M337 1999 Exam Solutions

1999 Question 1

(a) 2 marks

A+i)=(1+2i-1)Y>=Qi)*=-4

(b) 3 marks

cos(m -1log.2) =cosm cos(i log, 2)+ sinT sin(i log, 2)
(Unit A2, Section 4, Para. 5)

= —cos(i log, 2)
—log 2 log_ 2
_ exp( 0g. )2+ eXp( O8. ) (Unit A2, Section 4, Para .4)
_ 142 __5
2 4
(©) 3 marks
(-e)™ = exp (in Log(-e)) (Unit A2, Section 5, Para. 3)

= exp (in (loge|-e| + 1 Arg(-e) )) (Unit A2, Section 5, Para. 1)
=exp (in (1 +1n))
= exp(in) exp(-1%)

= - exp(-n)
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1999 Question 2

(a) 2 marks

(b) 6 marks

C=extA (Unit A3, Section 5, Para. 9)

(b)(1) (Unit A3, Section 4, Paras. 6 and 7)

A is not a region since it is not open.
B is a region.
C is not a region as it is not connected.

(b)(i1) (Unit A3, Section 5, Para. 5)
A is compact.

B is not compact as it is not closed or bounded.
C is not compact as it is not closed or bounded.
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1999 Question 3
(a) 4 marks (Unit B1, Ex. 2.1(ii) — Opposite direction along contour)
The standard parametrization (Unit A2, Section 2, Para. 3) for I is
Yy () =(1—-1t)+t, t e [0, 1]
and  Y(t)=1-1i.

As v is differentiable on [0, 1], y/ is continuous on [0, 1], and y/ is non-zero on [0, 1] then y is a
smooth path (Unit A4, Section 4, Para. 3).

As v is a smooth parametrization (Unit B1, Section 2, Para. 1) then
1 '
LIrnz dz = J; { Im y(t) }y (t)dt

= [a-tN1-i)dt

(b) 4 marks

The length of Cis L=2n * 2 = 4.

Using the Triangle Inequality (Unit A1, Section 5, Para. 3b) then, for z € C, we have
[z -1 <’|+1=|{" +1=4+1=5

Using the Backwards form of the Triangle Inequality (Unit A1, Section 5, Para. 2b) then, for z
C, we have

hz—QZnyq‘zm—q=3

=2

Putting f(z) = 22

" we have | f(z)| <5/3=M forz e C.

By the Quotient Rule (Unit A3, Section 2, Para. 5) f(z) is continuous on € — {-1, 1} and hence on
the circle C.

Therefore by the Estimation Theorem (Unit B1, Section 4, Para. 3)

U f(z)dz‘ <ML :§*4n =§n
r 3 3
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1999 Question 4

(a) 6 marks

(a)(i) C is asimply-connected region (Unit B2, Section 1, Para. 3), C is a simple-closed contour
(Unit B2, Section 1, Para. 1) in C, and f(z) = exp (inz) is analytic on C.

As -1 lies inside the circle C then by Cauchy’s Integral formula (Unit B2, Section 2, Para. 1)

[ " 4z = 2mif(=1)=2ni* e = —2ni
Cz+1

(a)(ii) LetR={z e C:|z-i|<5"*}. Ris a simply-connected region (Unit B2, Section 1, Para. 3)

1mz

and C is a simple-closed contour in R. As is analytic on R then by Cauchy’s Theorem (Unit

z+2
B2, Section 1, Para. 4)
I © _dz=0
Cz+2

(b) 2 marks

Since 1 + z” and cos are entire functions then by the Composition rule (Unit A4, Section 3, Para.
1) so is f(z) = cos(1 + Z%).

By Liouville’s theorem (Unit B2, Section 2, Para. 2) if f is a bounded entire function then f is
constant.

Since f(i) = cos 0 = 1 # cos 1 =1(0) then fis not constant. Therefore f is not bounded on C so
there is a complex number z such that | cos(1 + z%) | > 100.

1999 Question 5

Same as 2004 Qu 5 apart from 4 marks being awarded for each part.

1999 Question 6

Same as 2004 Qu 6.
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1999 Question 7
Equivalent to 2004 Qu 7 except in part (b) also need to calculate the stream line through i.
A streamline through 1 is given by % (— X + y2 ): lI’(O,l) = % .

Therefore the streamline has the equation y* =x*+ 1.
At i the velocity function q(i) =1 (- 1) = 1 (positive x direction)

2i]
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1999 Question 8

(a) 3 marks

Since f(i) = i* — i* + i = then i satisfies the fixed point equation (Unit D3, Section 1, Para. 3).
Therefore i is a fixed point of f.

f'(z)=2z-1.

As |’ (i) |=1i| = 1 then i is an indifferent fixed point of f. (Unit D3, Section 1, Para. 5)

(b) 5 marks

(b)(1) [ Unit D3, Problem 4.3(b) ]
Letc=1+1.

