(a) Stating a definition from lecture notes. [5 marks|
Let f be a lift of f, and 2 € R. The degree of f is f(z + 1) — f(x).
This makes sense since:

ii.

The function f(z +1) — f(z) is integer valued and continuous, so must be constant,
hence independent of x. . .
Any other lift of f is of the form f,(z) = f(z) + n. Then

fn(aH—l) —fn(x) = (f(x+1)+n) — (f(a:)—l—n) :f(a:—i—l) —f(x)

Therefore, the definition of the degree does not depend on the lift chosen.

i. Calculation similar to examples from lectures and homeworks. [8 marks]
Let 32+ it
z+1
F(z,t) = :
(=0 =35,

This is well-defined and continuous as long as the denominator is never zero.
3—itz=0&3=idlz=3=|itz| = |t| |2| =1

as |z| = 1. This cannot happen as 0 < ¢ < 1.
|F(z,t)| = 1 since

13z +it| = |z| |3z + it| = |32z + itz]| = |3 +itz| = |3 — itz = |3 —itz| # 0,
So F' is a homotopy from fy(z) = F(2,0) =z to F(z,1) = fi(2).

deg(f1) = deg(fo) = 1.

Calculation similar to examples from lectures and homeworks. [7 marks]

Let
t(2® +2) — 422

[t(2% 4 2) — 42?|
This is well-defined, continuous, and |F(z,t)| = 1 as long as |t(z® +2) —42?] is never
Z€T0.

F(z,t) =

t(242) — 422 =0 422 = t(2* 4+ 2) = 4 = |42%] = [t(z* +2)| < t(|2*] +2) = 3¢,
which cannot occur as ¢t < 1. So F' is a homotopy from

—422 23+ 2 — 422
=F(z2,0) = =—22to F(z,1) = ——"— = .
f()(Z) (’Zi ) |_422| zZ 10 (Z7 ) ‘23+2_422‘ f1(2)

deg(f1) = deg(fo) = 2.




2. A step-by-step leading through of a fairly abstract calculation. Similar to lecture result and
homework question.

(a) From lectures. [3 marks|

If g1 (z) = k € Z, then f(x) = z+k, so f(e2ri®) = e2mif(z) — p2mi(e+k) — p2miz 2mik _ o2mic
If go(z) € Z, then €™ is fixed by f2, so is a point of period 2.

(b) New calculation using familiar ideas. [3 marks]|
g0)=F@) —z2=f@+k)—z=fla)+kd—z=x+k+kd—z="k(d+1)
(c) FEssentially a special case of result from lectures [2 marks]

g2(z+1)—gao(z) = (F(z+1) = (z+1)) = (f2(z) —2) = [(f(x) +d) —z— 1 - f(z) + 2 =
Pa)+d?—1— f*(z)=d*— 1.

(d) Similar to lecture example and homework question. [3 marks]
d?-1< 92(330 + 1) < d>.

(e) Reproduce argument from lectures. [3 marks]

Suppose 1 << n < d?> — 1. Then gy(zy) < n < ga(xo + 1) so, by the Intermediate Value
Theorem, there is a point x,, € (xg, zo + 1) such that go(z,) = n.

(f) Tricky. General case to part of a homework problem. [4 marks]
If g1(x,) € Z, then n = k(d + 1) for some k € Z. Note that if k =d—1, k(d+ 1) =
(d=1)(d+1) =d—1. So gi(xn) € Zforn = (d+1),2(d+1),...(d = 1)(d + 1).
Thus only d — 1 of these z,, can be solutions to g;(x) € Z. Therefore, there are at least
d> —1— (d — 1) = d* — d solutions of go(x) € Z in (x¢,zo + 1) which are not solutions
of g1(z) € Z.

(g) Mimic argument from lectures. [2 marks]

If x is a solution of g5(z) € Z but not of g;(x) € Z, then f2(e?™®) = 2™« but f(e?"%) #£
e2™T) so 2™ is a point of least period 2. Each of the points in (zg,z¢ + 1) gives a
different point of S*, so there are at least d* — d = d(d — 1) points of least period 2.



3. (a) Stating result from lectures. [4 marks|

(b)

If deg(f) = d and [d| > 1, then there is a degree-one semiconjugacy from f to z 2.
If in addition, |f’| > 1 for any lift f of f, then there is a conjugacy from f to z — 2.

i.

il.

iil.

Standard calculation. [3 marks]
deg(fa) = fa(1) = fa(0)=(2—3+0)— (0—2—-0)=2,50d =2.
Standard calculation. [3 marks]

f'(z) =2+ acos(2mz), so if |a| < 1, f'(z) >2— |a| > 1.

