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1. Using the method of variation of arbitrary constants, find the general
solution of the ordinary differential equation

[20 marks]

2. Write down the differential equation satisfied by the function y(x) for
which the functional

Iy] = /;bF(m,y,y')dx with y(a) = v, y(b) = n

is stationary, where yo and y; are constants.
Show that the function y(x) which extremises the functional

Ily] = /2 4 2" (@) — 9% do
satisfies the differential equation
22y + Toy + 9y = 0.
By seeking a solution of the form
y = Az" + Bzxz"lnz

where A, B and n are constants, determine the function which extremises
I[y] subject to the boundary conditions, y(2) = 8 and y(4) = 1.

Evaluate the corresponding extreme value of I[y] and compare it with the
value of I for a straight line joining the two endpoints. Establish whether

the extremising function maximises or minimises 7.
[20 marks]|
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3. Indicate briefly how you would find the function y(z) satisfying y(a) = yo
and y(b) = y1, such that the functional

Ml = [ Feyy)ds

is stationary subject to the condition that a second functional

T = [ Gyy)da

is equal to a constant.

A chain of length L hangs below the z-axis between the points (0,0) and
(4,0) in the (z,y) plane, where the positive y direction is in the same sense
as gravity, in such a way that its potential P is minimised where

4 1/2
P = / y[t + @) de
0
and .
1/2
L = / [1 + (y')ﬂ/ dz .
0
Show that the extremal curve satisfies the differential equation

ta)? 1/2
yra .
( 8 ) 1]

dy _
de

where o and (3 are constants.
If L = 6 find the extremal curve.

[You may assume that coshz is an even function and that the numerical
solution to the equation
) 2
x sinh (—) =3
x

isz = — 1.23295.] [
20 marks|
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4. The functions u(z,y) and v(z,y) satisfy the simultaneous partial differ-

ential equations
vy + 4zuy, = 0
Uy + zvy, = 0.
Show that this system of differential equations is hyperbolic with character-
istics
Yy — 2 = n = constant
y + z? = v = constant .
Hence show that the Riemann invariants of the system are

2u + v = constant and v — 2u = constant .

Find solutions u(z,y) and v(z,y) such that

2
u(z,0) = %(ﬁ—l) and v(z,0) = — 37

[20 marks]
5. Show that the partial differential equation satisfied by u(z,y),

xQUzz - 4y2uyy = F(x,y,uz,uy)

with  # 0 and y # 0, is hyperbolic with characteristics

n(z,y) = % = constant and v(z,y) = z’y = constant .
Show that the canonical form of this partial differential equation is
— 16nvu,, + 6nu, + 2vu, = F.
Find the general solution when
F = guz + yuy .
[20 marks]
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6. Show that the Joukowski transformation, where z # 0,

is conformal for all z # +1, where v and v are real and w and z are complex
variables.

Find v and v in terms of polar coordinates r and # where z = re®.
Show that the circles |z| = 2 and |z| = % are mapped to the same ellipse,
225

Ey: 9? + 250° = T

in the w-plane. Hence show that the exterior of |z| = 2 is mapped to the
exterior of Ej.
The potential & outside the circular region |z| = 2 is given by

® = Re(Alnz) = Alnr

where A is a real constant. Show that ® satisfies Laplace’s equation in polar
coordinates:
Foal 109 1 6%®
or? * r or * r2 002
By clearly stating your reasoning, show that the potential outside the ellipse
F is given by

= 0.

® = AReln

2

w+ (w2—4)]

Determine the real and imaginary parts of the potential at the point w = 3s.
[20 marks]
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7. The Fourier transform of a function f(z) suitably defined on — co < z < 00
and its inverse are respectively

F(f@iw) = f@) = [ f@e“da
1 o

F (fw)a) = @) = o= [ Flw)e do .

By using integration by parts show that when f (z) = e~***" its Fourier
transform, f(w), satisfies the first order differential equation

w

flw) = = 5fw)

2a?

where a is a real non-zero constant.
By considering the square of f(0) show that for f(z) =e

—a?z?

Hence show that
w?
F (e’azmz; w) = ﬁe_m .
a
The function u(z,t) satisfies the partial differential equation

ou ,0%u

ot~ Cox?

for t > 0 subject to the initial conditions
u(z,0) = g(x) , w,uz, — 0 as z — +oo

where c is a constant.
By using a Fourier transform show that u(z,t) is given by

u(z,t) = = /jo g (x - 262’\/%) e dz .

™

[You may assume that ‘the convolution theorem for the product of two Fourier
transforms, g(w) and h(w), is

/oo g(w)h(w)e“"dw = 2r /oo 9(z)h(z — z)dz .

—00 —00

[20 marks]

PAPER CODE MATH323 Page 6 of 6 END.



