MATH724 Summer Exam 2001

Solutions

1. (i) The auxiliary equation is

m*+5m+6=0 =>m=-3,—2

Hence
Y = Cre 3 4 Cpe™

For y, we try

yp = Acos(t)+ Bsin(t)
Up = —Asin(t)+ Bcos(t)
Yp = —Acos(t) — Bsin(t)

Substituting in, gives

5(Acos(t) + Bsin(t)) + 5(—Asin(t) + B cos(t)) = 20 cos(t)

Equating coefficients: 54 + 5B = 20;58B —5A = 0. Hence A = B = 2. The
general solution is

Cre 3 + Cye™? + 2(Acos(t) + Bsin(t))

Putting in the initial conditions yields C; + Cs + 2 = 2;—3C; — 2C3 + 2 = 6.
Hence C; = —C5, Cy = 4. Hence the solution is

—4e™3 4 4e™? + 2 cos(t) + 2sin(t)
(ii) Write z = L(y). Then

sz—y(0) = L(Y) = sz — 2.



similarly
s’z —2s—6=L(Y")

Thus
20s
2
5s+6)z = —2s — 16 = L(20 t) = ——
(s°+ 55+ 6)z s (20 cos(t)) o
Hence
 25+16 n 20s
© 82+55+6  (s2+1)(s2+ 55+ 6)
Using partial fractions:
25+16 12 10
s24+55+6  s+2 s+3
20s B 6 8 Dis+ Dy
(s2+1)(s2+55+6)  s+3 s+2 s2+1

where D; and D, are unknown coefficients (the other coefficients have been
obtained using the cover-up rule). Equating coefficients, we get D; = Dy = 2.
Hence

4 4 + s+1
s+2 s+3 s24+1°

Now £L71(1/(s+3)) =e 3, L71(2/(s*+1)) = cos(t), L71(1/(s*+1)) = sin(¢).
Hence
y(t) = 47" + 47 + 2 cos(t) + 2sin(t)
which is the same result.
. (i) Write u(z,y) = F(z)G(y). Then

1 d?F 1 d*G

Fdz2 ~  Gdy?

As these are independent of x and y, they are equal to a constant. Because
of the b.c at z = 0 this is —m?. Then

1&F

Fdz*

Now u(a,y) =0 = sin(ma) = 0 = ma = nm where n is an integer. Thus



_ _ 2/.2
F_SIHTEW = —NnT /a
= G:Cncoshﬂ+Dnsinh@

a a

Hence the result.

(ii) The solution is sum over n. We need to find the coefficients C,, and D,,.
Now u(z,0) = 1: hence

" sin ? (C,, cosh(0) + D, sinh(0)) = 1

1.e. .
S Cpsin 2 = 1
- a

Using Fourier series

2 a
Cn:—/ sin@dmzo
0

a a

if n is even, or 4/n if n is odd. At y = b, u(z,0) = 0 Hence

Z sin nr (C’n cosh n—ﬂb + D, sinh mrb) =0
- a a

a

Hence b
D, = —C,, coth nme
Giving finally,
. (2k+ D7z 4 (2k + 1)my (2k+1)wb . . (2k+ 1)my
= h — coth h
u(z,y) ; sin " T . co . sin .

3. (i)




(ii) Here we need to perform an integration by parts of f'(t) yields

/0 - f'(t)e *tdt
= [fe_St]Zo + s/ooo f(t)e_Stdt

= —f(0) +sLf(t)
(iii)
L(f"(1) = —f(0)+sL(f'(2))
= —f'(0) = s£(0) + s*L(f)
= —f(0)+sLf(2)
(iv)

/:o F(s)ds = /:o ds' /Ooo et f(t)dt
- /0  F(t)at / T et
= /000 F(t)dt (—%) "
- " e:tf(t)dt = (%)

(v) Substituting the results of (ii) and (iii) above into the differential equation
given, writing Y (s) = L{y()}, and inserting the initial conditions, one obtains

Y (s) —s+2+4(sY(s) — 1) +3Y(s) = (s* +4s + 3)Y(s) = P

Using partial fractions

1 1 1

s+3+s+1_3+2
= y(t) = exp(—st)+ exp(—t) — exp(—2t)




Hence

Putting x =

/7r f(z) sin(nz)dz

_x,

bn, / f(—2') sin(—nz')dz’

= — f( ") sin(nz")dx’

s —

- b,

which can only be true if b, is zero Vn.