Another calculation similar to homework and lecture example, but requires some
ingenuity and care with details. [10 marks]
If f and g are conjugate maps, then f and g have the same number of fixed points
and the same degree. ]

Let §o(z) = fu(z) —7 = z— L1 + £ sin(271z). If §o(z) = 0, then f,(e27?) = e2mi/a(®) =
e?™ 50 2™ is a fixed point of f,. Now, §(0) = —1, §(3) = 5 — %% sin(m) = 0,
and §(1) = L, so €®™/? is a fixed point of f. §,(z) = 1+ acos(27z), so if a > 1,
g.(3) =14acos(r) =1—a<0.

a

N[

~al h_~a ~al h
g;(%):hmg(2+ ) Z0uly) _ iy Bz ¥R

h—30 h h—0 h

so for h positive but sufficiently small, ga(% — h) > 0. Thus there exists y with
0<y< % such that g,(y) > 0. Since §,(0) = —3 < 0, by the Intermediate Value
Theorem, g,(z) = 0 for some x € (0,y). Then > is a fixed point of f different
from e™. So f has at least 2 fixed points, so cannot be conjugate to z — 22. f
cannot be conjugate to z — 2% for d # 2 since deg(f) = 2. So f is not conjugate to
any map z — z%.



4.

(a)

(b)

Stating a definition from lecture notes. [5 marks|
Let f be a monotone map, f a lift of f and z € R. Define

o(fz) = tim L0 22

n—00 n

~—

if this limit exists.
The limit p(f, z) exists for every z € R and is independent of z. Let p(f) be this value.

i. Standard calculation. [2 marks|
fH(z) =1+ sin®(27x) cos(27rx) > 0.
ii. Standard calculatzon [3 marks|

fax)=z&a + &= sin’(27z) = 0 & sin®(27z) = —6ma. So there is a fixed point iff
-1< —6ma < 1, or la| < 5. Thus 6 = 1/6m.

iii. Similar to example from lectures and homeworks. Some ingenuity helps. [4 marks]

If £, has a fixed point, then p(f,) = 0, 50 p(fo) = p(fs) = p(f_s) = 0. ,o(fl) = p(fo)+
1=1, and p(fi_s) = p(fs) +1=1. f1/2( ):%andfl/Q( ) =1+ g=sin®(m) =1,
so f1,(0) = n/2, so

. . n/2-0 1
plfip) = lim —— = 7.
iv. Recalling similar example from lectures. [2 marks]
1
12
% 5 12 51
v. Piecing together standard facts from lectures. [4 marks]

Since a — p(f,) is continuous, by the intermediate value theorem, there is a point
a € (9,%) with p(f,) = 1/3. Since the maps f, are increasing with a, the set of values
for Wthh p(fa) = 1/3 is connected. Thus {a : p(f,) = 1/3} is a closed interval or a
point in (4,1/2).



5. (a) Stating a definition from lectures. [4 marks|

A wandering set is an open set U such that f*(U)NU = @ for all n € N. A point z is
nonwandering if it is not contained in any wandering set.

b) i

ii.

iil.

Simple graph sketch similar to examples from lectures and homeworks.
[2 marks]

Based on example from homeworks. [7 marks|
fo<z< 2,fo( z) =z + 5 sin(27rz) > z, 801fa:<y<f0( ),then0 <z <y <

folz) < fi(x) < f3(y) < fo+'(2) < 5. Therefore fg(z, fo(2)) = (f(2), f5*(x))

does not intersect (z, fo(z)), so is wandering.
If 5 <z <1, folz ) =2 + 5-sin(2nz) < z, 801ff0( )<y <u, then—<f"+1( ) <

fé’(y) < fé“(x) < fo(z) <y <& < 1. Therefore f§(fo(x),z) = (f§*(x), f§(2)) does
not intersect (fo(x), ), so is wandering.

This part requires students to piece together three related results from lectures.
[7 marks]

fi(z) =1+ cos(2nz) and f"(z) = =27 sin(27z), so f, is twice-differentiable. Thus
fa is a twice-differentiable monotone degree-one circle map with irrational rotation
number. Then by Denjoy’s theorem, f, is conjugate to the rigid rotation R,,).
Let h be the conjugacy. Since h is a conjugacy, h(2(f)) = Q(R,(y,)). For any rigid
rotation Ry, Q(R,) = S'. Thus Q(f) = ™ (Q(R,(,))) = (S = St



6.

