1. Give the definition of the Fourier transform of an integrable function
f:R — C. Find the Fourier transform f(&) of

1
flo) = 22 —2x+ 2
[Hint: You will need to consider separately the cases £ > 0 and & < 0, and
you can use a semicircular contour in the lower half-plane if £ > 0, and in the
upper half-plane if £ < 0. You need only do one of these cases if you can use

the fact that f is real-valued to show that f(—¢&) = f(€).]

[20 marks]
2. (i)  State Tonelli’s Theorem.
(ii)a) Show that
/ / ve " dpdy = =
o Jo 4
2 2,2 2 2
/ / e T TP dudx :/ e ¥ dy/ e 7 dx.
o Jo 0 0
Hence, or otherwise, compute
/ e dz.
0
(ii)b) Show that if f and g are integrable on R, then so is
fro@) = [ v
with
o0 o oo
| irrs@lin< [ r@ids [ oy
[20 marks]
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3. (i)  Consider the function

g(m)z{ l+z ifze|0,n],

—1+z ifzxe(—mn0),

and extend g to a 2w-periodic function on R. As usual, let s,(y) be defined for
y not an integer multiple of 27 by
1 sin((n + %)y)

snly) = 27 sin(%y) ’
and let on
5:0)) = [ g y)sulu)dy,

-

[This is the same as the usual formula, because the integrand is 2m-periodic.]
Show that

Sn(9)(z) =z — /g:ﬂ ysn(y)dy — (/:M - /w:) sn(y)dy.

You may assume that the integral of s,, over any interval of length 27 is 1.

The Fourier Series Theorem says that lim,,_, o, Sy, (g)(x) exists for all z and
gives a value for the limit: state this limit for this g and for any z € (0, 7).

(ii) Let

me =L ([ [ ),

Show that if z,, = “ then
2

2 (™ si
lim T, (g)(2n) = - / SUY .
0

n—00 ™ Yy

Assuming (as is true) that

lim (Sn(g)(x) - Tn(g)(l')) =0

n—00

uniformly in z, and that

T sin 7
/ ydy > —
o Y 2
explain why the convergence of S, (g) () to its limit cannot be uniform on (0, 7).

[20 marks]
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4. (i) Let f, g: R — C be continuous and 27-periodic. Let
27

fxg(0)= i (6 —t)g(t)dt.

a) Show that if h = f * g then for all n € Z,
h(n) = f(n)j(n),
where (as usual) f(n) denote the Fourier coefficients of f.
b) Show that if f has continuous derivatives f; = f’ and

f2 = f”, then . . R "
fi(n) =inf(n) and fa(n) = —n?f(n).

(i) Let u=u(r,0):[0,1) x R — C be continuous, 27-periodic in 6,
and twice continuously differentiable in each of » and 6 on (0,1) x R, and let
0%?u  10u 1 0%
a2 "rar T 2o
Let 4(r,n) (n € Z) denote the Fourier coefficients of 6 — wu(r, 0).
a) Show that
2 2
Wﬁ(r, n) + %dirﬁ(r, n) — :—211(7', n) = 0. (1)
You should state any general results that you have not proved in (i)
b) Find the general solution to (1).

= 0.

[20 marks]
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5. (i) Let f:R — C be integrable.
a) Show that if @ > 0 and g(z) = f(z/a) then §(¢) = af(af).
b) Show that if a € R and h(z) = f(z+a) then h(¢) = e f(¢).

(i) Let b, c € R with b > 0. Find the function whose Fourier

transform is
. 2
etce—bE"

You may use the fact that the Fourier transform of e=%/2 is v/2me—¢ /2.

(iii) Now suppose that u = u(z,t) : R x [0,00) — C is continuous
and uniformly integrable in z, that all first and second partial derivatives are
defined and continuous on R x (0,00) and uniformly integrable in z, and that
they satisfy the equations

ou ou  0%u
=T, ()
ot ox Oz
u(z,0) = f(z). (2)
Let 4(€,t) denote the Fourier transform of u(x, t) with respect to . Write down
the Fourier transform of (1) and (2). You need not justify your answer. By

solving the resulting differential equation and boundary condition for @(¢,t),
show that

(g, 1) = e € f (),

and hence or otherwise find an expression for u(z, t), stating any general results
that you use.

[20 marks]
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6. In this question, you may assume that

o0 2
/ e~ /4dy = 2¢/7.

For t > 0, let
1 2
— —z /4t-
th(x) 2\/7Ee
(i)  Show that if z # 0 then
lim ¢;(z) = 0.
Show that ~
/ oi(z)der =1,
and that, for any § > 0,
%gr(l) . oi(x)dx = 0.

[Hint: Use the change of variable u = z/+/t in both integrals.]
(i) Let f:R — C be continuous, bounded and integrable and let
oo f@) = [ ele =) f)dy
— 00
a) Show that ¢; x f(z) is bounded uniformly in ¢ and z.

b) Show, by breaking up the integral into two parts or otherwise,

that
lim g, + f(2) = /(2).
[Hint: .
pex [(z) — f(z) = / o) (f (@ — ) — F(2))dy.

If you use this you should justify it. Write the integral as the sum over sets
{y:lyl <6} and {y: |yl > 0}]

[20 marks]
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7. Let f € L'(0,00).
(i)  Define the Laplace transform L£(f) : {z € C : Re(z) > 0} — C.
Show that L£(f) is bounded.

For the next part, you may assume that, for any A > 0 and A € C with
|h| < A™! and |h| < Re(2)/2,

A 0
22z e—Re(z)w/2 T zl f(z e—Re(z)/Z .
h / £ (@) dz + /A /(@) d (1)

Using this or otherwise, show that £(f)(z) is holomorphic on
{z € C : Re(z) > 0} with derivative

- /OO ze % f(z)dx.
0

[Hint. It suffices to show that, for a given z, the right hand side of (1) can be
made arbitrarily small by taking A sufficiently large and h sufficiently small.]

(ii)  Determine which of the following can be the Laplace transform
of a function in L'(0,00). For any which can, find f; € L'(0,00) such that

F; = L(f)-

1
a) Fi(z) = for a € C, Re(a) > 0.
z+a
b) Fy(z) = P for a € C, Re(a) > 0.
c) F3(z) = e 17,

d) Fy(z) = .

[20 marks]
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8. In this question, you may assume that the function

f(x) /8 (1)

1
= ——e
2V27
has integral 1 on (—oo, 00), and has Fourier transform e~ 2%,
(i)  Compute the mean and variance of the following probability mea-
sures on R.
a) The measure p defined by p({2}) = p({-2}) = 1.
b) The measure A with probability density function f(x) as
in (1).
(i) Compute fi(€) for 1 as in (i)a), and compute " (&) for all integers
n > 2. Hence, or otherwise, compute
{4k — 2n))
where "y is the n-fold convolution of y and k is any integer with 0 < k < n.
(iii) Let the probability measure u, on R be defined by

) = [ " ale/ V)"

Show that

fin(§) = (A(&/v/n))".

Hence or otherwise show that for any fixed &
lim In i, (£) = —2¢2.
n—>00
Relate this to what the Central limit Theorem says about

lim py,(A)

n—>00

for any Lebesgue measurable set A C R.

[20 marks]
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