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SECTION A

Answer all six questions from this section (60 marks in total)

1.

Suppose that the demand equation for a good is given by
p(g+4) —50 =0,

and suppose that the equilibrium quantity is 6. Calculate the consumer
surplus. Suppose the supply equation takes the form p = a + bq for
some positive constants a and b. If the producer surplus is 12,
determine a and b.

The function f(z,y) is given by

Fay) = E ), (f) ,

Y )

~ where a is some constant. Show that f is homogeneous and verify that

Euler’s equation holds.

Suppose the demand function for a commodity is given by

10
T iz sp

Find the elasticity of demand, in terms of p. Determine the values of p
for which the demand is elastic. '

Show that the following system of equations has a solution for all values
of a, provided a certain relationship between ¢ and b holds. (You should
determine what this relationship is). Find all solutions, in terms of a
and b, when the system has solutions.

T—y+22 = a

2r—-3y+42z = b
4dr + 62 = 1b5a

z+3y+8 = c
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5. Expand as a power series, in terms up to z%, f(z) = cos(e®” — 1).

6. Suppose that the amount A(t) of money in an investor’s account at
time t satisfies the differential equation

dA

halalp A

= = (1) +rAG),
where 7 > 0 is a constant and f is a function of ¢. Show that for any
t>0, .

A(t) = e™A(0) + e”/ f(z)e "dz.
0
SECTION B

Answer two questions from this section (20 marks each)

7.(a) Find an invertible matrix P and a diagonal matrix D such that
P71AP = D, where A is the matrix

(% 3)

Hence, or otherwise, find the sequences z; and y; (for t =0,1,2,...)
satisfying zo = 1 and yo = 3 and, for ¢ > 1,

Ty = OT¢—1 + 3Yp—1
Yy = —61i_1 — 4y;1.

(b) Given that the function

z%(z? +y°)7 — (2* — 4*)* ()"
z + (\/z? + zy)?

is homogeneous of degree 5, determine - and ¢, and discover what
relationship must hold between « and §.

flz,y) =
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8. A manufacturer adjusts at time ¢ the price p = p(¢) of his product by
reference to his current inventory (stock) I(t) according to the equation

dp

— = —(I(t) - I

P — (1) - 1),
where Iy = I(0) is his initial stock. The level of stock satisfies the
equation

dI

= Q) - s,
where the level of production Q(t) and level of sales S(t) satisfy

dp
=a—bp—c—
_ dp
S=oa-pp T

where a,b, c, o, 3,7 are constants and B # b. Show that there is a
constant solution p(t) = p* for which @ = S. Show that

d? d
Tt =97+ (B-bp=(a—a).

Solve this equation when y —c=3, § —b=2, o —a =1 and when the
initial price is p(0) = 1.

Show that, in general, if 8 > b and v > ¢, then the price tends to p* .
9.(a) Determine the inverse of the matrix

(1)

(b) Use the Lagrange Multiplier Method to minimize

=N O
S =N
N O =

1 1 1

t 'y z
subject to

r+y+z=c,

for z,y,z > 0, where c is a positive constant. Use your result to deduce
that for z,y,2 > 0

1 1/1 1 1\)7!
Z > (2424 = )
3(a:+y+z)_{3<w+y+z>}
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10.(a) Find the function y(z) such that y(0) = 1 and

d
(1+ x3)zi% - 2%y =0.

(b) Suppose the supply and demand functions for a good are, respectively,

*p)=p—4, ¢°(p)=8-p.

Determine the equilibrium price and quantity.

Suppose the government imposes a percentage tax of 100r%, where
0 < r <0.5. Find the new equilibrium price and quantity in terms of r.

Find an expression, in terms of r, for the tax revenue the government
obtains, and determine the value of 7 that maximises this tax revenue.
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