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1. (a) f(x) is a ontinuous, di�erentiable and invertible funtion with domain[0; 1℄ and range [0; 1℄. f(x) has only three �xed points: unstable �xed points atx = 0 and 1, and a stable �xed point at x = 0:5.(i) Sketh the graph of f(x). [2 marks℄(ii) Find the basin of attration for the stable �xed point and indiate it onthe graph. [1 marks℄(b) A tent map f(x) for x in [0; 1℄ is de�ned asf(x) = 3�x for x � 12f(x) = 3�(1� x) for x > 12where 0 � � � 1.Consider the dynamial system given by iterations of this mapxn+1 = f(xn):(i) Sketh the graph of the funtion f(x) for the two ases � < 1=3 and� > 1=3. [3 marks℄(ii) Show that, provided that � 6= 1=3, the �xed points are x� = 0 for any �and x� = 3�=(1 + 3�) if � > 1=3. [7 marks℄(iii) Show that x� = 0 is a stable �xed point for � < 1=3 and that x� =3�=(1 + 3�) is an unstable �xed point. [7 marks℄Solution(a) (i) Sine the funtion is ontinuous, di�erentiable and invertible, withdomain and range [0; 1℄, it must be as below. [2 marks℄
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(ii) Sine the �xed point at x = 1=2 is stable, and the other �xed pointsare unstable, the basin of attration for the stable �xed point must be ℄0; 1[, asindiated. [1 mark℄(b) (i) For � < 1=3 the graph is thus
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For � > 1=3 the graph is thus

[3 marks℄(ii) Fixed points are where x = f(x).Two ases to onsider x � 1=2and x > 1=2If x � 1=2 we need x = f(x) = 3�x) x(1� 3�) = 0) x = 0 (� 6= 1=3)If x > 1=2 we need x = f(x) = 3�(1� x)) x+ 3�x = 3�) x = 3�1 + 3�Paper Code MATH 322 Page 3 of 32 CONTINUED



But x = 3�1 + 3� is only > 1=2 as required if3�1 + 3� > 1=2) 3� > 1=2 + (3=2)�) � > 1=3:Hene, for � 6= 1=3; the �xed points are x� = 0 for any � and x� = 3�1 + 3� if� > 1=3. [7 marks℄(iii) For stability we need jf 0(x�)j < 1.For x� = 0; f 0 = 3� so in this ase we needj3�j < 1) 3� < 1 (0 � � � 1)) � < 1=3For x� = 3�1 + 3�; f 0 = �3�.But � > 1=3 for this �xed point sojf 0(x�)j = j � 3�j > 1Hene this �xed point is unstable. [7 marks℄[All overed in problem sheets, tutorials and letures℄
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2. (a) Consider the dynamial system obtained by iterating the mapf(x) = 1� 2�x2for x 2 [�1; 1℄ and 0 < � < 2.Show that one of the �xed points of the system is at x� = (�1+p1 + 8�)=4�and show that this �xed point is stable if � < 3=8. [5 marks℄(b) Now investigate the properties of f (2)(x) = f(f(x)).(i) Show that this map has an additional �xed point atx� = 1 +p8�� 34� : [8 marks℄(ii) Show that x� orresponds to a 2-yle of f(x) and that this is stable for3=8 < � < 5=8. [7 marks℄Solution(a) For �xed points we needx = f(x) = 1� 2�x2) 2�x2 + x� 1 = 0) x = �1�p1 + 8�4�Hene the system has a �xed point atx� = �1 +p1 + 8�4� :For stability we need jf 0(x�)j < 1.Now f 0(x) = �4�x sof 0(x�) = �4���1 +p1 + 8�4� �= 1�p1 + 8�Hene for jf 0(x�)j < 1 we needPaper Code MATH 322 Page 5 of 32 CONTINUED