P.(0)=1+1.

P2(0)=(1+i) +(1+i)=2i+(1+i)=1+3i

C

As ‘ P’ (0)‘ > 2 then c does not lie in the Mandelbrot set (Unit D3, Section 4, Para. 5).
(b)(ii) Let c=—5—351.

Since |c+1]=|1—8i|=L<1l then P, has an attracting 2-cycle (Unit D3, Section 4, Para. 9).
10 10 5 4

Therefore ¢ belongs to the Mandelbrot set (Unit D3, Section 4, Para. 8).

={bm)
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1999 Question 9
(a) 8 marks
(@)()

f(z) =z+ |z|2 = (X +iy)+ (X2 + yz): u(x,y)+iv(x,y),
where u(x,y) = x + x> + y*, and v(x,y) = y.

%(x,y)=1+2x, %(x,y)ﬂy, %(X,Y)z(), %(X,y)=1

(a)(ii)

If f is differentiable then the Cauchy-Riemann equations hold (Unit A4, Section 2, Para. 1). If
they hold at (a, b)

@ a,b =1+2a:1=a—V a,b), and
ox

oy

%(a,b)=0:—2b:—%(a,b)

Therefore the Cauchy-Riemann equations only hold at (0, 0).

As fis defined on the region C, and the partial derivatives

>

22
2|2

ov oV
"ox dy
1. existon C
2. are continuous at (0, 0).
3. satisfy the Cauchy-Riemann equations at (0, 0)

then, by the Cauchy-Riemann Converse Theorem (Unit A4, Section 2, Para. 3), f is differentiable
at 0.

As the Cauchy-Riemann only hold at (0, 0) then f is not differentiable on any region surrounding
0. Therefore fis not analytic at 0. (Unit A4, Section 1, Para. 3)

(a)(iii)
ou

£/(0,0) = &(0,0)H%(0,0):l (Unit A4, Section 2, Para. 3).
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(b) 10 marks

(1) The domain of g is € (Unit A4, Section 1, Para. 7) and its derivative g'(z)=3z> also has

domain C (Unit A4, Section 3, Para. 4) . Therefore g is analytic at i and since g'(i)=-3 #0then g
is conformal at i (Unit A4, Section 4, Para. 6).

(11) n/2 is in the domain of y; so yl(n/2) =e™? =1,

1 belongs to the domain of v, so vy, (1 =1. Therefore I')y and I'; meet at the point i.

(iii)  As gis analytic on € and g (i) # 0 then a small disc centred at i is mapped approximately
(Unit A4, Section 1, Para. 11) to a small disc centred at g(i) = -i. The disc is rotated by Arg
(g'(i)) = Arg -3 = 7, and scaled by a factor | g’ (i)| = 3.

The horizontal line in the diagram below is g(I";). (Unit A4, Section 4, Para. 4)

2i
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1999 Question 10

(a) 7 marks
22 z
sinz = z(l — 3 + ") —j ,forz e C. (Unit B3, Section 3, Para. 5)
sin z A
Since 0 < <1 when 0 <|z| < &t then —?+?—...<1.
z ! !

z 722 7' B
—=l-—+—-...
sin z 31 sl

2 4 2 4 2

V4 V4 V4 V4
:1+(———+...J+(———+...J +...

3t s 35

2
IS W] S S

6 120 36

2

. . z 7
Therefore the Laurent series about 0 for fis 1+ —+—2z* +... for0<|z|<m

= —— is analytic on the punctured disc C - {0}. It has the Laurent series about 0
1 7 °° n

—+—+—2z+..= ) a,z

7' 6z 360 ,Zw "

As C is a circle with centre 0 then (Unit B4, Section 4, Para. 2)

[

dz=2nia_ =2 |
v Z 3
(b) 5 marks
The domain of A=C— {nmt:n e Z}.

Suppose that g is another analytic function with domain A which agrees with f on
{iy:y>0}

The set S = {i(l + %) n= 1,2,3,...} A and has the limit point i € A.



M337 1999 Exam Solutions

f agrees with g throughout the set S — A and S has a limit point which is in A. Therefore by the
Uniqueness theorem (Unit B3, Section 5, Para. 7) f agrees with g throughout A. Hence fis the

only analytic function with domain A such that f (iy) =— }Ill for y > 0.
sinhy
(c) 6 marks
Since sin z=0 when z=0, z=+mn, z= 127, .... Then f(z) has singularities of the form kn, k € Z.

Singularity atz= 0.

At z =0 we can use the Laurent series found in part (a). Since f(0) = 1 then the singularity at 0 is a
removable singularity.

Singularities at z = kn where k € Z — {0}.

sin (z - ki) = sin z * cos kn - cos z * sin knt = (-1)* sin z.

