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1. (i) Define I,, as
I, E/ z"e % dg

—00
where s > 0. By symmetry, I, is zero for odd n. The value of I is

oo 2 T
10:/ e dx = /-
S

— 00

By differentiating this expression with respect to s find expressions for
IQ, I4 and 16-
[6 marks]

(ii) A particle free to move along the entire x axis is described at some
moment in time by the wave function

¥(z) = Cla + iz) exp <— i )

2a?

where C' and a are real positive constants. Find the normalisation
constant C in terms of a.

Find the expectation values (), (%), (p) and (p?) with respect to the
given wave function.

Use these results to find the uncertainties Az and Ap for the position
and momentum of the particle, and comment on your results.

[14 marks]
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2. A quantum mechanical system has the Hamiltonian

(A B 0
A=[B 4 0
0 0 24

where A and B are real numbers.

(i) Find the eigenvalues and normalised eigenvectors of the Hamiltonian.
What is the physical significance of the eigenvalues?

(i) Initially, at ¢ = 0, the system is in the state

Calculate 9 (t), the wave function at time ¢.

(iii) An energy measurement is carried out on this system at time ¢. Cal-
culate the probability of each possible outcome and the expectation
value of the energy.

[20 marks]
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3. A particle of mass m moves on the z-axis in a potential V' (z) which has the

values

V(z) = o0 z <0
V(z) = -U, 0<z<L
V(z)=0 x>1L

where Uj is a positive constant.

What boundary conditions does the wave function of a bound state (i.e. a
state with energy —Uy < E < 0) fulfill at x = 0 and at z = oco? What
conditions must the wave function satisfy at x = L?

Define the two quantities

2m(E + U, 2mE
q2:—m( + o) and K?=_""

h’ h’

and use them to write down the energy eigenfunction.

Solve the Schrodinger equation and show that bound states will exist at

energies where
[2mU,
—qcotqL =+ hQO—q2.

What is the minimum value of Uy for which a bound state exists?

Sketch the probability distribution of the ground state.

[20 marks]|
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4. The the angular momentum operators L; (i = 1,2, 3) satisfy the commu-
tation relations [Lq, L] = ihLs (and cyclic permutations). All three L;
operators commute with L? = L2 + L2 + L2

In this question you can assume the following properties of the angular
momentum operators and their eigenstates. There are normalised states
|l, m) which are simultaneously eigenstates of L? and L3, satisfying

L%[l,m) = R+ 1)|l,m)
where 2! is a positive integer and m € {—I, -l +1,---,1 — 1,1}. Moreover
there are raising and lowering operators L, = L; +iLs and L_ = Ly — 1L,

which act on the eigenstates according to
Lijl,m) =Mpu,|l,m+1) and L_|l,m) = Ny,|ll,m—-1), (2)

with

My = h\/l(l +1)—m(m+1) and Ny, = h\/l(l +1)—m(m—1).
(i) Use the commutation relations to show that
L. L, =L>—-L—-hLs (3)

(ii) A particle is in a state such that [ = 1. Write down the allowed values
of m (corresponding to the eigenvalues of L3) and use equations (1)
and (2) to write down 3 x 3 matrices representing L3, L, and L_.

(iii) Use your matrix representations for L, L_ to find matrix representa-
tions for L; and L.

(iv) Calculate the matrix L2 = L? + L2 + L2.
(v) Check whether you matrices satisfy equation (3).
[20 marks]|
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5. The Hamiltonian of a particle of mass m in the potential of a 1-dimensional

harmonic oscillator is given by

~2

~ D 1 9

H=—+-
2m—|—2mw

.%2

where p is the momentum operator and w is a positive constant.

(i) Show that, if we define

1 1
a=2(—p—iz) and ot = -(—p+id)

V2 mw V2 mw

where o? = mw/h, then it follows from the commutator [&,p] = ik
that [a,al] = 1.

(ii) Show by induction that [a, (a!)"] = n(a®)?".
(iii) Show that the Hamiltonian can be written

H = hw (a*a—ké) .
(iv) Show that the normalised state |1)y) defined by

CLWO) =0, WoWo) =1,

is an eigenstate of the Hamiltonian, and find its energy.

(v) Show that

) = \/%(a*)"w

is a normalised eigenstate of H, and find its energy.
[You may find the following identity useful:

[A, BC| = B[A,C] + A, B|C

for operators A, B and C']
[20 marks]
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6. (i) By using the connection between trigonometrical functions and the
complex exponential function, or otherwise, derive identities for sin A sin B
and sin A cos B , where A and B are numbers.

[4 marks]

(ii) A particle of mass m moves on the z-axis in a potential V' such that

V(x):{ 0 : 0<z<L

© : <0 and x> 1L,

The Hamiltonian for this system is

- n: o2
HO——%@'FV(.T)

which has the normalised eigenfunctions

¢(x):{ %sin(%) : 0<zx<L

0 <0 and z>1L,

(a) Find the energy of the eigenstate ¢, (z).
(b) The system is perturbed by the addition of a term

. [T
—U sin (f)

to the potential in the region 0 < z < L, where U is a small
parameter.

Use first order perturbation theory to find an approximation to
the energy levels of the perturbed system in the form

E ~ E, + C,U,

where the C), are constants which you should calculate.

[Standard results from perturbation theory may be assumed without
proof.]
[16 marks]
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7. An arbitrary, normalised wave function 9 is expanded in terms of orthogo-
nal, normalised eigenfunctions ¢, of the Hamiltonian H:

A

Y= Z CnPn Heén = Enon

and the eigenfunctions are ordered so that Fy < Ey < Es - - .

(i) Show that X
Eo < (y[H[)

and use this result to explain the variational method for estimating an

upper bound on the ground state energy of a system with Hamiltonian
H.

(ii) A particle of mass m is moving in three dimensions in a spherical po-
tential V(r) = imw?r?, where r = |r| = /22 + y? + 22. The quantum
mechanical Hamiltonian for this system is

and the radial part of the Laplacian operator is

02 290
2 P — _
Viad = or?  ror

Find the value of A needed to normalise the trial wave-function

AB?> —7r?) @ r<b

0 : otherwise,

v =

and find the expectation value of the Hamiltonian as a function of b.
By varying b find an estimate of the ground state energy of this system.
How close is your estimate to the true value of Fy?

[20 marks]
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