�1 < 1�p1 + 8� < 1) �2 < �p1 + 8� < 0) 2 > p1 + 8� > 0) 4 > 1 + 8� > 0 (� > 0)) 3 > 8� > �1) �1=8 < � < 3=8Hene the �xed point is stable if � < 3=8 sine � > 0. [5 marks℄(b) (i) For f (2)(x) we havef (2)(x) = 1� 2�(1� 2�x2)2= 1� 2�(1 + 4�2x4 � 4�x2)= 1� 2�� 8�3x4 + 8�2x2= �8�3x4 + 8�2x2 � 2�+ 1Hene for �xed points we needx = f (2)(x) = �8�3x4 + 8�2x2 � 2�+ 1) 8�3x4 � 8�2x2 + x+ 2�� 1 = 0 (1)Now we know that the �xed points of f(x) are also �xed points of f (2)(x) so,from part (a), (2�x2+x�1) is a fator of the LHS of equation (1). Let the otherfator be (Ax2 +Bx+ C).Substituting, expanding, and olleting terms we have(2�x2 + x� 1)(Ax2 +Bx + C) = 2�Ax4 + Ax3 � Ax2 + 2�Bx3 +Bx2 � Bx+ 2�Cx2 + Cx� C= 2�Ax4 + (A + 2�B)x3 + (�A +B + 2�C)x2+ (�B + C)x� C:Comparing oeÆients in this and the LHS of equation (1) we have:For x4 2�A = 8�3) A = 4�2:Paper Code MATH 322 Page 6 of 32 CONTINUED



For x3 A+ 2�B = 0) B = � A2� = �2�:For onstant terms �C = 2�� 1) C = 1� 2�:This is suÆient but we an also hek with the x2 and x terms.For x2 �A+B + 2�C = �4�2 � 2�+ 2�� 4�2= �8�2;whih is orret.For x �B + C = 2�+ 1� 2� = 1;whih is orret.Hene the two �xed points of f (2)(x) whih are not also �xed points of f(x),whih we already know from above, are the roots of4�2x2 � 2�x+ 1� 2� = 0so are x� = 2��p4�2 � 16�2(1� 2�)8�2= 2��p32�3 � 12�28�2= 2�� 2�p8�� 38�2= 1�p8�� 34� :Paper Code MATH 322 Page 7 of 32 CONTINUED



Hene f (2)(x) has an additional �xed point atx� = 1 +p8�� 34� :[8 marks℄(ii) Iterating using f starting at x0 = x� we havex1 = f(x0) = f(x�):Applying f again we havex2 = f(x1)= f(f(x0))= f(f(x�))= x� (sine x� is a �xed point of f(f(x)))= x0:Hene x� orresponds to a 2-yle of f(x).For stability we need ����d(f(f(x)))dx ����x� < 1:Using the hain rule we haved(f(f(x)))dx ����x� = dfdx ����x1 dfdx ����x2 ;where x1; x2 are the two �xed points of f (2) whih are not �xed points of f .Hene we haved(f(f(x)))dx ����x� = (�4�x1)(�4�x2)= 16�2�1 +p8�� 34� ��1�p8�� 34� �= 1� 8�+ 3= 4� 8�:Hene for stability we needPaper Code MATH 322 Page 8 of 32 CONTINUED



j4� 8�j < 1) �1 < 4� 8� < 1) �5 < �8� < �3) 5 > 8� > 3) 3=8 < � < 5=8:Hene the 2-yle is stable for 3=8 < � < 5=8, as required. [7 marks℄[All overed in problem sheets, tutorials and letures℄
3. Consider the dynamial systems de�ned by iterations of a funtion f(x)in the following four ases:(i) f(x) = 3x (mod 1)(ii) f(x) = x + 2:1 (mod 1)(iii) f(x) = p3x2; 0 � x � 1(iv) f(x) = 5x� 3x3; x 2 R:(a) In eah ase, �nd any �xed points and determine their stability. [8 marks℄(b) For ases (i) and (ii), �nd the Lyapunov exponent and say what you andedue from its value. [8 marks℄() For ases (i) and (ii), disuss the limiting behaviour as n ! 1 and howthis is a�eted by the starting value, x0: [4 marks℄Solution(a) (i) Although the question does not ask for a graph, we do a sketh to helploate the �xed points. The graph is thus

