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1. Indi
ial equationm2 � 6m+ 8 = 0) (m� 2)(m� 4) = 0) m = 2; 4:So yCF = 
1e2x + 
2e4x:Try y =L1(x)e2x + L2(x)e4x) L01e2x + L02e4x =02L01e2x + 4L02e4x = e6x1 + e2x) L02 = �L1e�2x )L01 = � 12 e4x1 + e2x) L1 = � 12 Z e4x1 + e2x dxPut u = e2x )du = 2e2xdx) L1 = � 14 Z u1 + udu= � 14 [u� ln(1 + u)℄ + 
1 =� 14 [e2x � ln(1 + e2x)℄ + 
1L02 = 12 e2x1 + e2x ) L2 = 14 Z 11 + udu= 14 ln(1 + e2x) + 
2:So the general solution isy = f� 14 [e2x � ln(1 + e2x)℄ + 
1ge2x + f 14 ln(1 + e2x) + 
2ge4x:Now y(0) = 12 ln 2) � 14 + 
1 + 
2 = 12 ln 2y( 12 ln 2) = 32 ln 3) �� 14 (2� ln 3) + 
1� 2 + � 14 ln 3 + 
2� 4 = 32 ln 2) 2
1 + 4
2 =1) 
1 = 0; 
2 = 14) y = 14 ln(1 + e2x)(e2x + e4x):



2. The Euler-Lagrange equation is�F�y � ddx ��F�y0� = 0:If F does not depend expli
itly on x then�F�y = 0) ddx ��F�y0� = 0) �F�y0 = 
onstant = C:Now x2 + x2y0 = C ) dydx = Cx2 � 1) y =� Cx � x+Ay(1) = 0) �C � 1 +A = 0; y(2) = � 32 ) �C2 � 2 +A = � 32) A = 0; C = �1:) y = 1x � x; y0 = � 1x2 � 1
) I =� Z 21 x2� 1x2 + 1��1� 12x2 � 12� dx

=� 12 Z 21 (1 + x2)�1� 1x2� dx
=� 12 Z 21 �x2 � 1x2� dx
= � 12 � 1x + 13x3�21=� 12 �� 12 + 73� = � 1112 :The straight line joining (1; 0) to (2;� 32 ) is y = � 32 (x� 1). So thenI[y℄ =Z 21 x2 �� 32� �1� 34� dx = � 38 Z 21 x2dx=� 38 � 13x3�21 = � 78 :Now � 1112 < � 78 so the extremum is a minimum.If a = �1 and b = 2 there is no extremal solution sin
e there is a singularityin y at x = 0.



3. De�ne a new fun
tional I + �J where � is a Lagrange multiplier thenapply the Euler-Lagrange equation to F + �G. This determines y up to twoarbitrary 
onstants and � whi
h are found by the endpoint 
onditions and the
onstraint.E-L gives ddx [2x4y0℄ + 4x2y =�x2) x4y00 + 4x3y0 + 2x2y = 12�x2) x2y00 + 4xy0 + 2y = 12�For the homogeneous equation try y = xn, thenn(n� 1) + 4n+ 2 = 0)n2 + 3n+ 2 = 0) (n+ 1)(n+ 2) = 0)n = �1; n = �2So (with the obvious parti
ular integral of y = 14�,y = Ax + Bx2 + 14�:We require Z 21 x2�Ax + Bx2 + 14�� dx =2) � 12x2A+Bx+ 112�x3�21 =2) 32A+B + 712� =2Also A+B + 14� =� 3;12A+ 14B + 14� =2) A = 2; B = �8; � = 12:so y =2x � 8x2 + 3:is the extremal 
urve.



