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1. Let u(xy,zy) satisfy the Poisson equation in the first quadrant Q =
{(z1,22) : &1 > 0,29 > 0} of the plane Ox;xs:

Au(zy,22) + 0(xy — 1)d(22 — 3) =0, (21,22) € Q (1)

(a) Find the solution of (1), which satisfies the Dirichlet boundary
conditions on 02

u(z1,0) =0 when z; > 0, (2)

and
u(0,22) =0 when x9 > 0. (3)

[10 marks]

(b) Find the solution of (1), which satisfies the Neumann boundary
conditions on 02

ou

a—@(xl, 0) =0 when z; >0, (4)
and 9
axul(O,xg) =0 when 23 > 0. (5)

[10 marks]

2. (a) Let U(x) € D'(R?) be a distribution, which satisfies the following
equation

AU(x) +0(x) =0, x e R? (6)

where 0(x) is the Dirac delta function, and A is Laplace’s operator.
Assume that derivatives OU/dz;,i = 1,2, vanish as % + 23 — co.
Verify that U(x) can be represented in the form

1 _
V() =5 loglx| '+ B (7)

where B is constant.
[10 marks|
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(b) Let (r,0) be polar coordinates, and let u(r, ) be a solution of the
Dirichlet problem in the interior of the unit disk

Au(r,0) =0, r<1, (8)
with the boundary condition
u(l,0) = ¢(0), 0<6<2m, (9)

where ¢(0) is a smooth function. Verify that the function u(r, 6)
can be represented in the form

1— 2 /% $(0)de’
0

) = :
u(r,9) 27 1+ 72 —2rcos(f —0')

(10)

[10 marks]

3. Let B, = {x € R?® : |x| < a} be a ball of radius a in R?, and let
S, = 0B, be its boundary (the sphere of radius a with the centre at
the origin).

(a) Verify that Green’s function G(x,y) in B, for the operator —A
has the form

1 q
G = — 11
(x,¥) drlx —y| Aw|xt—y| (11)
where ¢ = a/|x| and x* = ¢°x.
[15 marks|
(b) Derive that the limit value of G(x,y), as x — 0, is given by

1 1

[5 marks|

4. The fundamental solution for the heat equation is defined as

132

Gz, t) = %}Eexp(—llt). (13)
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Find the temperature T'(x,t) of a semi-infinite conducting rod, assum-
ing that T satisfies the initial boundary value problem:

or o0°T
— — —=0 0,t>0 14
ot om0 ToU 2l (14)
1, when 0 <z <2,
T(@,0) = { -2, when x > 2. (15)
0.4y =0, t>0 (16)
ax ) ! .
[20 marks]

Hint: The error function is defined by

erf(y) = \/2% /Oy e da. (17)

Please also note that
lim erf(y) = 1. (18)

Yoo

5. Let Dr = {(x1,22) : 23 + 25 < R?*} be a disk of radius R with the
centre at the origin, and =(1,10) = Dy \ D; be a ring of the interior
radius 1 and the exterior radius 10.

(a) Find a function u(z1, x5), which satisfies the boundary value prob-

lem
Au(zy, 22) =0, (21,22) € E(1,10), (19)
u(zy, ) =1, 2?2 + 22 = 100, (20)
ou
%(171,,%2):0, a:f#—:v%:l, (21)
where Ou/0n is the normal derivative of u on the unit circle.
[4 marks]
(b) Find a solution of the boundary value problem
Au(zy, 22) =0, (21,22) € E(1,10), (22)
u(zy,mp) =1, 2% + 25 = 100, (23)
u(zy,29) =2, o7 +a5=1. (24)
[10 marks|
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(c) For both cases (a) and (b), evaluate the energy integral

&(u: Z(1,10)) :/

2(1,10

: |Vu(z, xQ)\2d:c1dx2 (25)
[6 marks|

6. Consider the initial boundary value problem for the wave equation

2 2
gag(m,t)—Qgg(x,t) =0, >0,t>0, (26)

with the boundary condition

u(0,t) =0, t >0, (27)

and the initial conditions
?;Z(x, 0) = zexp(—2?), > 0, (28)
u(z,0) =0, z > 0. (29)

(a) Determine the solution u(x,t) of the initial boundary value prob-
lem (26)-(29).
[12 marks]
(b) Evaluate f(t) = (0u/0x)(0,t). Prove that f'(t) <0 for all ¢ > 3.
[8 marks|
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7. Within the elastic rod, = € (0, 7), determine the displacement function
u(z,t), which satisfies the wave equation

O*u 10%u
@(.’L’,Tf)—gﬁ(l’,t):o, t>0, 0<$<7T, (30)

the boundary conditions
u(0,t) =0, wu(m,t)=0, ast >0, (31)

and the initial conditions

u(z,0) =0, (891;(33,0) =z(r—z), 0<z<m. (32)

[20 marks]
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