Paper Code MATH 322 Page 9 of 32 CONTINUED



From the graph we an see that there are two �xed points, whih we need to�nd analytially, as follows.For �xed points we need x = f(x).In this ase we need x = f(x) = 3x (mod 1)) 3x = x + 0) x = 0or 3x = x+ 1) x = 1=2:Note that x = 1 is not a �xed point sinef(1) = 3 (mod 1)= 06= 1:Paper Code MATH 322 Page 10 of 32 CONTINUED



Hene the �xed points are at x = 0 and x = 1=2.Sine f 0(x) = 3 throughout the range of x, and 3 > 1, both �xed points areunstable.(ii) Again we do a graph, whih is thus

We see from the graph that there are no �xed points sine the graph of f(x)never intersets that of f(x) = x. We show this analytially as follows.We need x = f(x) = x+ 2:1 (mod 1)) x+ 2:1 = x+ 0 = x:This equation an never be true so there are no �xed points.(iii) We note that the funtion is a simple quadrati and again we an drawa quik graph, whih is thus
Paper Code MATH 322 Page 11 of 32 CONTINUED



This shows that there are two �xed points, one at x = 0, but we need toloate the non-zero �xed point analytially.We need x = f(x) = p3x2)p3x2 � x = 0) x(p3x� 1) = 0) x = 0 or x = 1=p3Hene �xed points are at x = 0 and x = 1=p3We have f 0(x) = 2p3xHene at x = 0, f 0(0) = 0 so the �xed point at x = 0 is superstable.At x = 1=p3, f 0(1=p3) = 2 so jf 0j > 1 and the �xed point is unstable.(iv) The funtion is too ompliated for it to be worth doing a graph. Henewe work purely analytially.In this ase we needx = f(x) = 5x� 3x3Paper Code MATH 322 Page 12 of 32 CONTINUED



) 3x3 � 4x = 0) x(3x2 � 4) = 0) x = 0 or 3x2 = 4) x = �2=p3Hene �xed points are at x = 0, x = 2=p3 and x = �2=p3.f 0(x) = 5� 9x2.Hene at x = 0, f 0(0) = 5 > 1 so the �xed point is unstable.At both x = 2=p3 and at x = �2=p3, we have f 0 = 5 � 9 � 4=3 = �7 sojf 0j > 1 and both �xed points are unstable. [8 marks℄(b) (i) Starting with x0, the iterations are as followsx1 = 3x0 (mod 1)x2 = 3x1 = 32x0 (mod 1): : :: : :xn = 3nx0 (mod 1)Hene dxndx0 = 3n so the Lyapunov exponent, �; is given by� = limn!1 1n ln ����dxndx0 ����= limn!1 1n ln(3n)= limn!1 1nn ln(3) = ln(3) > 0Sine � > 0 the motion an be haoti (depending on the starting value), withnearby trajetories diverging.(b) (ii) Starting with x0, the iterations are as followsx1 = x0 + 2:1 (mod 1)x2 = x1 + 2:1 = x0 + 2� 2:1 (mod 1): : :: : :xn = x0 + n� 2:1 (mod 1)Hene dxndx0 = 1 so the Lyapunov exponent, �; is given byPaper Code MATH 322 Page 13 of 32 CONTINUED



� = limn!1 1n ln 1 = 0Hene, the motion is not haoti and, sine 2.1 is a rational number, themotion is periodi. [8 marks℄() (i) From above, the �xed points are unstable and the motion haoti ifnot starting at a �xed point and if x0 is irrational. If x0 is rational we haveperiodi behaviour (inluding 1yles). There is sensitive dependene on theinitial onditions, with neighbouring trajetories diverging.(ii) Sine 2.1 is rational, the motion is periodi. Sine, in its lowest terms, wehave 2:1 = 2110, we have a 10-yle. We an show this as follows.xn+10 = xn + 10� 2110 (mod 1)= xn + 21 (mod 1)= xn[4 marks℄[Past exam question. All overed in tutorials, letures and lasswork℄

