MS221 — 2001 Solutions

Qn.l (@) Mtaz )ty B)tsa

On.2 (a) curve is y*=8x, and so is a parabola

with apex at (0,0) and axis horizontal.

(b) one focus at (2,0), one directrix at x=-2,
eccentricity = 1

n.3 sinx.cosx = %sin2x, 0 4$1nx.cosx =
2sin2x which ranges from -2 to 2, so image set
is [2,6]. *** n.b. qn no longer in syllabus

On.4 (2001) (a) ;=8 — 18 =-10
{b) Solve *-4r+3=0 to give r=3 and r=1.
General solution is 5, = 4(3")+ B(1™)
Use ypand u,: A+B=6
3A+B=2
solve to give A= -2, B = ¥, so closed form 18

u, =8-2(3") (m012.)
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OQn.5 (a) decreasing

{(b) Suppose 0 < x, < x,

(/%)) (1/%2) = (a1 0%

numerator and denominator are both >0, and
so 1{x)=1(x2).

(c) (0,0)

Qn.6 (a) (1-3x)'~
1+5(-3)+10(-3"+10(-3)+5(=3x) +(-3x)°
=1-15x+90x3-270x*+405x"-343x°
(b) Put x=0.001
first 3 terms=1-0 015+0 OOON9
=0.985090 to 6 d.p.
[270=%= 0.00000027, so this and subsequent
terms are too small to count.

On.7 (a) for fixed points solve kefI-x)=x, ie.
Joc’- (k-1 e = xofboc-k-1)) =0

Soln. isx=0orx= (k-1)/k = 1-1’k

(b) k=25, 1-1/k = 1-(2/5) = 0.6, so fixed

points are 0 and 0.6.

© glx)=25-5c  [g'(0)=25 |g'(06)]=0.5

and so U 1s repelling and 0.6 is attracting.
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QnI @) f'(x)= +sec xtan xIn x
X
using product rule
Cos X

[or f'(x)=sec” x( +sin x1In x)
x

using quotient rule

i1
b)) g'(H= ¢ — by chain rule
1+e
On.10 (a)

] 3 l 2 l 3 1 3
—x In(5x)—— dx=—x" In(5x)——x" +
3x n{5x) Bjx 3x n{5x) 9x ¢

(b)u=5-sinx; du=-cos xdx
Integral = _[— edi = —exp(5—sinx)+c

2 3 4
Qn.11(a) Fx) = —dx— 16" 64x"  256x
2 3 4
3
— dx-8x' - —6? ~ Gdx

b)) - Ly < by
() -4-16x

Qn.12 (a) LZ dy —sin xdx
Y

1
Integrate — = cogx +¢
J)

Solution: 4 = 1
cten y_%:osx+c)

(b) Atx=0,y=1/3s03 = l+c
=>¢=2 and part. solnis = 1
P Y %cos x+2)

Qn.13 (a) 13, 5-12i, 10, 169
(b) (x— (5 120)x — (5 124))
= x*-10x+169

On.14 (a) 5 (b)any of 0,2,4,6,7,8,10,12



On.15 (a) e®=a, c¥e=f

(b) d because d row in table is the same as the
column headings.

©c'=a, f1=b

(d) +4 since there are just two self-inverse
elements , namely d and e.

On.l16 2k=1.15 + 11
15=1-11 + 4
1l=2.4 + 3
4=L.3 + 1
this is an equation for 1 so work backwards :
=4 - 1.3
=4 - L(1L-2-4) = -1-1L+3-4
=-L.11 +3¢L5 - 1.11)
= 3.15-4.11 = 3-L5-4(2k-L-15)
= 7.15 mmod 26 arith.
so required inverse is 7.

. 2
On.17 (a) %4_ (y+37 =1
(b) Substitute for x and y in eqn. of C:

(2cosf 1 2
4
—cos’f+sin’H=1

© e= /17% ==Y =
Foci = (i \6,0) Directrices: yx — + gxﬁ
Major axis length =4, minor =2
(@ Foci = (2+/3,-3)

Directrices are y — 2 ig 3
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(i) C touches y-axis at (0,-3)
(111) axes of symmetry are x = 2 and y =-3

On.18 (2) (1) (x,¥) is transformed into (y,-x) so
transformation is clockwise rotation through an

angle of % .

(ii) Because eigenvalues are solutions of
k? + 1= 0 which are imaginary.

{111) Four, sincc 4 rt. angles — a complete
revolution.

(b) (1) see p.57 in Handbook: reflection in line
making angle of a = tan™ (1) with x axis has

cos 2 sin 2cx j

matrix representation|
sin 2rr —cos 2o

i — i 21t 2_4
sm2a-2smacosa—2.ﬁ.ﬁ A

and cos2or = A1 — sjnz 20 = 3/5 Hence R 1s

the required matrix.

(i1) if » is odd, the result is equivalent to a
single application of R, if # 1s even it 1s an
1dentity transformation.

(c)(i)T=[? %Mo 1}_[_% %J
% _% -1 0 % .

5
(i1) (1,0), (0,1) are transformed to (-4/5,3/5)
and (3/5,4/5) respectively and (1,3) is
transformed into itself.
T is areflection in the line y=3x.

On.19
(@) 7 =0.393t03 dp.

(b) itanx — gec? x Which =1 at x=0 so

tangent approximation is p(x} = x.
(© "4y =0308t03dp.

(d) Integral = -In(cos x) between limits 0 and
7/ which = ln(ﬁ) =0.347t0o3dp.

On.20 (a) (1)B (i) Consider e.g. p=9, =1
(111) Proof by counter-example
(b) Proof by induction:
Differentiate given result:
SOy =2 2(n+ 2x) + 2]
= 2”ezx[(n +1)+ 2x]
which is the same ag % with n+1 replacing
.
Also #'(x) = e”[2x +1] by calculus, which is
the same as the given result with n=1
Hence by induction the result is true for all #.



