Thus
T =T =TFe, @8
and so T may be expressed as a linear combination of the e, @ @, The
dimension of T is thus dim V x dim V* = (dim V)*.
(iv) [6 marks]
The map A is bilinear:
A(kyfy + kaf, w) = (Mu), kyfh + kafa)
= ky(A(w), B1) + ko {Mw), Ba)
= kA, w) + k2 (B2, w)

and

A B, kywy + kgwg) = (AR + kywz), 5)
= {ky A{wn) + kaMwy), 8)
= ki M(wn), B} 4 ka(M(wa), 5}
= ky A8, wy) + K A, wa).

The map A =+ 3 is linear. If A = 0 then {AMw], g)=10 for all @, w, so
Aw) = 0 for all w, and s0o A = 0. Thus the map A A is injective. The
space of linear maps ¥ — V' has dimension (dim V)?, so the map A — A,
being an injective linear map between spaces of the same dimension, is an
isomorphism. Alternatively, if A = Afe, ® @ then A is the image of the
linear map A whose matrix with mapect to the basis {e.] is (Af), so the
map A= } is also surjective.