Paper Code MATH 322 Page 14 of 32 CONTINUED



4. Consider the dynamial system xn+1 = f(xn; yn); yn+1 = g(xn; yn) gener-ated by the funtions f(x; y) = x2 � y2 + ag(x; y) = 3xy;where a is a onstant.(i) Show that the system has �xed points given by x� = 12 �1�p1� 4a� ; y� =0 for a < 1=4 and x� = 1=3; y� = �13 �p9a� 2� for a > 2=9. [7 marks℄(ii) Linearize the system about the appropriate �xed points for a < 2=9 andshow that the system has a stable �xed point for �4=9 < a < 2=9. [8 marks℄(iii) Consider the set of points on a irle of radius r entred at the origin.Show that they are mapped under one step of this dynamial system to an ellipseand sketh the ellipse for a = 2; r = 1. [5 marks℄Solution(i) The system is f(x; y) = x2 � y2 + ag(x; y) = 3xywhere a is a onstant.For the �xed points we need, simultaneouslyx = f(x; y) = x2 � y3 + a (1)and y = g(x; y) = 3xy (2):Rearranging equation (2) we havey(3x� 1) = 0) y = 0 or x = 1=3:For y = 0, substituting in equation (1) givesPaper Code MATH 322 Page 15 of 32 CONTINUED



x2 � x+ a = 0) x = 1�p1� 4a2This is an aeptable (real) solution for 1� 4a > 0) a < 1=4.Hene there are �xed points atx� = 12(1�p1� 4a); y� = 0 (a < 1=4):For x = 1=3, substituting in equation (1) gives1=3 = 1=9� y2 + a) y2 = a� 2=9) y = �13(p9a� 2):This is an aeptable (real) solution for 9a� 2 > 0) a > 2=9.Hene the other �xed points are atx� = 1=3; y� = �13(p9a� 2) (a > 2=9):[7 marks℄(ii) For a < 2=9 we only need to onsider the �rst �xed points.The Jaobian matrix is given byJ = 264 �f�x �f�y�g�x �g�y 375 = � 2x �2y3y 3x � :Sine y = 0 for both �xed points, it is easiest to substitute this value in theJaobian matrix to give, at the �xed points,J jFP 0s = � 2x 00 3x � :We note that this is a diagonal matrix so its eigenvalues are just the diagonalentries so, denoting the �xed points as x�+ and x�� in the usual way, and the twoeigenvalues in eah ase by �1 and �2 we haveFor x�+Paper Code MATH 322 Page 16 of 32 CONTINUED



�1 = 2x�+ = 1 +p1� 4aand �2 = 3x�+ = 32(1 +p1� 4a):Hene, sine p1� 4a > 0 for a < 2=9, j�1j; j�2j > 1 so this �xed point isunstable.For x�� �1 = 2x�� = 1�p1� 4aand �2 = 3x�� = 32(1�p1� 4a):j�1j is learly < 1 for a < 2=9.For j�2j < 1 we need j32(1�p1� 4a)j < 1) �1 < 32(1�p1� 4a) < 1) �2=3 < 1�p1� 4a < 2=3) �5=3 < �p1� 4a < �1=3) 5=3 > p1� 4a > 1=3) 25=9 > 1� 4a > 1=9) 16=9 > �4a > �8=9) �16=9 < 4a < 8=9) �4=9 < a < 2=9Hene there is a stable �xed point for �4=9 < a < 2=9. [8 marks℄(iii) Points on a irle of radius r entred at the origin have oordinatesx0 = r os �; y0 = r sin �;where r and � are the usual polar oordinates.Substituting in the system equations, under one step of the system the irleis mapped to the set of points (x1; y1) given byPaper Code MATH 322 Page 17 of 32 CONTINUED



