
MATH323 FURTHER METHODS OF APPLIED MATHEMATICSJANUARY 2007Full marks 
an be obtained for 
omplete answers to FIVE questions. Onlythe best �ve answers will be taken into a

ount.



1. Using the method of variation of arbitrary 
onstants, �nd the solutionof the ordinary di�erential equationd2ydx2 � 6dydx + 8y = e6x1 + e2xwhi
h satis�es y(0) = 12 ln 2, y( 12 ln 2) = 32 ln 3. [20 marks℄

2. The fun
tional I[y℄ is given byI[y℄ = Z ba F (x; y; y0)dx with y(a) = y0; y(b) = y1where y0 and y1 are 
onstants.By using the Euler-Lagrange equation show that if F is not an expli
itfun
tion of y then the extremal 
urve when I[y℄ is stationary is given by�F�y0 = Cwhere C is a 
onstant.For the 
ase when F (x; y; y0) = x2y0(1 + 12y0)�nd the extremal 
urve for the boundary 
onditions y(1) = 0, y(2) = � 32 .Cal
ulate the 
orresponding extremal value of I[y℄, and 
ompare it with thevalue of I for a straight line joining the two endpoints (1; 0) and (2;� 32 ). Whatdo you 
on
lude about the nature of the extremum?Comment brie
y on how the derivation of the extremal solution for theabove fun
tional would be a�e
ted if the limits of the integral were a = �1 andb = 2 instead of a = 1 and b = 2. [20 marks℄



3. Indi
ate brie
y how you would �nd the fun
tion y(x) satisfying y(a) = y0and y(b) = y1, su
h that the fun
tionalI[y℄ = Z ba F (x; y; y0)dxis stationary subje
t to the 
ondition that a se
ond fun
tionalJ [y℄ = Z ba G(x; y; y0)dxis equal to a 
onstant.For the 
ase I[y℄ = Z 21 [x4(y0)2 � 2x2y2℄dxand J [y℄ = Z 21 x2ydx = 2where y(1) = �3 and y(2) = 2, �nd the extremal 
urve.[You do not need to evaluate I[y℄ for the extremal 
urve.℄ [20 marks℄
4. The fun
tions u(x; y) and v(x; y) satisfy the simultaneous partial di�er-ential equations ux � 3x2vy =12x2yvx � 3x2uy = � 12x5;where x 6= 0.Show that this system of di�erential equations is hyperboli
 with 
hara
-teristi
s y � x3 = � = 
onstanty + x3 = � = 
onstant:Hen
e show by 
hanging variables from (x; y) to (�; �) that u and v satisfyu� + v� = �2 �; u� � v� = 2�:Show that the solution for u(x; y) su
h that u(x; 0) = 2x6 and v(x; 0) = �x6 isu(x; y) = 2(y2 + yx3 + x6);and give the 
orresponding solution for v(x; y). [20 marks℄



5. Show that for x + y 6= 0, the partial di�erential equation satis�ed byu(x; y),yuxx + (y � x)uxy � xuyy + x� yx+ y (ux + uy) = 2(x+ y)2(x2 + y2)is hyperboli
 with 
hara
teristi
s� = x� y = 
onstant and � = x2 + y2 = 
onstant:Show that the 
anoni
al form of the partial di�erential equation isu�� = �:Find the general solution for u(x; y) when x+ y 6= 0. [20 marks℄



6. (i) A fun
tion �(x) is harmoni
 in the z-plane, where z = x + iy andx and y are real. In the region 12 � x � 1, determine �(x) su
h that �( 12 ) = 1and �(1) = 4. [2 marks℄(ii) A 
onformal transformation is de�ned byw = 
os z = 12 (eiz + e�iz); for z 6= n�; n = 0;�1;�2; : : :where w = u+ iv, and u and v are real. Show thatu(x; y) = 
osx 
osh yand give the 
orresponding expression for v(x; y). Hen
e show that the linesx = 12 and x = 1 are mapped onto two hyperbolae in the w-plane denotedrespe
tively by H1 and H2.[You do not need to prove the fa
t that the region 12 < x < 1 is mapped intothe region R between the bran
hes of the two hyperbolae H1 and H2 in theright-hand half of the w-plane, i.e. u > 0.℄ [6 marks℄(iii) Clearly giving your reasoning, show that the solution �(u; v) toLapla
e's equation in this region R, and satisfying � = 1 on H1 and � = 4 onH2, is given by �(u; v) = 6x(u; v)� 2where x(u; v) is the solution tou2
os2 x � v2sin2 x = 1: (�)
[5 marks℄(iv) Writing 
os2 x = C in (�) above, show that if (u; v) = � 3p32 ;p2�,then C satis�es 4C2 � 39C + 27 = 0:Hen
e show that the value of x 
orresponding to these values of u and v, andsatisfying 12 � x � 1, is x = �6 . Evaluate �(u; v) for these values of u and v.[7 marks℄



7. The Fourier transform of a fun
tion f(x) suitably de�ned on�1 < x <1 is F (f(x);!) = f(!) = Z 1�1 f(x)e�i!xdx:Show that if f(x)! 0 as x! �1 thenF (f 0(x);!) = i!f(!):Show that the Fourier transform of the fun
tion g(x) = e�ajxj (where a isa 
onstant, a > 0) is g(!) = 2aa2 + !2 :The fun
tion u(x; t) satis�es the partial di�erential equation�u�t = 
2 �2u�x2for �1 < x < 1 and t � 0. In addition u satis�es the 
onditionsu(x; 0) = g(x) = e�ajxj; u; ux ! 0 as x! �1:By using a Fourier transform show that u(x; t) is given by
u(x; t) = a� Z 1�1 e�
2!2t+i!xa2 + !2 d!:Hen
e show that u(x; t) = 12
p�t Z 1�1 e�ajx�zj� z24
2t dz:[You may use without proof the resultsF (e�b2x2 ;!) =p�b e� !24b2

and F�1(f(!)g(!)) =Z 1�1 f(x� z)g(z)dz;where b is a 
onstant, b > 0.℄


