Solutions to MATH348 May 2001

1.
fo=[ e @i

[2 marks]

If f is real-valued, -

o= [ et = -

[2 marks].

Now let 1

f(z) = [CESE

Let vg be the semicircular contour of radius R in the lower half plane, with curved piece v. Then
/R e~ dy N / dz / e~ %%dy
@R, @A ), AP

: e %z
= 2mwiRes (m,l)

by the residue formula. The zeros of 22 +1 = (z +4)(z — i) are +i and only —i is inside v (assuming R > 1.
We have
P 1 &2 e iz
Res | —— _i)=-2 (%" .
(22+1)3 20dz?2 \(z—1i)% ) ,__;

(z—d) Pe %) = d%(—iﬁ(z — i) 3 %7 — 3(z — i)t i)

= (=2 — i) +6i€(z — i)t +12(z — i) %)e ¥

2 .
(=& 6iE 12
¢ (8i+16+—32i ‘

Now
d2
dz?

At z = —i this is equal to

So ¢
dz me~ 9
/y (Z2+].)3 = 4 (_£ _36_3)
R
[10 marks]
Now
22 + 11 > (|2” = 1)°.
Also

|efi§z| < eEIm(z) < 1

if £ >0 and Im(2) <0. So

e~ %% dy Length(v%)
< 0as R .
/%2 E+17| > (R-1) = eHTe
[4 marks]
So ) )
lim * 76_1&(13: = — lim / 76_16Zdz
R—oo J_p (.’L’z + 1)3 " RS R (22 + 1)3



—£
= (@ +3+3).

So for all £, using f(€) = f(—€) we have

ol
(6 = T(EZ + 3[¢| + 3).

[2 marks].

2a)
i 1 1 2sin($y) y
lim { - — ——— ) = lim ——=F5——
y=0\y  2sin(5y) y0 2y sin(3y)
(v —5(GY)* -~y _ 52(1)311

[An alternative method of doing this is to use 'Hopital’s Rule - twice.] Hence, since sin(3y) # 0 on (0.7],

1
& "9 sin(%y)

extends to a continuous funciton on [0, 7], taking the value 0 at 0.

[5 marks]
b)
( - 1if 0<z—y <, thatis,z—nw<y<z
ey S 0if —mr<z—y<0, thatis, z <y <z + .
So

1 /“‘7r sin(n + %)y

21 Jorn  sin(3y)

Sn(9)(x) = dy

and because the integrand is even this is equal to

() e

[3 marks]
By the Riemann Lebesgue Lemma, for all a < b,
b
1 1 1
li i = _— — = =0.
Jim. : sin((n + (Q)y) (2sin(%y) y> dy=0

Applying this with [a,b] = [0, 2] and [a,b] = [0, 7 — z], we have

g (s = ([ 7)) =0

[3 marks]
the Fourier Series Theorem says that
. T+) + g{x—
lim S,(g)(z) = g(z+) +9(z—)
n—oo 2

2 marks



Put z, =7/(n+ 3). Let t = (n + 3)y. Then dt = (n + 3)dy and

% = c;_y’ sin((n + %)y) =sint.

When y = z,, t =, and when y =7 — 2, t = (n + 3)(7 —z,) = 0 as n — co. So

lim S,,( :l(/ /)Smyd =1 —/ SY .
n—00 T 2 Y

(n+)w
e [ S,

Y

[3 marks ]
let

so that a, > 0 for all n, a,4+1 < a, and

N _. oo S
7T . siny siny
— = 1 dy = § —1)" — du.
2 NEICIX) 0 Yy y n:O( ) o < “ /0 Y y
So 1
lim S,(g)(zn) = = + s >1= 9(@n+) +g(xn_)‘
n—00 2 T
[4 marks]
3a)
lim sinx -1
z—0 X

