MATH348 Solutions

fo= " f@)e .

[2 marks| Standard theory.

Now let
1

f@) = 2 -2z 42

To compute the Fourier transform, we consider the function
e—iz§
f(z) = 22— 2242
[2 marks]

Let £ > 0. If Im(2) < 0 then |e=%¢| = e!™(*)§ < 1. So let ygp = 71(R) Uy2(R) be the
anticlockwise contour in the lower half plane, with 7, (R) being the straightline from R to
—R and 7,(R) being the semicircle arc. We have |22 — 2z + 2| > |2]|2 — 2|z — 2. So

1
|f(2)] < EIT Y ) for z € v2(R).
[4 marks]
So e
e "? TR
_ < —— .
‘/72(R) z2—2z+2dz‘_ 3R 3 —0as R— o
[2 marks|
We have

22 —2242=(2—1-9)(z=14+4) =0

if and only if z =1+ 4. So the only singularity of f inside yg is at 1 — . So

2mie” % .
F(2)dz = 2miRes(f(2),1 — i) = ¢ " — _pe=€~it,
TR -2
[4 marks]
So
fe =—jim [ f)a
—00 'YI(R)
= — lim / f(z)dz = me 6%
R—o0 ,Y(R)
[2 marks|



Now since f(z) is real for real z,

feo= | " f@)e*da

= /_OO f(z)e—&dr = %

[3 marks]
So for all real £, we have

A

£(&) = me 117

[1 mark]
2424+44+24+44+2+3+1 =20 marks. Similar to homework exercises.



2.(i) Tonelli’s Theorem Let f : R? — C be Lebesgue measurable and suppose that one of
the double integrals

//Iwy|dwdy,// f(z,y)|dydz

is finite. Then the functions
x*—>/ f(z,y)dy, y+—>/ f(z,y)ds

are both finite a.e, and the two double interals are both finite, and are equal.
[5 marks] Standard theory from lectures.

(i)a)

R

o o0 o0 _1
/ / re—o (140 g, — / lim [726_ﬁ(1+u2)] du

© 1 1 B
= - = i — = —.
/0 201w T A [2arCtan(“)] , 4

[4 marks]
However, putting xu = y, xdu = dy, and so

o0 0 2 2,2 o0 o0 2 2 o0 2 o0 2
/ / re T TP Y dudx :/ / e T e Y dydx :/ e ” d:v/ e Y dy,
o Jo o Jo 0 0

as required.
[3 marks ]
By Tonelli’s theorem these two integrals are equal. But the second one is equal to

(/Oooe—w2dx>2.

/Ooo e dr = \/m/1= %\/7?.

[2 marks] This example was done in lectures. Some examples on using Tonelli’s Theorem
were set.
(ii)b) We have

/_\f*g )|dz = ‘/ fz—y)g(y dydfc</ / f(z —y)llg(y)|dydz,

using |f(z — y)g(y)| = |f(xz — y)||g(y)|. By Tonelli’s Theorem, this is equal to

/ / @)1 (@ — y)|dwdy = / )| / w)\dudy,

3

So we deduce that




using the change of variable v = x — y, du = dx on the inner integral. But then this is

equal to N .
/ \g(y)\dy/ £ (u)|du.

—00 — 00

[4 marks]

This is finite. So both the repeated integrals are finite and equal, and, again by
Tonelli, the single integral f * g is finite a.e..
[2 marks] This example was done in lectures. Some examples on using Tonelli’s Theorem
were set.
54+4+3+4+2+4+ 2= 20 marks.



) fr<y<z+4+nmthen 7<z—-—y<0,andglz—y)=z—y—-1. fr—nm<y<z
then 0 <z —y <mand g(x —y) =z —y+ L.
[3 marks] So if, as usual, we write
sin((n + 3)y)
2rsin(3y)

s0@= [ e-vsar- ([ [ )
[1 mark]

Since the integral of s,, over any interval of length 27 is 1, we obtain

ss@=r- [ vsiv— ([ = [ )satin
[3 marks]

The Fourier Series Theorem says that for each x

lim S,(g)(z) = %(g(az+) tgle-))=z+1for0<z<m

n—o0

sn(y) =

[2 marks]
(ii) Make the change of variable u = (n + 3)y. Then du = (n + 1)dy and dy/y = du/u.
When y = @, then u =7 and when y =z, £ 7, u =7+ (n+ 3)m. So

1 m(n+1+3) T sin u
T, - _ .
n(g)(xn) . (/ / L ” du
T w(5—n)
[3 marks]

Now (sinu)/u is an even function and

R R

sin u sin u
lim du =2 lim du
R— o0 _R U R—oo 0 u
exists. So
1 R 1 T si 2 [ si
lim T},(g)(zn) = —— lim “Ydu+ = lim 2 gy = —/ = du.
n—00 T R—oco - u T R—oo _R Uu ™ Jo u
[3 marks]

Now if convergence of S, (g)(x) to its limit is uniform then the limit is 1 + z for all
x € (0,7), and given € > 0, there is N such that for all n > N and all z € (0, ),

|Sn(z) —x— 1| <e.

