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1. The normalised eigenfunctions of the Hamiltonian of a particle of mass
m confined to the region of the z-axis between 2 = 0 and z = L are

L
0 : <0 or z>1L

Asin®2 . 0<z<L
¢n<x>={ sws

where A is a real, positive normalisation constant and the correspond-
ing energy eigenvalues are

K2r2n?

n= 5wy (n=123.).

Find the value of A.

The particle is initially in the ground state of this potential well of width
L. Suddenly the well expands to twice its original size, the right wall
moving from x = L to z = 2L, leaving the wavefunction momentarily
undisturbed. A measurement of the energy is now made.

(a) Write down the wavefunction v of the particle in the modified
potential (indicating its value for all z).

(b) By expressing ¢ in terms of eigenfunctions of the modified sys-
tem, find the probabilities for each possible result of the energy
measurement. What is the most likely result?

(c) By using the result that
n:%S... (n2 - 4)2 N 6_4’

verify that the probabilities evaluated in (b) do indeed add to 1.

(d) If the result of the energy measurement was in fact Ej, where

R2m2n?
E = —— =1,2,3...
n 8mL2 (n ) < ) )
what is the probability that a subsequent energy measurement will

give E5?
[For part (b), you may find it helpful to use the result: 2sin Asin B =

cos(A — B) — cos(A + B)].
[20 marks]
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2. A beam of particles of mass m and energy F is incident in the positive
x direction on a potential well whose potential V' is given by

0 : =<0 (region I)
Vizg)=X —Vo : 0<z<a (regionII)
0 : z>a (region IIT)

where £ > 0 and V; > 0.

(a) Show that the particle wave function in the z regions defined above
can be written

U = AeKT 4 Be iKe
Y = Ce® 4 Demioe
Ym = Fe*?

(1)

where you should find expressions for K and gq.

(b) State the conditions on the particle wave function ¢ and its deriva-
tive ¢’ which must be satisfied at the boundaries between regions
I, IT and III and use these to show that

A (K + q)Qei(K—q)a _ (K _ q)2ei(K+Q)a

F 4Kq

(c) The incident particle current density for the above scattering prob-
lem is defined by
jr=""1ap.
m
Give the corresponding expressions for the reflected and transmit-
ted particle current densities jr and jr. Hence define the reflection
and transmission coefficients R and 7.

(d) Use the result of part (b) to evaluate the transmission coefficient
T in the case when ga = n7w (where n is some integer). Without
explicitly evaluating it, state what the value of R will be, giving
reasons.

[20 marks]
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The Hamiltonian of a particle undergoing simple harmonic motion
in one dimension is given by

o ﬁQ
=2 a2y
2m

and ¢g is the normalised ground state wave function such that
a¢g = 0 where

a( 1 £) 9 MW
a=—F=(—p—12 o= —.
\/ﬁmwp ’ h

(a) Given that [2,p] = ik, show that [a,a!] = 1.
(b) Show that one may write the Hamiltonian in the form

H = fw(afa + 1)

and hence find the eigenvalue corresponding to the ground-
state wave function ¢yq.

(c) Show that ¢; = Aaley is also an eigenfunction of H and
find the associated eigenvalue. [Here, A is a normalisation
constant. ]

(d) Given that the properly normalised ground state wave func-

tion is
a 1 9.9
¢0:“ﬁ6 29,

obtain the properly normalised eigenfunction ¢;(z).
[13 marks]

Establish, giving reasons, which of the following operators could
represent quantum mechanical observables:

A_ 1 1 A_ 0 Z A_ d ,\_. d )
A_(l 0>’ B_(—z’ 2)’ C=zgp D=ilrg +3)

where the space of wave functions ¢(z) acted upon by C and D
is such that a < z < b and 9(a) = ¢(b) = 0.
[7 marks]
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4. Given that the angular momentum operators L; (i = 1, 2, 3) satisfy the
commutation relations [Ly, Ly] = ih L3 (and cyclic permutations), show
that

[L? Ly] = [L?, Ly] = [L? L3] = 0,

where L? = L2 + L2 + L2.

