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1. (i) A linear operator A acting on a space of normalisable wave func-
tions {¢(z)} is said to be Hermitian if

(Aplg) = (¥|Ag)

for any two wave functions ¢(z) and ¢(z) and where (1|¢) is the
usual inner product.

Show that the 1-dimensional momentum operator

d
5, = —ih
P ¢ dz

is Hermitian, stating clearly any assumptions that you make.

(ii) The wave function of a particle at some moment in time is given
by 2.2
p(z) = e 0= /2, —00 < T <00.

Find a corresponding normalised wave function ¢y ().

Find the expectation values (p) and (p?) with respect to the given
wave function.

Deduce that the uncertainty Ap in a measurement of momentum
is given by

1
(Ap)2 = §a2h2 .

If the momentum is measured to be ah, what is the probabil-
ity that a second measurement of momentum, made immediately
afterwards, would yield one half of this value?

You may use the results:

o0 T o0 T
/ 6_132z2dx _ £ / $2€_ﬂ2w2dm ,\/7
—00

oo g T 268

[20 marks]
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2. A particle of mass m is confined to the region of the z-axis between

x =0 and z = L. Write down an expression for the appropriate time-
independent Hamiltonian.

(i) Given that the corresponding normalised eigenfunctions are

bn(z) = Asm($) (n=1,2,3...),

verify that the energy eigenvalues are E,, where
h2m2n?
n — o = ]., 2, 3...
2m L2 (n )
and determine the normalisation constant A.

(ii) At a certain time, the particle is in a state described by the nor-
malised wave function

AT
(@) = § ML -2)
0

L
2
L
or z>1L

where ) is a real, positive normalisation constant.

8 v~ O
IA A

A A A

T
x
0

Determine the normalisation constant ).
Show that

(i) = 278

and deduce the probability that a measurement of the energy will

give the result F;. Express your answer as a percentage given to
the nearest whole percent.

[20 marks]
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3. A particle of mass m and energy E moves on the z-axis subject to a
potential V' given by

B 0 : |z|>a (regions I and III)
Viz) = { Vo : Jz|<a (region 1)

where F < 0 and V > 0. Suppose that £ > —V}, and define

2mFE
q2:—m and K =

2m(E + Vj)
h? '

h2

(i) Write down the energy eigenfunction equation (time-independent
Schrédinger equation) in the regions I, ITT and II. Hence show that
energy eigenfunctions are either odd or even functions of x, giving
explicit expressions for the eigenfunctions valid for all z.

(ii) Show that, for an odd solution, k must satisfy
kcot(ka) = —va? — k2

where
s 2mVy

h2

(67

[20 marks]
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4. The Hamiltonian of a particle of mass m undergoing simple harmonic
motion along the z-axis is given by

A D 1
H = 2p—m + §mw2i’2
where p
p = —1h—
P dz

and w is a positive constant.

(i) Show that, if we define

a1 a1
R SN d T N
a \/ﬁ( P i) an a ﬂ( wp-}—z:v)

where a? = mw/h, then it follows from the commutator [Z, p| = ih
that [a,al] = 1.
(i) Show by induction that [a, (a")*] = n(af)"~1.

(iii) Given that the normalised eigenfunctions of the Hamiltonian are

Yy = (a")™g where apg =0,

2~

show that
a, = V/nibn_1 and alh, = Vn+ 1,1

(iv) Write
(a+a")’n

in terms of ¥,,_s, ¥, and ¥, 2. Hence show that
(il ) = WP (2n” 4+ 20 4 1).
[You may find the following identity useful:
[A, BC| = B[A,C] + [A, B]C

for operators A, B and C.
[20 marks]
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5. The angular momentum operators L; (i = 1,2, 3) satisfy the commuta-
tion relations [Lq, Ls] = thL3 (and cyclic permutations), which imply
that

[L? Li] = [L?, Ly] = [L? L3] = 0

(where L? = L2 + L% + L2).
Suppose that |I,m) are the normalised eigenstates such that

L3|lvm> = hm|lam>7 L2|l7m> = hzl(l + 1)|lam>7

where 2[ is a positive integer and the possible values of m are —I, —[ +
1,...1 —1,1. Here, L? and L3 form a complete commuting set of ob-
servables, so that these properties define |, m) uniquely.

(i) Defining L, = Ly +ilLy and L = Ly — iLs, show that
[Ls,Li]=hL,, [Ls,L_]=—hL_.

Hence, also using the commutation relations for L? above, deduce
that

Li|lym) =M,|l,m+1) and L_|l,m) = Nypll,m —1),

where M, ,, and N, are real, positive constants.

(ii) A particle is in the normalised angular momentum state
|¢> = Z|17 _1> + Z*|17 1> + C|1,0>

where z = a + b and a, b and c are real.

Show that the expectation value (L3) of L3 in this state is zero.
By expressing L; in terms of L, and L _, find the expectation
value (L;) for this state in terms of a, b and c.

[You may assume that in (i), My, and Ny, are given by

My = Il +1) —m(m+1) and Nym=Hh/I(l+1) —m(m—1).]
[20 marks]
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6. A particle of mass m moves in three dimensions under the influence of
a Coulomb potential

V(T) = where r = |r| — $E2 + y2 + 2’2
and A is a positive constant.

(i) The normalised wave function for the first excited state with zero
angular momentum is

P(r) = Be_%ﬂr(l — %ﬁr) where B = \/gi;

Determine (3 in terms of m, A and &, and show that the energy F

is given by

mA?

8h*

(ii) The particle is now subjected to an additional potential Ar, where
A is a small parameter. Show that the energy of this state, to first
order in ), is given by E + §F where

E=—

A2
E—=6"—.
b GmA

[Standard results from perturbation theory may be assumed without
proof. Moreover, you may assume that the radial part of the Lapla-
ctan in spherical polar co-ordinates is

T
rad = gp2 T p o

\Y

and also that

/Ooo rme P dr = BZL (8>0)]

[20 marks]
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7. A particle of mass m moves on the z-axis subject to a potential
V(z) =nlzf,
where 7 is a positive constant.
Consider a normalised wave function of the form

¢(x):{B(a2—x2) : x| <a

0 : otherwise,

where B and a are real positive constants.

i) Compute the normalisation constant B.
p

(ii) Show that with this wave function, the expectation value of the
Hamiltonian is given by

- 5h2 5na’
H) = .
(H) 4ma? + 64

(iii) Hence use the variational principle to show that the ground state
energy is at most

max 25 ¢ HO7 \1
16 \27Tm

How might you try to improve on this estimate of the ground state

energy and how would you know if you had succeeded in finding

a more accurate estimate?

[20 marks]
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