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1. By seeking a solution of the form y = Axz™ where A and n are constants,
find the general solution of

Show that the same method does not generate the general solution of the
differential equation

Verify that the general solution in this case is in fact

y(z) = cz® + cr’lnz

where c; and ¢y are arbitrary constants.
Using the method of variation of arbritrary constants, find the general solu-
tion of the differential equation

d
=2 — 3z 4 4y = 22°.
x

[20 marks]|

2. Write down the differential equation satisfied by the function y(x) for
which the functional

Ily] = /abF(:c,y')dx with y(a) = v, y(b) = n1

is stationary, where yo and y; are constants.
Given

1
Iy = /13/ 1+ 2% de with y(}) =0, y(1) = 3
2

show that the extremising function satisfies

dy A

de  z3°
where A is a constant.
Integrate this equation and use the boundary conditions to determine the
extremal y(x) and calculate the corresponding extreme value of I[y].
Compare this result with the value of I obtained for a straight line joining
the endpoints. What is the nature of the extremum?

[20 marks]
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3. A dynamical system with one degree of freedom ¢(t) is described by the
Lagrangian L(q, ¢,t) where ¢ = dgq/dt. Write down Lagrange’s equation.
The Hamiltonian H is defined by

H(g,p,t) = p¢g — L

where p = 0L/0q. Given Lagrange’s equation show that Hamilton’s equa-
tions,

om _ . om _
aq_ p7 ap_q7

follow.
A particle of mass m in motion on the z-axis in a potential V' (z) is described
by the Hamiltonian

2
P et 4 V(z,1)

where a is a positive constant. Write down Hamilton’s equations for the

system.

In the case when V(z,t) = kz cos(wt) find z(t) when the initial conditions

are z(0) = 0 and p(0) = po. Describe what happens to the particle as ¢t — oo.
[20 marks]

4. The functions u(z,y) and v(z,y) satisfy the simultaneous partial differ-
ential equations

Uy — 2uy — 3vy, = 0
3u, + 2v, + 2v, = 0.

Show that this system of differential equations is hyperbolic with character-
istics

r 4+ 2y = «a = constant

4r — y = [ = constant .
Hence show that the Riemann invariants of the system are
u + 2v = constant and 2u + v = constant .

Find solutions u(z,y) and v(z,y) such that u(0,y) = v* and v(0,y) = — v.
[20 marks]
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5. Show that the partial differential equation satisfied by u(z,y),

Uy, — dzugy + duyy + 2u, = 213

where = # 0, is parabolic with characteristics
n(z,y) = y + 2lnz = constant and v(z,y) = constant

where v(z,y) satisfies zv, # 2v,, justifying the origin of this condition.
By choosing v = x reduce the partial differential equation to the canonical
form
0%u
o2
and find its general solution in terms of z and y.
Determine the particular solution if

= 2v

x3

u(z,0) = 3 + 4(x—1)(Inz)*> and wu(l,y) = %

[20 marks]

6. Show that the most general solution of Laplace’s equation

7o oo
Ox? oy?

which is independent of y is given by ® = Ar + B where A and B are
constants. Determine A and B given that ® = 2 when x = 1 and & = — 2
when z = 2.

Verify that the transformation w = €™ is conformal for all z where w = u
+ v and z = x + 1y. Show that w = €™ maps the interior of the rectangle
with vertices (1,1), (2,1), (2,—1) and (1,—1) into the region bounded by
concentric circles centred on the origin of radii e and e**. Sketch both
regions indicating clearly where the vertices are mapped to in the w-plane.
Hence determine the solution to Laplace’s equation, ®(u,v), in the region
between the circles

u? + 02 = ¥ and ur + 2 = e

in the (u,v)-plane given that ® = 2 on the inner circle and ® = — 2 on the
outer circle.
[20 marks]
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7. The Fourier sine transform of a function f(z) defined on 0 < z < oo is

F(f@iw) = fiw) = [ f@)sinwe)do

where the inverse transform is

f(z) = 2 /oofs(w) sin(wz) dw .

T J0

Show that for a function f(z) such that both f(z) — 0 and f'(z) — 0 as
T — 00

Fy(f'(a)iw) = — &’ Fo(f(2)iw) + wf(0).

The function u(z,t) satisfies the partial differential equation
ou  Pu
ot  0x?

where 0 < < oo and 0 < t < oo and is subject to the boundary conditions
u(0,t) = A and u(z,0) = 0 where A is constant. Show, by taking the Fourier
sine transform, that

2A [ d
u(z,t) = — Uw [1 - e_k“’zt] sin(wz) .

Determine the value of u(z,t) as t — oc.

[You may use the result

o sinzx s
/ dzx = —
0 T 2

without derivation.]
[20 marks]
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