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(i)
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Determine which, if any, of the following operators could represent
an observable in quantum mechanics

. d N d 1
A: e — 1 _— —
xda;’ B z(:rdx+2)

stating clearly any assumptions you make.

[Hint: you may use the property of a Hermitian operator that

(Aplg) = (¥|Ag)

where ¥(z) and ¢(z) are any two normalisable wave functions/

A particle at some moment in time is described by the wave func-
tion ) )
cla® —zx Dz <a
L B
0 : otherwise,

where ¢ and a are real positive constants. Find the normalisation
constant c in terms of a.

Find the expectation values (%) and (22?) with respect to the given
wave function.

Deduce that the uncertainty Az in a measurement of the position
of the particle is given by

a
Az =—.
W

[20 marks]
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2. A particle of mass m is confined to the region 0 < z < L of the z-axis.
Write down the corresponding time-independent Schrodinger equation
for the problem and hence find the normalised eigenfunctions of the
Hamiltonian.

Show that the energy eigenvalues are

h27m2n?

n—W (n:1,2,3)

At a particular moment, the particle is in a state described by the
normalised wave function

—Azx nggé
Y(z) =4 A(z— L) L<z<L
0 <0 or z>1L

where A is a real, positive normalisation constant.

(i) Determine the normalisation constant A.

(ii) Calculate the probability, expressed as a percentage, that a mea-
surement of the energy will give the result .

[20 marks]

Paper Code MATH325 Page 3 of 8 CONTINUED/



THE UNIVERSITY
of LIVERPOOL

3. A beam of identical particles of mass m and energy E > 0 is travelling
along the z-axis from x < 0 and is incident on a potential step

Vi) = W z>0

where 1} is a constant. Suppose that 0 < F < V.

(i) Write down an expression for the current density j; for a beam of
particles with wave-function v (x) = Ae**®. For the potential step
above, evaluate the reflection coefficient R, defined as the ratio of
the reflected current density to the incident current density.

(ii) Deduce the transmission coefficient 7', and comment on the result.

(iii) Calculate the relative probability of finding a particle at position
z (> 0) compared with that of finding one at the origin (z = 0).
Comment on the physical significance of this result.

(iv) Consider, instead, the case E > V. Describe, without further
calculation, in what respect you would expect the nature of the
solution to differ from that which you have already provided.

[20 marks]
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4. The Hamiltonian for a particle of mass m moving on the z-axis in a
harmonic oscillator potential can be written in the form

1
H = (a'a + E)hw

where the frequency w is a positive constant, and where [a,a'] = 1.
The position £ and momentum p are given by

o i _ ha i
T = a—a and = —(a+a'),
a—d) and p="2aa)
where o = |/%*.
(i) Show by induction that [a,(a’)"] = n(a")""!, for n a positive

integer.

(ii) The normalised eigenfunctions of the Hamiltonian are given by

1
d’n:\/—’rj(

where ay)g = 0. Show that

(Mbn = \/ﬁ’lﬁn—l and aT"pn =vn+ 1¢n+1'

aT)n¢07 n Z 0)

(iii) By writing 2, pt, in terms of ¢, 1, ¥, 41, compute the uncer-
tainties Az and Ap for the state 1,.

(iv) Find AzAp for the state 1, and comment on the result.
[You may find the following identity useful:
[A, BC| = B[A,C] + [A, B]C

for operators A, B and C.]
[20 marks]
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5. Given that the angular momentum operators L; (i = 1,2, 3) satisfy the
commutation relations [L;, Ly] = ik L3 (and cyclic permutations), show
that

[L? Ly] = [L?, Ly] = [L*, L3] = 0
where L? = [2 + L3+ L3 .

From the above commutation relations it is possible to deduce the fol-
lowing results (which you may assume). There exist normalised eigen-
states |l,m) such that

Ls|ll,m) = km|l,m),  L%|l,m) =A%l +1)|l,m),

where 2/ is a positive integer and the possible values of m are —I, —[ +
1,...1—1,l. Moreover,

Lijl,m) =Mmn|ll,m+1) and L_|l,m) = Ny,|l,m—1),

where Ly = Ly + 4Ly and L_ = Ly — Ly, and M;,, and N,,, are real,
positive constants.

(i) Show that
L.L,=1L2— L2 hL,

and, by considering the norm of L. |l, m), show that

My = il(l + 1) — m(m + 1) .

(ii) A particle is in a state such that [ = 1. Write down the allowed
values of m (corresponding to the eigenvalues of L3) and evaluate
the matrix elements

<170|L+|170> and <171|L+|170>
(iii) Find all other non-zero elements of the matrix
<1a mI|L+|1a m> :

and display your results for the full 3 x 3 matrix where the rows
are labelled by values of m’ and the columns by values of m.

(iv) Obtain a similar matrix representation for L_, and hence find a
matrix representation for L;.

[You may assume that in (iv), Ni,, is given by

Nigm = hy/1(1 +1) — m(m — 1) ]
[20 marks]
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6. (i) Using integration by parts, or otherwise, show that for n > 2

n—1

="~

o0 _B2r2
I, 5, where I, E/ r"e dr.
0

Given that
VL3
IO = — ,
20
find I,. Evaluate I; and deduce the value of Is.

(ii) The Hamiltonian for a particle of mass m moving in three dimen-
sions under the influence of a three-dimensional harmonic oscilla-

tor potential is

. h’ 1
H= —%VQ + §mw2r2 ,

where r = |r| = /22 + y2? + 22 and the radial part of the Laplacian
operator is

V2, = 8_2 23
rad T 9r2 o or

Given that the normalised ground state wave function is
Po(r) = Ae~38r” ,

where A is real, determine § and the ground state energy Ej.
Calculate also the normalisation constant A.

(iii) The potential is perturbed by the addition of a term A\r® where A
is small. Use first order perturbation theory to obtain an approx-
imation to the perturbed ground state energy in the form

Ey + A\K

where K is a constant which you should find.

[Standard results from perturbation theory may be assumed without

proof.]
[20 marks]
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7. (i) Give a statement of the variational principle and explain briefly
how it may be used to obtain an upper bound on the ground state
energy Fy of a system with Hamiltonian H.

(ii) The motion of a particle of mass m in one dimension is described
by the Hamiltonian

A=-"% 4Nzl  (A>0).
m

Consider, in turn, each of the following two normalised wave func-
tions

P(z) = A16_a|z| and Pao(z) = Ag(1+ a|x|)e—a|w| :

Alz\/a, AQZMQ?O(.

By applying the variational method, decide which (if any) of these
is a suitable trial wave function for the given problem. Where
appropriate, give a variational upper bound for the ground state
energy.

Here, a > 0 and

Note: in (ii) you may use without proof the result

n!
bn+1

I,(b) = /oo z"e dy =
0

when b > 0.
[20 marks]
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