(a) Standard question based on lecture and homework examples. [7 marks|
f is linear on each of I, I, I3, and f(0) =1, f(1) =2, f(2) = 3 and f(3) = 0. Thus
f(Il) f([oa 1]) = [LQ] =1
f(1s) f(12,3)) =10,3] = h UL, Uy
The shift is
I‘l\\é/I )
I
010
The transition matrixis A= | 0 0 1
1 11
(b) Computation similar to lecture and homework computations. [8 marks]
0 01 1 11
A=|111 A=11 22
1 2 2 2 3 4
1 2 4
At = AZA? = 3 A’ = A2A° = 6 Al = 11
7 13 24
n|l 23 4 5 6
Period n points |1 3 7 11 21 39
Least period n points |1 2 6 8 20 30
Period norbits |1 1 2 2 4 5
(c) Standard computation. [5 marks]

Let = be the period-4 point with itinerary 1233.. ..

fl@)=z+1, fA(z)=(z+1)+1=

r+2, f2)=9-3(r+2)=3—-3z, f{(x) =9—-3(8—-32) =92 =1z,s50 x =0. The

orbit of 0 is (0,1,2,3,0,...).

Let z be the period-4 point with itinerary 2333.... f(z) =z+1, f?(z) =9—-3(z+1) =
6 — 3z, f3(r) =9-36-3z) =92 -9, f4z) =9 —3(9z —9) = 36 — 27z = 7, so
981 = 36, z = 9/7. The orbit of 9/7 is (9/7,16/7,15/7,18/7,9/7...).



7. (a) Stating definition from lectures. [3 marks|

()

Let zo < 21 < ... < x,_1 be the points of the periodic orbit. The pattern of the orbit is
the cyclic permutation 7 such that f(x;) = 2.

(b) Stating definition from lectures. [3 marks]
A periodic orbit P forces an orbit () if any orbit with pattern P has orbit with pattern

Q.

i.

ii.

iil.

An example used to illustrate Sharkovskii’s theorem [6 marks]
A patternis (1526 34). Let Iy = [k — 1,k] for 1 <k <5. Then 1 — I5, I, —
I, U I5, Ig — 1 UlLU ]3, I, — Il, I5 — Iy There is a fixed pOiIlt with itinerary 3
and period 2n orbits with itineraries (2 5)2(»=1)4 1

An example similar to homeworks. [4 marks]
A pattern is (1 2345). Let I, = [k —1,k] for 1 <k < 5. Then I} — I, I, —
13, 13 — I4, I, — 15, I5 — IlUIQUI3UI4 UI5 There is a fixed pOiIlt with itinerary
5, and period n orbits with itineraries 5714 for n > 2.

A question requiring piecing together understanding from lectures and homeworks.
[4 marks]

This is not possible. If P forces a periodic orbit () of period 5, then () forces all
periods except 3 by Sharkovskii’s theorem; in particular, ) forces period 7.



(a)

(b)

[3 marks]|
Let Iy = [a,c] and I; = [c, b]. The kneading invariant of f is the itinerary of f(c).
[4 marks]

Suppose the itinerary s(z) = so(z)si(x) ... where z € s;(z). Define a sequence a;(x) by
ap = Sg, a; = a;—1 if s; =0 and a; =1 —a;_1 if s;, = 1. Then s(z) < s(y) if a;(z) = a;(y)
for i < j and a;(z) < a;(y).

Stating a definition from lectures.

Giving a procedure from lectures. Two possibilities.

Suppose s;(x) = s;(y) for i < j but s;(x) # s;(y). Then
s(w) < s(y) if (—1) %20 5@ (s;(x) — s;(y)) < 0.

Stating a condition from lectures [2 marks]
k is the kneading invariant of a unimodal map if 0™ (k) < k for any n, where o is the

shift map.

i. Standard calculations similar to lecture and homework examples. [3 marks]
ky =10011010... a=1110110... o3(k;) =101010... a=10...
o(ky) = 00110101... a=0... o(ki) = 101010... a=110...
o2(ky) = 01101010... a=0... o5(ki) = 010101... a=0...

So this is an acceptable kneading sequence.
ii. Standard calculation. [2 marks]
ks = 1001010011... 1110011101...
o5(ky) = 1001111111... 11101...
So this is not acceptable kneading sequence, as ok > k.

ili. Standard calculation. [2 marks]
ks = 10010100... a=11100... o3(ks3) = 1010010... a=110...
o(ks) =00101001... a=0... o*(k3) =0100101... a=0...
o2(ks) = 01010010... a=0... o5 (k) = k

So this is an acceptable kneading sequence.
(d) Standard calculation and application of result from lectures. [4 marks|
s(r) = 100111... 111010...
s(f(z)) =o(s(x)) = 001111... 001010...
s(f*(z)) = o*(s(xr)) = 011110... 010100...
s(f3(x)) = 111100... 101000...
s(f4(z)) = 111001... 101110...
s(f5(z)) = 110011... 100010...

So f(z) < f2(z) < f3(z) < f3(z) < f4x) < z. Since k3 < s(x) < ki, s is the itineraty

of a periodic orbit for a map with kneading invariant k;, but not £s.



