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SECTION A

Answer all six questions from this section (60 marks in total).

1.(a)

(b)

Show that the set {xi, X2, %3} of vectors in R3 is linearly dependent,
where

2 —1 8
X1 = 1 , X9 = 5 , X3 =— -7
2 3 0

Express x3 as a linear combination of x; and X,.

Suppose that V' is a vector space. What does it mean to say that the
subset W of V is a ‘subspace’ of V7

Suppose that V is the vector space of all 2 x 2 matrices with real
numbers as entries, with the usual addition and scalar multiplication
operations. (You may assume that this is indeed a vector space.) Show
that the set of all diagonal 2 x 2 matrices is a subspace of V. Show,
however, that the sets

_ a 1Y\ . a2 0 _
wo{(¢ 1) aver) wa u={(% 8):aren)

are not subspaces of V.

What does it mean to say that a basis of a vector space is an
‘orthonormal’ basis?

Find an orthonormal basis for the subspace W of R? given by

x
W = y|l:x—2y+32=0
z

Extend this to an orthonormal basis of R3.

What, precisely, does it mean to say that a sequence (z,,) of real
numbers converges to the real number L as n tends to infinity? Prove,

using this precise definition that, if
o = n?+n+1
"2 —n+5

then z, — 1/2 as n — oo.
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4. What, precisely, does it mean to say that a function f: R — R has
limit L as x — a, where L,a € R?

Suppose that the functions f: R —+ R and g : R — R are such that
f(z) — L and g(z) = M as z — a. Prove, using the formal definition
of limit, that the function h given by h(z) = f(2)g(x) has the property
that h(z) = LM as z — a.

5. Find the value and optimal mixed strategies of the matrix game with

pay-off matrix
5 3
2 4)°

6. By solving its dual, find the solution of the following linear
programming problem:

explaining your method.

minimise 8z + 3y + 8z

subject to
z+y+3z =
dr+y+2z > 5
z,y,2 = 0.
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SECTION B

Answer two questions from this section (20 marks each).

7.(a)

(b)

The function g is given by
g9(z,y,2) = 2% + 5y* + 2% + 2zy + Ayz,

where A is a positive constant. Show that g is convex if A < 4 but that
it is not convex if A > 4.

Suppose that

11 2 1
A=11 2 1], v=|1
2 1 1 1

Show that v is an eigenvector of A, and find the corresponding
eigenvalue. Find the remaining eigenvalues of A and, for each of these
eigenvalues, find a corresponding eigenvector.

Find an orthogonal matrix P and a diagonal matrix D such that
PTAP =D.

Let f denote the quadratic form

flz,y,2) =2 + 2y + 2% + 2zy + 4z2 + 2yz.

Show that it is possible to write f in the form

f(.T, Y, Z) = )\1X2 + )\2Y2 + )\322,
for some numbers \j, Ao, A3, where z,y, z are linear combinations of
X,Y, Z. (You should state explicitly how z,y, 2 may be written in
terms of X,Y, Z.)

Hence, or otherwise, find a vector x for which f(z,y,z) = —4.
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8.(a) If x = Pz where P is an orthogonal matrix, show that x|l = ||zl

(b) A sequence () of positive numbers has the property that for some
a < 1 and some natural number K,

Tn+1
Tn

21~% for allm > K.

Prove that the sequence (nz,4;) is increasing for n > K. Hence show
that there is some positive constant ¢ such that
x > ¢
n+1 n

foralln > K.

(c) State the Intermediate Value Theorem.
Suppose the continuous function f : R — R is such that, for all z € R,

there is y € R with f(y) = 2 — f(z). Prove that there is some ¢ € R
such that f(c) = 1.

9.(a) A sequence of numbers (z,) is defined as follows: z; = o where
0<a<1/2and, forn>1, Tny1 = 22,(1 — zp).

Prove that if z, < 1/2 then, also, z,41 < 1/2. [It may help to consider
the maximum value of the function f(z) = 2z(1 — z).]

By showing that the sequence (z,) is increasing and bounded above,
deduce that the sequence converges, and determine what its limit is.

(b) What is meant by an ‘open’ subset of R"? What is meant by a ‘closed’
subset of R®? State a result that characterises closed sets in terms of
open sets.

Prove that the subset

is a closed subset of R2.
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10.(a) Consider the functions

4 2
flaya) =g - rysbe=2  (@#0,y#0)

g(z,y,z):xz—xz+y2+z2—2x—3y.

For each function, find the critical (or stationary) points and determine
the nature of each critical point.

Show that the point P = (2,2,1) is on both of the surfaces

f(x,ya Z) = 7) g(fﬂ,y, Z) = —3.

Find the equations of the tangent planes to each of these surfaces at the
point (2,2, 1).

Show that these two planes are orthogonal.

(b) It is found that the directional derivative of a function A : R3 — R, at
the point (a, b, c) in the direction of (3,1, —1) is equal to v/11, in the
direction of (1,1,0)7 it is v/2, and in the direction of (2,1, 2)T it is —2.

Find the gradient vector of h at the point (a,b,c). In which direction
does the function decrease most rapidly at the point (a, b, c)?
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