(One could use ’'Hopital’s Rule to get this since cos0/1 = 1, but it is a very standard limit. So sinz/z, of
whoch the denominator vanishes only at z = 0, extends to a continuous function on [0, 7] taking the vlaue
1 at 0, and is integrable on [0, 7]. [3 marks]

However, if x € [nm + F, (n + 1)m — 7],

> ! > 1
"~ Valal T Var(n+ 1)’

*° |sm$| =
/0 || Z \/_7r (n+1) - oo
[4 marks]

3b) Now cosider the anticlockwise “beehive contour” vyg,. which is the union of [-R, —¢], [¢, R] and the
semicircular arcs of radii R and e in the upper half plane. let vy and 7. be the semicircular parts of the
contour.

sin x

So

[2 marks] '
The function % has no simgularities in or on yg,. So by Cauchy’s Theorem,

iz
/ e—dz =0.
YR,e #

3



[1 mark] |e%2| = e 1™(=) < 1 on 44 in fact |e2| < e~ VE if Im(2) > vV/R. So, since the length of 4 is 7R,

/—d
T ?

[It is acceptable to simply say something like: the integral along ~vj tends to 0 as R — oo by Jordan’s
Lemma.)

7r\/_ Rre VE
R R

—0as R— >

[2 marks]
So
—€ R eiz‘ eiz
lim Im / +/ —dx = lim Im / —dz
R—00,e—0 R € x e—0 ! z
= lim Im (/ ieet €€’ d0> = lim Im (/ i(1+z‘eei9+---)da> =
e—0 0 €e e¢—0 0
[5 marks]
So
—e R .
- (/ . ) LLEFR
R—00,e—0 R € x
Since S22 ig even,
R _: R .
lim / ST e = lim | 2P -T
R—00,e—0 € T R—oo [ T 2
[3 marks]

4(i) a) For all n we have
a(l,n) = f(n),
W(R,n) = 0.

[1 mark]
(i)b) For n = 0 the differential equation becomes

D? | d . d d\ .
TWU(T’ 0) + %u(r, 0)= ar (Tdr> a(r,0) = 0.

So for a constant A,

and for a constant B,
4(r,0) = AlnR + B.

Then 4(1,0) = f(0) gives B = f(0) and 4(R,0) = 0 gives A = —f(0)/In R. So

Inr

(r,0) = £(0) - f(0) 7.

3 marks

(i)c) If n # 0, if we try a solution 4(r,n) = r*

we get
AA =D 2 a2 2022 = 0.

So
A —-n2=0

4



and A = £n = £|n|. So for constant 4,, and B,,
a(ryn) = Apri™l 4+ Bur= I,

[2 marks]
Then 4(R,n) = 0 gives A, = —B,R~2I" and 4(1,n) = f(n) gives

f(n)=-B,R72" + B,

which gives

o) _—fmRrn

Bu=1"g A= " pm
[2 marks]
So X
|4, <2[f(n)|R7*" it R > 2,
[ Apr™ <2 f(n)| R for 1 <r <R,
. —2|n| R
1B, = fou) < LB i it B> 2
So R X
li(r,n) —r "l f(n)| < |f(n)|R"I"if 1 <r <R.
[3 marks]
()d) N N
1+ Z T—|n|(ein€ + e—z’nH) — Z(T—leia)n + Z(T—le—w)n -1
n=1 n=0 n=0
1 1
= - — —1
[ p——
_ 1—7‘7161.64—1—7‘71671.0—1—|—’r‘7167w —|—T716w—7‘72 _ 1—p2 |2
N (1— r—Leif)(1 — r—Lei) [T —r—1ei)

(ii) For any continuous 2n-periodic functions f and g on R, if h = f * g,
h(n) = f(n)j(n).
The function
> . .
9(0)1 + Zr—lnl(ema + e—ma)
n=1

has Fourier coefficients 27r 1",
[1 mark]
So by the Fourier series Theorem,

f0) fn)ye=lnl 1 (2 12
WJFZTe ' /0 s f (0 — t)dt,

~or 11— r—Teit|2

[2 marks]