x1 = x20 � y20 + a = r2 os2 � � r2 sin2 � + a= r2 os(2�) + aand y1 = 3x0y0 = 3r2 sin � os �= 32r2 sin(2�)Changing variables to x1 � a = z1 to move the origin to the point (a; 0) wehave x1 � a = z1 = r2 os(2�)y1 = 32r2 sin(2�):Hene os(2�) = z1r2 and sin(2�) = 23 y1r2so, sine os2(2�) + sin2(2�) = 1; z21r4 + 4y219r4 = 1) (x1 � a)2r4 + y2194r4 = 1:Comparing with the standard equationx2A2 + y2B2 = 1for an ellipse entred at the origin, with semi-axes of lengths A and B, this isan ellipse entred at (a; 0) with semi-axes of lengths r2 and 32r2.With a = 2 and r = 1 the ellipse is as shown below.
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[5 marks℄[All overed in problem sheets, tutorials and letures℄
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5. Consider the dynamial system desribed by the equationsdxdt = (1� x)(1� bx) + 2x2ydydt = bx(1� x)� 2x2y;where b is a real positive parameter.(i) Find the �xed point of the system and disuss its stability for b > 0, withb 6= 3 and b 6= 3 + 2p2. [ 8 marks℄(ii) For the partiular ase of the system when b = 4, onsider trajetorieswhih pass through the four points (1=4; 0), (1; 1), (2; 0), and (1;�1) and skeththe diretions of the tangents to these trajetories. [7 marks℄(iii) Give plausibility only arguments that the system has a stable limit ylewhen b � 4. [3 marks℄(iv) Disuss whether this system exhibits haoti behaviour. [2 marks℄Solution(i) For the �xed point we need, simultaneously,dxdt = f(x; y) = (1� x)(1� bx) + 2x2y = 0 (1)and dydt = g(x; y) = bx(1� x)� 2x2y = 0 (2)Noting the ommon term 2x2y we add equations (1) and (2) to give(1� x)(1� bx) + bx(1� x) = 0) (1� x)(1� bx + bx) = (1� x) = 0) x = 1:Substituting in equation (2) now gives�2y = 0) y = 0:Hene the system has a single �xed point at (1; 0).Paper Code MATH 322 Page 20 of 32 CONTINUED



To investigate the stability of the �xed point we need the Jaobian matrixJ = 264 �f�x �f�y�g�x �g�y 375evaluated at (1; 0).Di�erentiating, we have�f�x = �(1� bx)� b(1� x) + 4xy= �1� b+ 2bx + 4xyso �f�x ����(1;0) = b� 1: �f�y = 2x2so �f�y ����(1;0) = 2: �g�x = b(1� x)� bx� 4xyso �g�x ����(1;0) = �b: �g�y = �2x2so �g�y ����(1;0) = �2:Hene we have J j(1;0) = � b� 1 2�b �2 � :Charateristi equation to �nd eigenvalues of J isdet(J � �I) = 0) ���� b� 1� � 2�b �2� � ���� = 0) (b� 1� �)(�2� �) + 2b = 0Paper Code MATH 322 Page 21 of 32 CONTINUED



) �2b + 2 + 2�� b� + �+ �2 + 2b = 0) �2 + (3� b)� + 2 = 0) � = (b� 3)�p(b� 3)2 � 82 :The nature of � depends on the square root term. If(b� 3)2 � 8 < 0) (b� 3)2 < 8) �2p2 < b� 3 < 2p23� 2p2 < b < 3 + 2p2we have a omplex onjugate pair of eigenvalues�� = (b� 3)� ip8� (b� 3)22and, hene, spiral behaviour.Stability depends on Re(��).If b > 3, Re(��) > 0 so the �xed point is an unstable spiral repellor.If b < 3, Re(��) < 0 so the �xed point is a stable spiral attrating node.b 6= 3 given.If (b � 3)2 � 8 ) 0 < b � 3 � 2p2 (� 0:17) or b > 3 + 2p2 (� 5:83) thereare two real eigenvalues.If 0 < b � 3 � 2p2 we have �3 < b � 3 � �2p2 so b � 3 < 0 and hene3� b > 0. �� is learly < 0 in this ase. �+ is also < 0 sine we havep(b� 3)2 � 8 =p(3� b)2 � 8 < 3� b (3� b > 0)) b� 3 +p(3� b)2 � 8 < 0Hene in this ase the FP is a stable node.If b > 3 + 2p2, on the other hand, b � 3 > 0 so p(b� 3)2 � 8 < b � 3 andhene �� > 0.Hene in this ase the FP is an unstable node. [8 marks℄(ii) Case b=4.Tabulating the values at the given points we have
Paper Code MATH 322 Page 22 of 32 CONTINUED



