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1. Indicial equation
m?—6m+8=0=(m—2)(m—4)=0=m=2,4.
So
yor = c1€2% + coe’®.
Try
y =L (x)e®® + Ly(x)e*”
= L1e* + Lhe*™ =0
6%
2L e** + 4Lye” — T
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Put u = *® =du = 2e**dz = L, = —i/ Y du
14+ u

= —3lu—In(l +u) + e == §[e* —In(1 +*)] + 1

=1 g —1/ _—y
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=1In(1 + €*) + co.
So the general solution is
y={—31[e* —In(1 + e*)] + c1}e** + {2 In(1 + €**) + 2 }e**.
Now
y(0)=1ln2= —1+c +cx =31n2
y(3mn2) =3In3= [-3(2—In3)+¢1] 2+ [;In3+ 2] 4=31n2
= 2¢1 +4cy =1
=c1 =0, c3=
=y = LIn(1 +€¥)(2 4 ).
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2. The Euler-Lagrange equation is

oF _d (0F\ _,
oy dx \oy' )

If F' does not depend explicitly on x then
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The straight line joining (1,0) to (2, —%) is y = _%(x —1). So then
2 2
= [ & (- (-Ddo=-3 [ 2o
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Now —% < —% so the extremum is a minimum.

If a = —1 and b = 2 there is no extremal solution since there is a singularity
inyatz=0.



3. Define a new functional I + AJ where A is a Lagrange multiplier then
apply the Euler-Lagrange equation to F' + AG. This determines y up to two
arbitrary constants and A\ which are found by the endpoint conditions and the
constraint.

E-L gives
d
—[22%y] + 4%y =)2?
dx

:> x4yll +4x3yl +2x2y :%sz

= 2%y +day +2y =1X
For the homogeneous equation try y = ", then
nn—1)+4n+2=0=n>+3n+2=0
= n+1)(n+2)=0=>n=—-1,n=-2
So (with the obvious particular integral of y = %)\,
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= [%sz—FBaH— %/\x?’]i =2
3 7y
= 5A+ B+ 5\ =2
Also A+ B+ ix=-3,
1 1 1
:}A:2, B:—8, )\:12.
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We require

is the extremal curve.



4. The equations are of form

Au; +Bu, =c

Whereum:<um>,um:<ux>,and
Vg Vg
1 0 0 —322
a=(5 1) = V)

2
:>det()\A—B):det< A BT >:0

3z2 A
= A —92% = 0 =)\ = +322
d
d—y:3x2:>y:x3+const:>y—x3:n.
T
dy 2 3 3
@:_3;1; = y=—x"+const = y+z° =vr.

Uy = up(—32%) + 1, (32°), Uy =u, +u,
= 32%(uy, — uy) — 32%(v, + v,) =122%y
322 (v, — vy) — 322 (uy + u,) = — 122°
Uy — Uy — Uy — U, =4y
Vy — Uy — Uy — Uy = — 4q3
Add: — 2u, — 2v, =47
Subtract: 2u, — 2v, =4v
= u+v=f(v) -1’
u—v =g(n) + v
u(z,0) = 225, v(z,0) = —2°
= 2% = f(23) — 2%, 3% =25 4 g(—2?)
= f(z) =22*, g()
slf@) +gm] + 3% —n?),
=[(y +2°)% + (y — 2°)’]

Similarly
u=3[f(v) —g(m)] - 3(* +7°),
=[(y +2°)° = (y — 2°)’]



5. Associated quadratic
YN+ (y — )\ — 2 =0
rx—yt/(r—y)? +4duy

= A
2y
—y+
_ry (x+y):§or—1.
2y Y
d
_y:1:>x—y:constant:77
dr
d
_y:_E:>x2+y2:constant:V
dr Y
= Up = Uy + 20U, Uy = —Uy + 2Yu,

Ugy =Uyy + 42Upy, + 2Uy + 4x2uw
Ugy = — Upy + 2YUyy — 22Uy, + 4TYU,,

Uyy =Unny — 4yu77v + 4y2uuu + 2’LL,,

= Upy =V
= u, =37 + f(n)
= u=3"n+f(n) +g(v)
=3 +9*)(x —y) + flz —y) + 9(&® + ¢7).



(eix—y + e—ix—i—y)
[e ¥(cosz + isinz) + e¥(cosz — isinz)]

= u = cos x cosh y, = —sinxsinhy.

1

5 coshy, v = —sin % sinh y, which satisfy

So x = % gets transformed to u = cos

u? v?

21 21
COS 2 Sin b}

=1

which is the hyperbola H;. Similarly

u? v?

_ -1
cos21 sin?1

is the hyperbola Hs.

(iii) Since ®(z) is harmonic in the region between z = 1 and z = 1,
®(u,v) = ®(x) = 6z(u,v) — 1 is harmonic between H; and Hs. u, v are related
to = by

u? v?
=1
cos’?x  sin“rx
(iv) For u? = 27, v? = 2, we have (writing cos® z = C)

2(1-C)—2C=C(1-0)
= 4C? — 39C + 27 =0
(C-9)(4C -3)=0=C=9o0r C=3.

Must take C' = 3 = z = Z (since 1 < Z < 1), and so ®(u,v) =7 — 2.



F(f(aiw) = [ feida

— [fe*i“’t} iooo + iw/ fe “idy
=iw f(w).

If g(z) = e %l#l then
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a— _ 2 2—
—UuU=—w-cacu
ot

—w?c?t—

=T =e u(w, 0)

1 [ -
= u(z,t) :2—/ e*wzczt“‘”ﬂ(w,O)dw
T

— 00

a oo e—wzczt—i—iww
a w

— 00

=1 <e_‘*’202t§(w))

o0
1 / efa|mfz|7ﬁ§tdz.
2cv/7t J_so