So by the estimate on u(r,n),

Inr Zm 1 [ 1—p2
|u(r,6) + 2 InR J, f(t)dt — ﬁ/o mf(‘9 — t)di

<Y dfhatf(n)|R " < 4 / T rwla S R
0

n#0 n#0

—1 27
5%/ \F(8)|dt < 16R- / ()| det
0

ifR>2.
[3 marks]
5.(1) Tonelli’s Theorem. If one of

[ [ saasa, [ [ 156)idyas

are defined almost everywhere, and the double integrals

//f(w,y)d:cdy, //f(ar,y)dydm

is finite, then

are both defined and are equal.

[5 marks
(Fa)"( / F(©)j(&)evde = [ g(€)ey 1 f(z)e %% dade.

(i)
/_Z /_ool (©)|[e€@=)| f (z)|dade = / |dg/ z)|dzdé < co.
irw= [ o) [~ st = [~ 100 - e

/f—t v()dt

(using the change of variable t = y — z, dt = —dx)

Now

So by Tonelli,

=f*(9)"().
[5 marks]
(i)
/ L_* 4 2 lim_[arctan(y/N)] Arctan(y/8) — 0 as A — 0
—_—— — lm arctan = — — Arctan as .
wsa TN P ! ’
o 1 A 1 /(7 —m
/_OO gA(y)dy = lim_ [;arctan(y/k)] LT (5 - 7) =1
[6 marks]



So

1 N o0

- 5o 030" @) = 1@ = frar@) = [ (@) - 1o~ 9or))dy.

—00

f(z)
[1 mark]

Let |f(y)| < M for all y. Fix z. Given € > 0 choose § > 0 so that |f(z) — f(x —y)| < ¢/2 for all |y| < 4.
Then for this §, choose Ag so that

€
gr(y)dy < —— for all A < Ao.
/|y|25 4M

Then
/ (F(2) - F( - y)grw)dy| < 20 (u)dy < & for all X < .
ly|>8 ly|>dgx
Then .
f@) - —(fan)"(@)] < f/ o()dy + & < e for all A < A
2 2 Jiy1<s 2
6a)

2

0

So the transformed differential equation is

2

0° . N
ayz ’U/(E, y) - 6211‘(6, y) = Oa
and the transformed boudnary condition becomes

a(€,0) = f(¢).

[3 marks]
So
a(&,y) = A(E)elslY + B(ge Iy,
[2 marks]
But

[a(€,9)| < / le”%%u(z,y)dz < M for all £ € R, all y > 0.

So A(¢) =0,
[3 marks] R
Then B(¢) = f(§). So

a€,y) = f(&)e v = f(£)g, (&)

where
) _ Y

t) = ————.
RETTETD)

So, since, for h = f x gy, h= f gy and h is deterkmined uniquely by its Fourier transform,

ue) = fray@) =~ [ et

[3 marks]



6b) We have
uw(z,y +h) —u(z,y) 1 [7ou

h :E 0 a_y(way+t)dta
Ou 1 (" ou
8—y($79) =7 ; (’)_y(x’y)dt'
[2 marks]
> © ulmyth) —uy) % e
—_iga WZ, Y + 1) —ulz,y _/ —igg OU
/_Ooe 3 dz _ooe 3y (z,y)dx
—1/0o et (0o~ O o e
_h o Jo 6:1/ 7y ay 7y -
[2 marks]
But for h # 0,

1 > 1 ou Ou 2 < 1 0u
— —(x,y +1t) — —(z, da:dtg—hsu/ ‘—a:,
o /[o,h]/m‘ay( v+ = gyt deae < o [ |G

So by Tonelli we can cgange the order of integration.
[5 marks]

7(1)

dx < +00.