(ii) Firstly, we note that the function is even so b, = 0

% = T/|m% )W

4

™

9 T/2

= / ,|sin(xz/T)] cos(n2na/T)d
—-T/2

4 T/2

T/ sin(mz/T) cos(n2mz/T)dx
0

% /OT/2 {sin((2n + 1)7z/T) — sin((2n — 1)7z/T)} dx

2 cos((2n+1)m/2—-1) cos((2n—1)m/2—-1
~ - +

s 2n+1 2n —1

2 < 1 1 )

T\2n+1 2n-1

4
m(2n+1)(2n — 1)

If n =2m — 1, the above is zero, so put n = 2m. Then

1 2 2

rlom+1 2m—1
—4

m(2m+1)(2m — 1)




Substituting into the definition of the Fourier series:

e 2nmt
F(t) =2+ a,cos(n)
2 "~ T

1

g 2n+1

Y2n — 1) ( T
Now let a trial particular integral be

x—bo—i-Zb cos( ;t>

Then by = 2/m. Differentiating x twice and substituting into the equation,
we get

<n7r)2 1lp = —4

T " r(2m+1)(2m — 1)
which specifies b,,.

. The characteristics are given by

dz

= =1 1
g7 +y (1)
dy

A 2

= y (2)
du

il u+y (3)

The boundary conditions are x = 0,y = s,u = s(1 — s). s is a parameter
which gives a position on the boundary and ¢ is a parameter which gives a
parameter on the characteristic.

From (2) we have
y = sexp(t)
From (1) and (2)
dz—y)/dt=1=z—-—y=1t—s

So
x=sexp(t)+t+s



From (3)

=t senlt)
o — utsexp

Using an integrating factor, we get

d(uexp(—t))
dt

=5
Hence
uexp(—t) =st+C =st+s(l—s)=>u=sexp(t+1—s)=u=y(l+z—y)

This problem could not be solved if the boundary conditions were along y = z
because the characteristics cannot accomodate y = .

o _ oo, om_0, 0
ox  0td0x Ondx O  On
S 88n_§_22

gy ~ 0oy andy OE on

Hence
82 82 62 62
—~ = —Z_ 19 o
oz o2 T acan T o
2 2 2 2
oo e e
oy? 0§ 9&on  on?
0? 02 02 0?
p— —_— R— 2—
0zdy 0&2  0&on on?
Therefore

AUy + 4umy + Uyy = 9u§§ +0+4+0

and the equation is therefore parabolic.

Now solving for z and y, we have

3r=2{+n Jy=§—n



Now

9(a® —zy —2%) = 42 +4n+n’ — (28 —En—n’) —2(8& - 2n+1?)
= 0+&n+0

so the equation is

9’(1,55 = 57]
1&%n
= U = §7+f(77)
3

su = oS erm) + o)

1

- = (@+9)*z - 2y) + (& + ) f(z — 2y) + g(z — 29))

This p.d.e might describe the motion of a stretched 2D membrane having
inhomgeneous elastic constants. The membrane is subjected to some applied
force (the RHS) the magnitude of which varies across its surface.

- (1)
L(H(t—a)f(t —a)) = /O Tt H(t — a)f(t — a)dt
= /aoo e f(t — a)dt
Now let 7 = ¢ — a then
LHE-a)f(t-a) = [ T e ) f(7)dr

= e % /Ooo e f(r)dr
= e *F(s)

(ii) Taking the L.T of the equation we get
@' — 25t + 81 =0

(iii) The boundary conditions are

(z,s) = /oo e *tu(x,t)dt

0



Thus

s
1 _st]®

- 0_?[6 t]o

_ 1

=

(iv)
@' —2st' + s*u =0
Auxiliary equation is
m? — 2sm + 5% =0
Double root, solution:
@ = (Az + B)e*™®
Boundary conditions z = 0= B =0; z =1= A = ¢°/s%. Hence

esx xes(x—l—l)

Therefore
uz,t)=z(t+z+1)H({E - (z+1))

-10 -5 0 5 10