Therefore f(z)=—2 :(_1)k;):(_1)k{ z—kn___ kn }

sinz sin(z —kn sin(z — kn) sin(z — kn)
lim z-kn {
z — kn sin(z - kn) -
lim km . . . .
As (z - kn)+ = kn then there is a simple pole at z=kn (Unit B4, Section 3,
z—>kn s1n(z - kn)

Para. 2).

Therefore there f has simple poles at knm where k € Z — {0}.
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1999 Question 11

(a) 6 marks

mTcot mz

Since f(z)= oz Nzt )

then f has simple poles at z = +i/3.

By the cover-up rule (Unit C1, Section 1, Para. 3)
Res(f, /)= nC?t(iTF/3) _ ncot('in/3) and
os+4) 6

ncot(~in/3)  mcot(-imn/3)
o0-x-4) -6

Res(f, %)=

Since sin(iz) = i sinh z and cos(iz) = cosh z then cot(iz) = - i coth(z).

ncoth(n/3) .

Therefore Res(f A ) =— o nd
Res(f , ) = ncothé— / 3) =— ncotl;(n/ 3) . (Unit A2, Section 4, Para. 6)
f(z) = g(z) / h(z) where g(z) = %snlz and h(z) = sin nz.
Z" +

g and h are analytic at 0, h(0) = 0, and h/(0) = rt cos(0) = # 0.

Therefore by the g/h rule (Unit C1, Section 1, Para. 2)
b3

Res(f,O):@ =z l*lzl.

h(0) 1 =

[You could also use Unit C1, Section 4, Para 1 — last line]
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(b) 8 marks
The method given in Unit C1, Section 4, Para. 1 will be used.
f(z) = m cot mz * ¢(z) where §(z) = 1/(92% + 1).

¢ is an even function which is analytic on C except for simple poles at the non-integral points z =
+i/3.

Let Sy be the square contour with vertices at (N + 2)(£1 £ 1).

On Sy we have |z| > N + ' so, using the backwards form of the Triangle Inequality (Unit A1,
Section 5, Para. 2),

927 +1|>1(92°] - 1 | > 9(N + %)* — 1 > 9N~
On Sy we also have cot nz < 2 (Unit C1, Section 4, Para. 2) so on Cy
1£(2)| < n(z)
ON*
The length of the contour Sy is 4(2N + 1).

As f'is continuous on the contour Sy then by the Estimation Theorem (Unit B1, Section 4, Para. 3)
we have

J, flz)z|<

~_42N+1)= 98; (2+1).

lim
Hence
N —> o

J.SN f (Z)dz =

Therefore the conditions specified in Unit C1, Section 4, Para. 1 hold so

i 9n 21 +1 _%(Res(f’oﬁ Res(f,i/3)+ Res(f,i/3))
= _l + T coth T .
6 3
(c) 4 marks
2 z 3

:_009n +1 “~=. 9n? +1 “~on? +1
= 1 T

=142 :—coth—.
;9n2+1 3 3
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1999 Question 12

(a) 3 marks

Using the formula for a transformation mapping points to the standard triple (Unit D1, Section 2,
Para. 11) then fl corresponds to

f,(z):( (Z—O) (oo—(1+i))_ z

z—(1+i)) (0-0) z—(1+i)
So ﬁ(g(ui)):%:—l

(b) 15 marks

(b)(1)
. | 2
| # - =, l R LS !
P /! . '
} - Ll } T ’ T
! ! i P 4 1 - 1 2
" 4 N
- R s -l S 1 T
(b)(ii)

As f} is a Mobius transformation and R is a region in the domain of f; then fj(R) is a region and
the boundary of R maps onto the boundary of f(R) (Unit D1, Section 4, Para. 3).

The boundary of R is B; U B, where
Bi={z:|z-1|=1,1/2<Arg(z—- 1)<} and
By={z:|z—-1|=1,-n/2< Arg (z—1) < 0}.

As f“l maps 0 to 0 and 1 +1to oo then both B, and B, are mapped to extended lines which start at

the origin. Since the angle between B, and B, at 0 is ©/2 and the transformation f“l is conformal,
then the angle between the extended lines at the origin is also 7/2.

Since the angle between the boundaries of R at 0 and a line joining the origin to
%2 (1 +1) is /4 then as fl is conformal then this is also true in fl (R). From part (a) we have

f (1(1+1))=—1 so the 2 boundaries must be mapped to extended lines at angles /4 above and
below the negative real-axis.
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Therefore fl (R) =S.
(b)(iii)
w = g(z) = z exp(-3mi /4) maps S to T.

Therefore the extended conformal mapping from R to T is f, where

f(z)=(gof, )Mz)= zexp(-3mi/4) —Z%(lﬂ)

z—(1+i) - z—(1+i)
-7
(1-i)z-2
(b)(iv)
Let f(z)= —2z _az+b

(1—i)z—2 Ccz+d

Using the formula for the inverse function (Unit D1, Section 2, Para. 6) we have

2 (Z) B -2z 27

T (-i)e-v2 (1-i+2
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