a={1.0.0). b=1{(0.1.0). c=(\/3‘\/§.\/7_)‘
9}
A supply of identical rods is available. each 10 cm long. which can be joined
in pairs to produce rods 20 cm long. There is also a supply of spherical joints
which can be used as vertices. to form the rods into tetrahedral frameworks:
see below.
2N
SN
/’// A \1\
& LN
/ \N

(i) Let G be the direct symmetry group of such a framework. Write down

the cycle index of G. considered as acting on the twelve 10 cm rods. that

is. on the “half-edges’ of the tetrahedron. (2]
(il1 Suppose now that each 10 cm rod (that is, each ‘half-edge’; may be

painted either yellow or blue. Calculate how many rotational classes of

such colourings there are. 2]
(iiiy Given that the number of equivalence classes of colourings under the full

symmetry group of the framework is 218, determine how many of the

rotational classes of colourings are indistinguishable from their mirror

images. (2]
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Part IIB

Do not attempt more than two questions from Part IIB.

Question 15

Let H be a subgroup of a group G. The normalizer. L, of H in G is defined by
L={rzG:vH=Hr}

{a) Prove that L is a subgroup of G and that H is a normal subgroup of L. [

tb; Prove rhat if ' is any subgroup of G containing H such that A is a normal
subgroup of A’ then I is a subgroup of L. (3

{¢ci Find the normalizers of the following two subgroups of the permutation group
S3:

5y 1‘.(12?}.

iy {e. (123141323}

U

{Give a brief reason for each answer.) [

Question 16

(a} Find all Abelian groups of order 1573 {up to 1somorphism). expressing each
of them doth in canonical form and in p-primary form. {91

(b) Write down the groups that you found in part (a) which possess a subgroup
isomorphic to Z45. justifving your answer. (6]

Question 17

Let G be a group of order 72.

(a} Show that (i has either 1 or 4 Sylow 3-subgroups. (3]
(b) Consider the case where G has 4 Sylow 3-subgroups X1, X». X3 and X;.

Using the alternative definition of group action given in Lemma 5.1 of Unit IB2.
show that conjugation by elements of G on the elements of the set

A= {0 0 4

produces an action of the group G on the set .\ and hence a homomorphism

o from G to the permutation group Sy. (6]
{c) Prove that kernel of the homomorphism o of part (b) is neither G nor {e}. (4]
(d) Use parts (ay and (c) to show that no group of order 72 is simple. [2]

[END OF QUESTION PAPER)]
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Question 12
Please read carefully the instructions given for Question 12 of the question paper
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