From the above commutation relations it is possible to deduce the fol-
lowing results (which you may assume). There exist normalised eigen-
functions |, m) such that

Lyll,m) = hmll,m),  L2[i,m) = RA(I +1)|L, m),

where 2/ is a positive integer and the possible values of m are —I, —[ +
1,...1—1,l. Moreover,

L.jl,m) =M n|l,m+1) and L_|l,m) = Ny,|l,m—1),

where L, = Ly +tLy and L_ = Ly —¢Ly, and M;,, and N;,, are real,
positive constants.

(a) Show that
L L,=L>-L}-hls

and, by considering the norm of L. |l, m), show that

My = /Il + 1) — m(m + 1).
(b) A particle is in the normalised angular momentum state
[¥) = A(11,-1) +|1,1) — 2]1,0))

where A is a real normalisation constant which you should find. By
expressing L; in terms of L, and L | find the expectation values
(Ly) and (L?) for this state. Hence find the standard deviation
AL for this state. ((AA)? = ((A— (A))?) .)

[You may assume that

Nim =13/l +1) —m(m—1) and LyL_=L?—L2+hLy]

[20 marks]
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5. The Hamiltonian for a stationary electron of mass m and charge e in a
constant magnetic field B along the z-axis is given by

I:I = hwa3

where

_¢eB d _<1 0)
w=o— and oz3=(. ;).

(a) By solving Schrodinger’s equation, show that at time ¢ the state

of the electron is given by

ae—zwt

)= |,
bezwt
where a, b are constants.

(b) An observable O is represented by

A 2 1
0:”<1 2)

where « is a real constant. Compute the eigenvalues and nor-
malised eigenvectors of O and deduce the possible results of a
measurement of O.

(c) At t =0, the electron is in the state

0= (1)

By writing ¥ (t) as a linear combination of the eigenvectors of O,
find the probabilities of each possible result of a measurement of
O at time t.

What is the effect on the system of such a measurement?
[20 marks]
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(i) Use integration by parts to show that for n > 2

232 00
I, o= LIn, where I, = / e P dp .
n—1 0

Given that
T
IO = 52
28
find I,. Evaluate I; and deduce the value of Is.
[6 marks]

(ii) The Hamiltonian for a particle of mass m moving in three dimen-

sions under the influence of a three-dimensional harmonic oscilla-

tor potential is
. K2
H=—-_—V’+1lmw’r?,
2m

where r = |r| = /22 4+ y? + 22 and the radial part of the Laplacian
operator is

\V& §= iQ gg
ra or?  ror

(a) Given that the normalised ground state wave function is

1 2,2
Yo(r) = Ae™27"

where A is real, determine 5 and the ground state energy FEj.
(b) Calculate the normalisation constant A.

(c) The potential is perturbed by the addition of a term \H;

where
mw

h

Show that, to first order in A, the perturbed ground state
energy can be written in the form

3
Hy(r) = r3< )2 and X is small.

%hw + AK
where K is a numerical constant which you should find.

[Standard results from perturbation theory may be assumed without
proof.]
[14 marks]
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7. An arbitrary, normalised wave function ¢ is expanded in terms of or-
thogonal, normalised eigenfunctions ¢,, of the Hamiltonian H:

A

and the eigenfunctions are ordered so that Ey < E; < Es .. ..
Show that R
Eo < (¢|HY)

and use this result to explain the variational method for estimating an

upper bound on the ground state energy of a system with Hamiltonian
H.

A particle of mass m moves on the z-axis subject to a potential V' (z) =
n|x|, where 7 is a positive constant.

(a) Normalise the trial wave function

1 2.2
Y(z) = Ae 27",
(i.e. find A) and show that

R°B% 7
am R

(b) Hence use the variational method to show that the ground state
energy is at most

(Y| Hy) =

h2772>% .

B = %(Qmﬂ

How might you improve on this estimate of the ground state en-
ergy and how would you know if you had succeeded?

You may use the results:
/oo e—ﬂ2m2dx — ﬁ , /oo x26—ﬂ2w2dx — ﬁ .
—o0 B —c0 233

[20 marks]
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