4. The equations are of formAux +Buy = 
where ux = �uxvx �, ux = �uxvx �, andA = � 1 00 1� ; B = � 0 �3x2�3x2 0 �
) det(�A�B) = det� � 3x23x2 � � =0) �2 � 9x4 = 0)� = �3x2dydx = 3x2 ) y =x3 + 
onst) y � x3 = �:dydx = �3x2 ) y =� x3 + 
onst) y + x3 = �:ux = u�(�3x2) + u�(3x2); uy = u� + u�) 3x2(u� � u�)� 3x2(v� + v�) =12x2y3x2(v� � v�)� 3x2(u� + u�) =� 12x5u� � u� � v� � v� =4yv� � v� � u� � u� =� 4x3Add: � 2u� � 2v� =4�Subtra
t: 2u� � 2v� =4�) u+ v =f(�)� �2;u� v =g(�) + �2:u(x; 0) = 2x6; v(x; 0) = �x6) x6 = f(x3)� x6; 3x6 = x6 + g(�x3)) f(x) = 2x2; g(x) = 2x2) u = 12 [f(�) + g(�)℄ + 12 (�2 � �2);=[(y + x3)2 + (y � x3)2℄+ 12 [(y + x3)2 � (y � x3)2℄=2(y2 + x6) + 2yx3:Similarly u = 12 [f(�)� g(�)℄� 12 (�2 + �2);=[(y + x3)2 � (y � x3)2℄� 12 [(y + x3)2 + (y � x3)2℄=4yx3 � (y2 + x6):



5. Asso
iated quadrati
y�2 + (y � x)�� x =0) � =x� y �p(x� y)2 + 4xy2y=x� y � (x+ y)2y = xy or � 1:dydx =1) x� y = 
onstant = �dydx =� xy ) x2 + y2 = 
onstant = �) ux = u� + 2xu� uy = �u� + 2yu�uxx =u�� + 4xu�� + 2u� + 4x2u��uxy =� u�� + 2yu�� � 2xu�� + 4xyu��uyy =u�� � 4yu�� + 4y2u�� + 2u�) [y � (y � x)� x℄u��+[4x2y + 4xy(y � x)� 4xy2℄u��+[4xy + 2(y � x)2 + 4xy℄u��+2(y � x)u� + x� yx+ y (ux + uy) =2(x+ y)2(x2 + y2)) u�� =�) u� =12�2 + ~f(�)) u =12�2� + f(�) + g(�)=12 (x2 + y2)2(x� y) + f(x� y) + g(x2 + y2):



6. (i) Clearly �(x) = 6x� 2.(ii) w = 
os z = 12 �eix�y + e�ix+y�= 12 �e�y(
osx+ i sinx) + ey(
osx� i sinx)�) u = 
osx 
osh y; v = � sinx sinh y:So x = 12 gets transformed to u = 
os 12 
osh y, v = � sin 12 sinh y, whi
h satisfyu2
os2 12 � v2sin2 12 = 1whi
h is the hyperbola H1. Similarlyu2
os2 1 � v2sin2 1 = 1is the hyperbola H2.(iii) Sin
e �(x) is harmoni
 in the region between x = 12 and x = 1,�(u; v) = �(x) = 6x(u; v)� 1 is harmoni
 between H1 and H2. u, v are relatedto x by u2
os2 x � v2sin2 x = 1:
(iv) For u2 = 274 , v2 = 2, we have (writing 
os2 x = C)274 (1� C)� 2C =C(1� C)) 4C2 � 39C + 27 =0(C � 9)(4C � 3) =0) C = 9 or C = 34 :Must take C = 34 ) x = �6 (sin
e 12 < �6 < 1), and so �(u; v) = � � 2.



7. F (f 0(x);!) =Z 1�1 f 0e�i!xdx
= �fe�i!t�1�1 + i! Z 1�1 fe�i!tdx=i!f(!):If g(x) = e�ajxj theng(!) =Z 0�1 eax�i!xdx+ Z 10 e�ax�i!xdx

= � 1a� i!�0�1 + �� 1a+ i!�10= 1a� i! + 1a+ i! = 2aa2 + !2 :Fourier transform the PDE ) ��tu =� !2
2u) u =e�!2
2tu(!; 0)) u(x; t) = 12� Z 1�1 e�!2
2t+i!xu(!; 0)d!
) g(x) = 12� Z 1�1 ei!xu(!; 0)d!) u(!; 0) =g(!)) u(x; t) = a� Z 1�1 e�!2
2t+i!xa2 + !2 d!

=F�1 �e�!2
2tg(!)�= 12
p�t Z 1�1 e�ajx�zj� x24
2t dz:


