M323 JAN 2000
Instructions to candidates

Full marks can be obtained for complete answers to FIVE questions. Only the
best five answers will be taken into account.



1. Write down the differential equation satisfied by the function y(x) for
which the functional

I[y] = / F(xa Y, yl) dx y(a) = Ya, y(b) =Yp

is stationary.

Show that if F' is not an explicit function of x then the extremal curve
satisfies the equation

,OF
F—y oy =C
where C' is a constant.
For the case
a+y?)?
RS

show that the extremal curve satisfies the equation

1
A+yH)2@y+1)=¢

where ¢ is a constant. By substituting y’ = tan @ (or otherwise) show that the
equation of the extremal may be written in parametric form

y=-cicosf —1

T =—cysinf + coy
where cg is another constant, and show by eliminating # that the extremal is
an arc of a circle.

Given a =0,b=1,y, = 0,y, = 1, find ¢; and cs and hence the centre and
radius of the circle.



2. A dynamical system with one degree of freedom ¢(t) is described by the

Lagrangian L(q, ¢,t), where ¢ = %. Write down Lagrange’s equation.

The Hamiltonian H is defined as follows:

H(q,p,t) =p¢— L
o

where p = 6—2. Show that, given Lagrange’s equation, it follows that Hamilton’s

equations:

OH ) oOH )
— =-—p and — =g
9q

are also true.

A particle of mass m in motion on the x-axis is described by the Hamilto-

nian:
2

H(x,p,t) = 2p—m + kx sinwt

where k£ and w are constants. Write down Hamilton’s equations for the system.
Given initial conditions z(0) = p(0) = 0, show that the position z(t) of the

particle is given by
kt [sin wt }
Tr=— —1f.

mw wt

Prove that the particle never returns to the origin.

3. The functions u(x,y) and v(zx,y) satisfy the simultaneous partial differ-
ential equations

47— +5—=5
ox * ox + oy o
o0 _ou_ov_
dr 9y Oy

Show that this system of differential equations is hyperbolic, with characteristics
which may be chosen as follows:

1y — 5 = o = constant
y — x = [ = constant.
Hence show that the Riemann invariants of the system are
u + 6v — 2% = constant (when §3 is constant), and
u + 2v = constant, (when « is constant).

Hence write down the general solution for u(x,y) and v(z,y).



4. Show that the partial differential equation

0%z 0%z 0%z 0z 0z
2 5 2 =3— 46— 1
ox? * 0xdy * 0y? ox * oy (1)

is hyperbolic, with characteristics which may be chosen to be

v=y—2r and n=2y-—uzx.
Hence show that Equation (1) may be written in canonical form as:
0%z 0z

onov ~— an’
and find its general solution in terms of x and y.

5.
(i) Show that the most general solution of Laplace’s equation
ro oe_
ou? = Jv?
that is independent of u is given by
®=A+ Bv

where A and B are constants. Determine A, B given that ® = 3 when v = 1
and ® =5 when v = 2.

(ii) Show that the transformation

w= -,
z

where w = u + v and z = x + 1y, maps the circles
Ci: |z+il=1 and
Cy: |z242i|=2
into the lines Ly : v = 2, and Lo : v = 1 respectively. Sketch the two circles,

and by considering the point z = —3¢, show that the region between the two
circles maps into the region between the two lines.

(iii) Using the results of (i) and (ii), find ®(z,y) given that ® satisfies
Laplace’s equation

0P L 0%d B

ox2  9y?

in the region between C; and C5, with ® =5 on C; and ® = 3 on (.

0



6. The Fourier Transform of a function f(z) defined on the interval
—00 < <00 ls

Fif@iw} =T = [ 7 f@)e e da.

Show that the Fourier Transform of the function g(x) = e~%®l, where a is a
positive constant, is given by

2a
Cl2 +w2'

Show also that for a function f(x) such that f — 0 when x — +o0,

P 0y = ).

g(w) =

The function ¢(z,y) satisfies Laplace’s equation:
0? 0?
7o 0% _
ox? = 0y?
for 0 < y < h, with boundary conditions as follows:
¢(x,0) =0, ¢(z,h)= e~ b p.,— 0as x — +oo.

0

By using a Fourier Transform, show that ¢(x,y) is given by:

a /°° e sinh(wy) i
w.

o(x,y) = T (a? + w?) sinh(wh)

—0o0

7. By seeking a solution of the form y = Ax™ where A and n are constants,
find the general solution of the equation

d*y dy
2
— —br— — 16y = 0.
T e ir Y
Show that the same method does not generate the general solution of the
equation

Verify that the general solution in this case is in fact
y=cix+coxrlne

where ¢; and ¢ are arbitrary constants.

Using the the Method of Variation of Arbitrary Constants (and deriving
any formulae you use associated with the Method), find the general solution of
the differential equation



