1. Give the definition of the Fourier transform of an integrable function
f:R — C. Find the Fourier transform f(¢) of

1
f(x):m-

[Hint: You will need to consider separately the cases £ > 0 and ¢ < 0, and
you can use a semicircular contour in the lower half-plane if £ > 0, and in the
upper half-plane if £ < 0. You need only do one of these cases if you can use

the fact that f is real-valued to show that f(—¢) = f(¢).]
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2. (i) Find limy_ f(y) where
1 1
f)=— - ——.
) y  2sin(iy)
Deduce that f extends to a continuous function on [0, 7].

(i) Now consider the function
1if z € [0,7],
g(@) =4 .
0 if z € (—m,0),
and extend g to a 2w-periodic function on R. As usual, let

a sin((n + %
Sn(9)(z) = %/_ g(x — y)Mdy-

sin ()

[This is the same as the usual formula, because the integrand is 27 -periodic.]
Show that if 0 < z < 7,

(s ([ +[7) =)0 o

[Hint : you may find it helpful to use part (i) and the Riemann Lebesgue
Lemma. |

The Fourier Series Theorem says that lim, ,. Sn(g)(z) exists for all x
and gives a value for the limit: state this limit. By considering z,, = 7/(n+ 3)
or otherwise, show that the convergence is not uniform in z. You may assume
that the convergence in (1) is uniform (which is true) and that the improper

integral
* sin 7
/ ydy = _.
0 ) 2
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3. a)  Show that ST s integrable on (0, 7).
x

b) Show that is not integrable on (0,00), by considering

sinx
on [(n+ 3)m, (n+ 3)n] or otherwise. Show, however, by using the fact

that this is an even function and considering a contour integral of the function
eiz )
— (or otherwise) that

z
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4. Let f=f(0):R —- R and u =u(r,0): [1,R] x R - R be continuous
and 27 -periodic. Let Ou/dr, 0%u/0r?, Ou/00, 0*u/00? be continuous for
1<r<R,0cR. As usual, let f(n) denote the Fourier coefficients of f,
and @(r,n) the Fourier coefficients of wu(r,0) with respect to 6. Let u satisfy
Laplace’s equation in 1 <7 < R, § € R (in polar coordinates) so that @(r,n)
satisfies the ordinary differential equation:

d?*u 1du n?
hatihed -z Sy =0. 1
O rm)+ - 2 rm) — L, m) = 0 (1)
Let the boundary conditions for u be
u(1,0) = f(0),
u(R,0) = 0.
(i) a) Give the boundary conditions on %(1,n) and (R, n).

b) Show that
a(r,0) = £(0)(1 — (Inr/IR)).
c) Now let n # 0, n € Z. Show that
a(r,n) = A,r'™ + B~
for suitable A,,, B, , and hence show that for a constant C'; > 0 independent
of R,
[@(r,n) —r="F(n)| < CLR™™|F ().
d) Show that

1—7r2

oo
—n [ _in6 —inf\ __
1+nZ::1r (e +e )_—\1—r—1ei9|2‘

(i) Hence or otherwise show that, for a constant C independent
of R,
Inr 2m 1 [ 1—r—2 Cy [*™
6 t)dt — — 0—t)——————=dt| < — t)|dt.
)+ o [ s o [T 00 <2 i)
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5. (i)  State Tonelli’s Theorem about double integrals.
(ii) Let f, g, g € LY(R). Show that

(f9) = f )"
[Hint: Try writing (f§) as a double integral involving f and §.]
(iii) Now let f be continuous, bounded and integrable. For A > 0,

let - A\
N = Txirg
Show that
lim ax(y)dy =0
A0 J1y>6

for all § > 0 and that

/Oo (y)dy =1

— 00

for all A > 0. Hence, using (ii), show that

fa) = Y21 [ (@) — 1o = (o)
and Ay

You may assume that (§y) = 2mgx.
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6. In this question, we shall say that a function v = v(z,y) : Rx(0,00) — C
is uniformly integrable in z if

sup / lv(z, y)|dz < +oo,

y>0J —oco

lim |v(z,y)|dz = 0 uniformly in y.