But )
lim T, (g) () = /0

T siny
)

for a > 0 we have. So taking € = %a and any n such that z,, < %a we get a contradiction.
[5 marks]
3+1+3+2+3+ 3+ 5= 20 marks. Similar to homework exercise.

dy=1+a

n—00



4 (i)a) Change of order of integration is allowed since the integrand is continuous and we
are integrating over a rectangle. We have

o = [ Ceme [ fe - y)g(y)dyde = / “ow) [ - yendedy

—T —T —T

Make the variable change u = z — y, du = dx on the inner integral. The inner integral
limits change to —m — y and m — y, but we can change them back again to —m and =
because the integrand is 2m-periodic. So we have

) = [ Cow) [ Fe i dudy = g(n) f(n).

—T —T

[5 marks]
(i)b) By integration by parts, we have

A= [ f@e ™ de=[f)e™™]] +in [ [@)e”""dz=inf(n),

because f is 2m-periodic, so f(7w) = f(—m).
[3 marks]|

Then since f] = fa, we have fo(n) = (in)2f(n) = —n2f(n).
[1 mark]
(i)a) By (i) applied to the function § — wu(r,0), the Fourier coefficients of 9?u/96? are
—n24a(r,n). General theory says that the Fourier coefficients of du/dr are obtained by
differentiating

/ u(r, 0)e=*"0dg

with respect to r, giving (d/dr)d(r,n). Similarly the Fourier coefficients of §%u/dr? are
(d/dr)*a(r,n). So taking Fourier coefficients in the p.d.e. we obtain

d? 1da n?
W“(ﬁ”)"‘;@(ﬁn)—T—zu(ﬁn)zo- (1)

[4 marks]
(ii)b) We try a solution 7™ to (1) and we find that

m(m — 1)r™ % + mr™2 — p?™ 2 =,
Then m(m — 1) + m — n? = m? — n? = 0and m = +n. So the general solution is
A,r™ + B,r~™ for constant A,, and B,, if n # 0.
[3 marks]

If n = 0 this method only gives one linearly independent solution. But we can get a
second by direct calulation. We have

d? 1d 1d d
C Y a0 = =2 (v Zare)) =0,
<dr2 + rdr) i(r, 0) rdr (Tdru(r’ )>

6



So for a constant By,

d B
JU(T, 9) = T
and
@(r,0) = Bologr + Ap.
[4 marks]

3+2+4+34+1+4+4+3+4 =20 marks. Standard theory. Homework exercise set on working
out the details of solving Laplace’ equation in the complement of the unit disc.



5(i)a) Making the change of variable z/a = t, dz/a = dt, we have x = at and
q(&) = / f(z/a)e”®¢dx = / ft)e *%adt = af(af).

[2 marks]
(i)b) Making the change of variable x +a =t, dr =dt, x =t —a, so

O = [ seraea = [ e = oo o)

[2 marks]
(ii) Try g(z) = f(z/a) and k(z) = g(z + d) = f((z + d)/a) = e~@FTD*/28>  Then

k(€) = ae" % f(af) = V 2mae~€d—a’ € /2,
So try a = v2b and d = +c. Then v27wa = 2v/7b. So the required function is

1 —(@to/a
2vbmr

[3 marks]
(iii) The Fourier transforms of Qu/0t, du/0x, 0%u/0x? are

%(@:t), igu(E, ), —E*a(& 1),

[3 marks]
So the transforms of the p.d.e. and the boundary condition are
9 = (it~ eyt 1),
a(€,0) = f(¢).
[2 marks|

The solution of this o.d.e. with respect to ¢ is

(g, t) = f(&)e M,

[3 marks]|

By (ii), e~i~1€" i5 the Fourier transform of (1/2\/7%)6—(31:—75)2/415.
[2 marks]

The product of Fourier transforms is the Fourier transform of a convolution, and any
Fourier transform of an integrable function is the Fourier transform of just one function.

So . -
| fw—peiy,

2/ mt

(z,t) =

[3 marks]
24+424+34+3+24+3+24+ 3 =20 marks. Similar to homework exercises.

8



6(i) Putting u = 2%/4t gives 1/v/t = 2y/u/|z|.
So

1 . “ . U
- —u < —
Al B Ve S g

It is possible to use the version of I’'Hopital’s Rule at co on the last limit
[4 marks]
By the change of variable u = z/v/t , 22/4t = u?/4. and du = dx/v/t. So

o0 1 o0 2
dr = —— Ay =1
/_Oosom)x 2\/7?/_006 w=1,

=0.

.
0.2 i)

[2 marks and

/ oi(x)dz ! e /4du — 0 as t — 0
t =5 = :
jal > 2V Julzs/ve

[3 marks]

(ii)a) Let |f(x)| < M for all z. Then

oo

o x f(@)] < / ou( — 1) ()| dy

— 00

SM/ sot(fv—y)dy=M/ ot(u)du = M

for all x and ¢, using the change of variable u = z — y, —dy = du for the middle equality
on the last line.

[3 marks] Similar to homework exercises up to here.

