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SECTION A

Answer all six questions from this section (60 marks in total).

1.(a)

(b)

Show that the set {x1, X2, X3,%4} of vectors in R* is linearly
independent, where

1 2 3 1
2 -1 8 2
=1 y X2 = 5 y X3 = 7 » Xe =1
2 3 0 0

Suppose that V' is a vector space. What does it mean to say that the
subset W of V is a ‘subspace’ of V7

Suppose that V' is the vector space of all 2 x 2 matrices with real
numbers as entries, with the usual addition and scalar multiplication
operations. (You may assume that this is indeed a vector space.) Show
that the set of all diagonal 2 x 2 matrices is a subspace of V. Show,
however, that the sets

B 1 a)\ . 0 a®)
W——{(b 1>.a,b6R} and U—{(b2 0).a,b€R}

are not subspaces of V.

What does it mean to say that a basis of a vector space is an
‘orthonormal’ basis?

Find an orthonormal basis for the subspace W of R?® given by

x
W = y|l:iz+2y—32=0
z

Extend this to an orthonormal basis of R3.

What, precisely, does it mean to say that a sequence (z,) of real
numbers converges to the real number L as n tends to infinity? Prove,
using this precise definition, that if

An? +2n — 3
Ty = e
2n2 —2n+5

then z, — 2 as n — 0.
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4. Suppose A and B are non-empty bounded sets of positive real numbers,
and that C = {a+2b: a € A,b € B}. Prove that C is bounded above
and that

sup C =sup A + 2sup B.

(Here, for a bounded non-empty set S of real numbers, sup S denotes
the supremum of S.)

5. Find the value and optimal mixed strategies of the matrix game with

pay-off matrix -
4 3
2 5)°

6. By solving its dual, find the solution of the following linear
programming problem:

explaining your method.

Minimise 40z + 70y + 90z

Subject to: z+2y+2z >
x+y+3z > 6
T,Y,% Z 0.
2
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SECTION B

Answer two questions from this section (20 marks each).

7.(a) The function g is given by
g(z,y,2) = 52 + > + 2* + 2zy + Azz,

where A is a positive constant. Show that g is convex if A < 4 but that
it is not convex if A > 4.

(b) Suppose that

2 1 1 1
1 2 1 1

Show that v is an eigenvector of A, and find the corresponding
eigenvalue. Find the remaining eigenvalues of A and, for each of these
eigenvalues, find a corresponding eigenvector.

Find an orthogonal matrix P and a diagonal matrix D such that
PTAP = D.

Let f denote the quadratic form

f(a;ayvz) = 21‘2 +y2 +22 + 2xy+ 21z +4yz

Show that it is possible to write f in the form

f(x7y7 Z) = )‘1X2 + )\2Y2 + )‘3Z27
for some numbers A1, Ao, A3, where z,y, z are linear combinations of
X,Y, Z. (You should state explicitly how z,y, z may be written in
terms of X,Y, Z.)

Hence, or otherwise, find a vector x for which f(z,y,2) = —9.
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8.(a)

(b)

9.(a)

(b)

What is meant by a linear mapping T from R" to R™? Show that, if A
is any m X n matrix, then the function T4 : R® — R™ given by
Ta(x) = Ax is linear.

Let T : R? — R* be given by

)
r(3)-| .
Yy zT+Yy
x — 2y
Write down a matrix A such that T = T4. Determine the rank and

nullity of T'.

Find the limit of the sequence (z,) where

n .

) 1 2 2n

D O S
=1

State the Intermediate Value Theorem.

Suppose the continuous function f : R — R is not bounded above and
not bounded below. Prove that {f(z): z € R} =R.

A sequence (z,) is defined as follows: z; =1 and, for n > 1,

T, +1
Tp+1 = 1 .

Prove that, for all n € N, z,, > 1/3. Prove also that for all n € N,
Tpe1 < Tn. Why does it follow that the sequence converges? Determine
the limit of z,, as n tends to infinity.

What is meant by an ‘open’ subset of R*? What is meant by a ‘closed’
subset of R™? State a result that characterises closed sets in terms of
open sets.

Prove that the subset

r={(3) o)

is an open subset of R2.
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10.(a) Consider the functions

(b)

4 2
f(x,y,z)=w+§—y+6z—z3 (@ #0, y#0)

X

9(z,y,2) = 2% —yz +y* + 2> — 3z — 2.

Show that the point P = (2,2,1) is on both of the surfaces

f(x,y,2) =17, g(z,y,2) = 3.

Find the equations of the tangent planes to each of these surfaces at the
point (2,2, 1).

Show that these two planes are orthogonal.

For each function, find the critical (or stationary) points and determine
the nature of each critical point.

Two consumers engaged in a barter arrangement, R and M, have
utility functions ug(z,y) and up(z,y), respectively, for bundles (z,y)
of z bushels of wheat and y bushels of oats, where

/ 2,1/2

ur(z,y) = 2%y, um(z,y) =2’y

Given that they have 20 bushels of wheat in total and 10 bushels of
oats in total, determine the equation of the contract curve.
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