[1 mark]
7(i)a) Put g(t) = f(t — a)X[o,00)(t — a). Then

£(g)(=) = / - oot e = [ (- a)e

_ /Ooo e T 2dy = e =L (f)(2),

using the change of varaiable t — a = u, dt = du, for which u = 0 when ¢ = a.
[2 marks]
7(i)b) We can find a sequence A,, — +oo such that lim,,_,, f'(£A,) = 0. Then by integration by parts,

A

L(f)(z) = /000 f'(t)e tdt = lim ’ fl(t)e t=dt

n—o0 0

A,
= lim ([f(t)etz]§" + / zf(t)e“’zdt) = —£(0) + 2L(f)(2).

n—oo 0

[3 marks]
7(ii) Since u(z,0) = limy_ u¢(z,t) = 0, the transformed differential equation is

2

PL)(,2) = 5 L) (@,2)
with transformed boundary conditions
L(u)(,2) =0, L(u)(0,2) = L(g)(2)-

8



So
L(u)(x,z) = A(2)e*® + B(z)e™ ",

A2)+ B(2) = L)), AR)e™ + Bz)e™™ =0.
” —2z¢
[5 marks]

> —RT (z—2¢)2
L(u)(z,z) = £ igz(z)_id _ ['(91) (_Z):—zze
= L{g)(=) 3 e T — L(g)(2) Y e,
n=0 n=1

[3 marks]

So by (i)a)and the uniqueness of the function with a given Laplace transform,

o0 o0

u(z,t) = Z g(t — x — 2nl)X[0,00)(t —  — 2nL) — Z g(t + 1z — 2nb)X[0,00)(t + = — 2nK).
n=0 n=1
[3 marks]
For t < ¢,
x(t—z—2nl = :
= 0 otherwise,
X[0,00)(t + & —2nf) =0 for all n > 1.
So for ¢t > ¢,
t—2)if z <t
w(z, t) = 9( :v)? z <
=0if t < z.
[3 marks]
8a)

i = [ e ane).

‘(/}/:) du(t)

Then choose & > 0 so that if | — ¢'| < & and |¢| < R then |e~%! — ¢~%'t| < /3. Then for |¢ — €| < 4,

Fix £ and € > 0. Choose R so that

<$
3"

(€)= A€ < [ e = e lau(t
—i€t —i€"t —igt _ _—i€'t % € _
< /tlzR(|e |+ le |)dt+/t|SR|e e " tdu(t) < 5 T3=¢
[5 marks]
b) *"p = vy, D(8) = (A(€))"-
[1 mark]

nl6) = [ e, = o6/ = (1 (%))

9



[2 marks]
Central Limit Theorem Let p be any probability measure with

o :/ 2du(r) < 400,

—00

m = /_Z zdp(x)

]. 2 2
lim z)duy,(z) = e (@=m)*/20% go
Jm xa@dpa(@) = —— |

and write

Then for any Borel-measurable A C R,

[3 marks]
Let £ > 0. Let yr denote the anticlockwise semicircular contour of radius R in the lower half plane,
with straight line segment form R to —R and semicircle arc vg. We have

[es} —i€x
o= [ e

T J oo 1+ 22

We have |e=%%| < 1 for z€ vk, £ >0, and |22 + 1| > |2|? — 1, and the length of v is 7R. So

g% TR
‘/Y’ H—z2dz Sﬁ%O&SR—)OO
R
[3 marks] So
1 o] e—zﬁa) —zEw —i€z
—/ ——dz = lim —/ / ——dr = — lim ——dz
T ) ol+z R—oo T rl+z R—oo ), 1+ 2
—2m

~ 7Res (Wi),—z) = e—¢Sosince

(=€) = u(€), we have fi(§) = e~ /¢ for all £ € R.
[3 marks]
We have
Dn(§) = e "I¢,

fin(€) = eVl 4 \/—2—776 &

The Central Limit Theorem fails because

1 [ g2
_/ Ttz 2dw-—!—oo
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