Cluestion 2

(1) [2 marks]
For T to be bilinear it must be linear in each argument separately: that is,
fDr SVErY O, ry, dep L= v'l v, T, ™ = "__:': 'k'.l.!ki = R1

Tlkyey + kaeeg, v) = &y T, v) + kT ez, v)
T{a, by + kg = 5T (o, v ) + k2T (o, v2).

(i) [4 marks|
v alkyd + ks, w) = (v, k5 + kafp){w, a)
= k1{v, i {{w, o} + kalv, B2H{w, a)
= i::_l'ﬂt!fﬂt,'ﬂ'-‘}"" kavr @ ﬂ{,l'j‘hm}

and

v ol8, kywy + kywy ) = (v, 3) (ks + kywy, a)
- kl{vh&}{wh“} i -kg'l:'-ll;,ﬁ}{tﬂm ""']'
= kv @ alf, w) + kv @ af 8, wg);

so o @ 15 hilinear.

{iii}) [8 marks]
The main requirement is to define addition of two bilinear maps and multi-
plication of a bilinear map by & scalar: this is done pointwise, as follows:

(Ty + T2)(8, w) = Ta(5, w) + Ta(f, w)
{'.:T:I{-El ‘-I.I'.l‘:| = kl::Tl:,Iﬂ,ﬂI_'_:l:l

With these defipitions T; + T3 and kT are bilinear, and 7T becomses a vector
space, the axioms being satisfied essentially because they are satisfied in R.
The bilinear map e, @ g* satisfies

£ ::if:-ﬁ't'lrﬂﬂcd]- = J:E:
It follows that the e, &% #* are linearly independent. For suppose that
ke, w8 =0

for some scalars ki (summation convention in force). Then evaluating on
(@, eq) gives

Be, @ (0% e)) = KpECE = k3 =10,

Thiz holds for all &, &, 80 the coefficients are all zero, and the e, @ #* are
therefore linearly independent. Moreover, they span 7. Forif T € T, set
T{0%, e3) = TF and consider the bilinear map T defined by

T = Tfe, @ 8"
Forany f e V*, we V¥

(B, w) = Tfiea, B){w, #¥) = Teg,
where @ = 5,8°, w = w'e;. But

T(8, w) = T(B.8%, wley) = B u*T(8°, 1) = BuvwTE = T(F,w).