Let u = u(z,y): Rx[0,00) — R be continuous and integrable in z for all
y > 0. Let the partial derivatives u,, Uzq, Uy, Uyy be defined and continuous
for (z,y) € R x (0,00) and uniformly integrable in z. Let

Ugg + Uyy = 0 for all z, y € R with y > 0, and
u(z,0) = f().

Let 4(¢,y) denote the Fourier transform of u(x,y) with respect to z.

a) Give, without proof, the partial differential equation in y, and
the boundary condition, satisfied by (¢, y). Show that

a(€,y) = f()e Il

Hence give a formula for u(z,y). You may assume that the inverse Fourier
transform of e~l€l¥ with respect to ¢ is y/(m (22 + y?)).

b) Show that for any y > 0,

‘/ e—iﬁﬂﬂ U(.’L‘, Yy + h})l - ’U,(.'L', y) dr — / e_igwuy(aj, y)d./,C

1 (e.e)
<o [ eyt - o) dode.
B Jio,n] /=00

[Hint. You may use Tonelli’s Theorem. This is the first step in the proof of
the formula used in part a) for 4,(&,y), which leads to a similar expression for

Ty &y
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7. In this question, we say that v = v(z,t) : (0,£) x(0,00) — C is uniformly
integrable int if

(o]
sup / lv(x,t)|dt < oo,
0

0<z<t
oo
lim lv(x,t)|dt = 0 uniformly in z.
A—+00 A

(i)  Define the Laplace transform £(f)(z) of a function f € L(0, co)
for Re(z) > 0.

a) Show that if a > 0, and g(t) = f(t — @)X[a,00)(?) ;
L(g)(z) = e **L(f)(2)-

b) Show also that if f is continuous on [0, 00) and the derivative
f! exists and is continuous and integrable,

L(f)(z) = 2L(f)(2) = f(0).

(i)  Now let u = u(z,t) : [0,£4] x [0,00) — R be continuous, and
integrable in ¢. Let the partial derivatives u;, us Uy, Uz, be defined and
continuous on (0,£) x (0,00) and uniformly integrable in t.

Consider the equation
Ut = Ugy 5 t>0, 0<CU<£,
u(z,0)=0= }E)r(l) ug(z, 1),
u(l,t) =0, u(0,t) = h(t) [so that h(0) =0.]
Let L(u)(x,z) be the Laplace transform of wu(z,t) with respect to t.

Write down the differential equation in z satisfied by L£(u). Show that

2)e— %% 2)e(r—20)z
L) (e, z) = ERECE LG

Expand this out as a power series and hence show that

u(z,t) =Y h(t —z — 200)X(or2n000) () — 3 7t + 2 — 2n8) X2ne—0,00) (1).

Deduce that for 0 <t </,

(z.1) h(t —z) if z <t </,
Y= 0 if t <.
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8. Let u be any probability measure on R.

a)  Show that f is a continuous function with |E(£)| < 1 for all &.
You may use the facts that

—R 00
lim / + / dp =0
R—)+OO — o0 R
and, for any continuous function f on any bounded interval [a,b],

b
[ H@du(o)| < Max{1f(@)|: 2 € (a8

b)  If n > 1 is an integer, let x"u = v,, denote the n-fold convolution
of p and let p, be the measure such that

in(4) = / xa(@/ VR ) ().

State what the Central Limit Theorem says about u, for any probability mea-
sure p with a certain property or properties (which you should also state). Give
without proof the formula for 7, (€) in terms of fi(§) and derive the formula for

i, (&) in terms of f(€).

c) Now let 1 be the measure such that for any Borel-measurable
set A,

u(4) =+ [ xato) o

Find fi(¢) by using a contour integral (you may cut down the work by using the

fact that (&) = f(—¢).) Hence find i, (§) for all n. Explain why the Central
Limit Theorem fails for this measure.
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