(ii)b) Making the change of variable z — y = u, so that y = z — u, —dy = du, and using
the fact that ¢, has integral 1,

o0 6
|pexf(z)— ()] S/_ or(w)|f (z—u)—f(2)|du = (/_6+/| |>5) or(w)| f (z—u)—f(2)|du.

[2 marks]|

Now |f(x —u) — f(x)| < 2M for all z and u. Given € > 0 and z, choose 6 > 0 so
that if |y| < § then |f(z —y) — f(x)| < €/2. Then for this fixed §, choose t( so that for all
t < to,

/ or(u)du < e/4M.
lu|>6

Then for t < tg,

— €.

[
o+ f@) = f@)| < 5 / Jowduom [ pulu)du < § + 220

[6 marks| Standard theory - with hints provided - for these last 8 marks.
442+3+ 3+ 2+ 6 =20 marks.



7.4) ~
£(f)(z) = / f(z)e*da.

[1 mark]
Write z =t + iu for t and w real. Then

|e—a:z| — |e—wt—iwu| — e—a:t S 1

for > 0 and t > 0. So for Re(z) > 0,

e o]

L)) < / | (@) da < / F@)ldz = | ],

and so L(f)(z) is bounded.

[3 marks]
We have -
h 0
A )
h 2 —zRe(z)/2 d —zRe(z)/2 d
nl [ e f@ldo+ [z £ (@) do
Now

lim ze ®Re()/2 = lim z2e""Re()/2 = ¢
T—r00 ’ T—r0o0
(by writing these as quotients with e*Re(2)/2 in the quotient and using ’'Hopital’s Rule as

x — oo, for example). So there is M > 0 such that, for all z > 0,
|xe—zRe(z)/2| < M, |x2e—mRe(z)/2| < M.
which means that

€

A oo
bl [ st e @) de < 1 [ f(@ldo <
0 0

if h is sufficiently small, and

€

" peoRe()/ ”
[ ae @ @i <M [ )] < §

A

if A is sufficiently large, because f € L(0,00). So if A is sufficiently large given € and h
is sufficiently small given z and A and e

L) z+h)— L)) , [T ez
‘ % —i—/o xf(x)e”**dx

< €.

This implies that £(f) is holomorphic with derivative L(z f(z)), as required.

10



6 marks] Standard theory, somewhat reduced and with hints provided, as far as here.
(ili)a) F1 = L(f1) where fi(z) = e~ € L'(0,00).

[2 marks]

(iii)b) Since F» has a singularity at a, it cannot be holomorphic on the rlght half-plane
and cannot be L(f) for any s € L(0, oo) (in fact, it is £(f) for f(z) = e** which is not
in L'(0, c0).)

[2 marks]

(iii)c) F3 is not holomorphic on any open set: it is real-valued with nonconstant real part,
and so cannot satisfy the Cauchy-Riemann equations.

[3 marks]

(iii)d) We have |Fy(z)| = e ™) and —Im(2) is not bounded above on the right half plane.
So Fy is not bounded above and cannot be £(f) for any f € L(0,00).

[3 marks| Partly unseen, but some similar problems set for these last 10 marks.
1+3+6+2+2+ 3+ 3 =20 marks.

11



8(i) a) The mean m and variance o are given by

1 1 1 1
=24 (=2)=0, 0 =-221+ 2(=2)%2 = 4.
m 5 +2( ) , O 5 2( )

[3 marks]
(i)b) The mean is 0 because the function

.’136_562/8
2V 21

is odd and hence has integral 0. The variance o is given by

2

> 2¢=2 /8

=+ dx = 4,
/_oo V2T

00 x2e—w2/8 _2xe—a:2/8
o= — = lim | ———F——
/_oo 24/ 27 R—o0 V2T

—R

because the limits of both upper and lower values of the square bracket term are 0.
[4 marks]
(i)
1 .. 1 ..
pE) = e+ e,
[1 mark]. So

(ﬂ)n(f) — 2—n(e—2i£ + e2i£)n — 2—ne—2ni§(1 + e4i£)n —9n Z (Z) 6i(4k—2n)§-
k=0

Now (f2)™(&) is the Fourier transform of ™ u. So we see that for integers k with 0 < k < n,

«"u({4k — 2n}) = 27" (Z) .
[3 marks| Standard homework exercises thus far. Now we have

in(© = [ e = e V)

[2 marks | Standard theory
Now

E V) = 5 (eI 4 eI

1 21 4¢2 &3 2 4¢2 8i&3
L S S L ST S SN (S
2 vnoo 2n - n3/23! vn o 2n n3/23!
262 16¢2
e e
n 4n?

12



262 162
n 41n2

nlnﬂn(ﬁ):n<— —--->—>—2§2 as n — o0o.
[4 marks| Unseen, but similar example done in class.

The normal density function with mean 0 and variance 4 (like y in (i)a)) is that in
(i)b). Then the Central Limit Theorem says that for all Lebesgue measurable A

%) 00 6_8,1;2
li dpn(z) = dz.
Im [ @) = [ xa@)?s—ds

[3 marks| Standard theory applied to a standard example.
3+4+14+3+2+4+ 3 =20 marks.
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