MATH326 Summer 2000

Instructions to candidates.

Full marks can be obtained for complete answers to FIVE questions. Only
the best FIVE answers will be counted.

The following results may be used freely as required
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1. The Lorentz transformation between inertial frames S and S’, where S’
moves at constant speed v in the positive direction along the z-axis of S away
from the origin, is

t' = v(v) (t — :—213) = y(v)(z — vt)

If S” is another inertial frame moving relative to S’ at constant speed u along
the postive z’-axis, determine the speed which S” travels at relative to S.

Find k(v) where
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and compute (¢ — z'*/c?) in terms of (t2 —z2/c?). State, giving reasons, the
value of (t'* — z""*/c?).

If the frequency of a light signal emitted in S is f and it has an observed
frequency of f’ in S/, show that

f’ — L

k(v)
A star moves at speed 0-9c away from the earth. To one decimal place, what
frequency does an observer on the star measure for a light signal whose fre-
quency as measured on earth is 1000 Hertz? If a second star moves at speed
0-8c away from the first star along the same direction, what is the frequency of
the light signal as seen by an observer on the second star?

2. The worldline of a particle in some inertial frame S is given by z*(7)
where 7 is the proper time. Define the 4-velocity U* and 4-acceleration a”
and state the value of U* in the momentarily comoving reference frame. If the
coordinates in S are z* = (ct,z,y, z) and v = dx/dt, show that
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If the worldline of the particle according to an observer at the origin O of S is
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where @ is constant, compute d(vy(v))/dt. What is the value of the particle’s
proper acceleration?

If dr/dt = 1/~v(v), show that for this worldline

7 = Ssinh! (a_t)
a c

where clocks are synchronised at the origin at t = 7 = 0. When the proper
time of the particle is 365 days, what time has elapsed for the observer in S if
a = 10 ms—2?
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3. A particle of rest mass m; and energy E strikes a stationary particle of
rest mass mo to produce two identical particles of rest mass ms. They move
off at an angle 6 to the direction of the incident particle and on opposite sides.
Show, by using conservation of energy-momentum, that
(E% —m3ct)

(E + mac? — 2mgc?)(E + mac? + 2mgc?)

cos?h =

If miy = 2m, my = 3m and msz = 3m sketch the graph of cos?# versus
x = E/(mc?) in the region # > 3. By considering the minimum value of cos?
show that # must be less than 33-02°. What is the least value of E for the
scattering to be possible?

4. The two dimensional plane is covered by a Cartesian set of coordinates
x* = (x,y) and by plane polar coordinates zt = (r,0) where x = rcos# and
y = rsinf. Compute
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as a function of r and # and show that
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A tensor T has components
T — x? — y? 2y
v _ 2113?] 372 _ y2
Show that the components of T“’V, = AW TH AV, are

T r?cos20 r3sin26
"7\ —rsin20 r2cos26
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If the only non-zero components of the metric connection for plane polar coor-
dinates are
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show that 77, = 2rcos20 and T"y , = 273 cos 2. State with clear reasoning
the value of T, 9;9.
[You may quote the formula T, , = T4, , + TH.T¢, —T{ TH.

The line element for plane polar coordinates is ds? = dr? + r2d6?.]



5. The line element for a two dimensional surface is
ds’ = d#? + sin" 0dg>

where n is constant. Write down the components of g*”. Compute the compo-
nents of the metric connection I'”, and show that the only non-zero components
are
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With these values show that
1 1
R9¢9¢ = ZnQ sin” 0 — Zn(n —2)sin" %4

and hence deduce the value of Rd)t9 40+ Clearly showing your reasoning.

Show that the Ricci tensor is given by
n
R, = Z[n — (n — 2)cosec?0]g,.,

and deduce R. For which values of n is the curvature of the surface constant?

6. The metric for a Schwarzschild spacetime is given by

(ds)? = (1 - %> 2 (dt)? — (1 - %)_1 (dr)? — r2(d0)? — r2sin 0 (dg)?
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where ¢ = 1 and M is constant. With respect to the coordinate system
xt = (t,r,0,¢) write down any quantities which are conserved on free particle
trajectories, briefly giving reasons.

A particle of mass m freely moves in this spacetime along a worldline z#(7)
in the plane § = 7/2. If p, = mE, pg = 0 and Py = — mL Where p* is the
particle momentum and E and L are constants, determine p!, p? and p®. Show
that dr/dr satisfies an equation of the form

dr\T gy
dr B
and find V?2(r).

If L =5 and M = v/3/2 sketch the function V2(r) in the region r > 2M
and show that for a stable circular orbit
P 14v/10
45
To one decimal place, what is the least radius that a particle in an elliptical
orbit can have without capture by the gravitational source?




7. The function y(¢) is given by y(¢) = yo + A cos(k¢) where yo, A and k
are constants. Show that y(¢) satisfies a differential equation of the form

dy 2
— | = a+ By() + 1v’(¢)
do

and deduce «, B and ~v in terms of yg, A and k.

The equations governing the motion of a planet of mass M orbiting in the
equatorial plane of a Schwarzschild spacetime are

ar\> -, E 2M do L

where E and L are constants and ¢ = 1. If u = 1 /7 show that
du\?®  (E*-1) L 2Mu
dé o 72 7.2
Setting u = M/L? + y(¢) and neglecting terms of order y3 and higher, show
that y(¢) satisfies an equation of the form

— u? + 2Mu® .

(Z_z) — &+ By(d) + @)

and deduce @, 3 and 7 in terms of E , L and M. Hence determine the constants
Yo and k which give a solution of the form y(¢) = yo + Acos(ko).

It M / L << 1 show that the perihelion advance of one orbit is approximately
6mM?/L2.