(x; y) dx=dt dy=dt dy=dx = dy=dtdx=dt(1� x)(1� 4x) + 2x2y 4x(1� x)� 2x2y(1=4; 0) 0 > 0 +1(1; 1) 2 �2 �1(2; 0) 7 �8 �8=7(1;�1) �2 2 �1Hene the tangent diretions are as shown below.

[7 marks℄(iii) From part (i), the �xed point at (1; 0) is an unstable spiral repellor forb = 4. From the tangent diretions, the trajetory is lose to a limit yle. Thissuggests that there is a limit yle when b � 4.Now b = 4 is between the hange from a spiral attrator to a spiral repellor atb = 3 and the hange from a spiral repellor to an unstable node at b = 3 + 2p2.It is plausible that there is a Hopf bifuration at b = 3, giving rise to the spiralrepellor with a surrounding limit yle. [3 marks℄(iv) Being a 2-D ontinuous time system with ODE's, this system annotexhibit haoti behaviour beause of the Poinare-Bendixson Theorem, whihstates that trajetories approah either a �xed point or a limit yle. 3-D isrequired for haos. The Poinare-Bendixson Theorem is a result of the regionbeing bounded and the No-rossing Theorem. [2 marks℄[All overed in problem sheets, tutorials and letures℄Paper Code MATH 322 Page 23 of 32 CONTINUED



6. (a) The Sierpinski arpet is onstruted from a unit square by dividing thesquare into 3 � 3 smaller equal squares, removing the entral smaller square toleave the 8 smaller squares around the perimeter, then repeating the proedurefor these 8 squares, and so on.(i) Sketh the �rst three levels of this proess, starting with and inluding theunit square itself. [2 marks℄(ii) Find the apaity dimension of the resulting in�nite set. [4 marks℄(b) A dynamial system on [0; 1℄ is given byxn+1 = f(xn)where f(x) = 0 for 14 < x < 34f(x) = 4x (mod 1); otherwise.(i) Sketh the graph of f(x). [2 marks℄(ii) Show that the �xed points of this system are unstable. [2 marks℄(iii) Consider the set S of initial points x0 for whih xn 6= 0 as n!1. Obtaina desription of S and use it to �nd the apaity dimension of S. [8 marks℄(iv) Give an example in base 4 of an initial value x0 for whih the system willshow periodi behaviour. [2 marks℄Solution(a) (i) The �rst three stages are thus

[2 marks℄(ii) Using boxes whih over the individual small squares, and tabulating thelevels, we havePaper Code MATH 322 Page 24 of 32 CONTINUED



Level No. of boxes, N(�) Size of boxes, �0 1 11 8 1/32 8� 8 = 82 1=3� 1=3 = (1=3)2... ... ...n 8n (1=3)nHene, for the apaity dimension, d, we need the limit, as n!1, ofN(�) = 8n = A((1=3)n)�d = A(3)ndwhere A is a onstant.Taking logs we have n ln 8 = lnA+ nd ln 3) ln 8 = 1n lnA+ d ln 3:The �rst term on the RHS learly ! 0 as n!1 so we haveln 8 = d ln 3) d = ln 8ln 3 � 1:893:[4 marks℄
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(b) (i) The graph of f(x) is thus

[2 marks℄(ii) From the graph, there is only one �xed point, at x = 0.The point x = 1 is not a �xed point sine f(1) = 3 (mod 1) = 0 6= 1At x = 0, f 0(x) = 4 so jf 0(0)j > 1 and the �xed point is unstable. [2 marks℄(iii) The set S of initial points for whih xn 6= 0 as n !1 an be desribedas follows.Divide the interval [0; 1℄ into four equal subintervals, as in the above graph,namely the 1st; 2nd; 3rd and 4th subintervals.Denote by Q the operation of removal of the 2nd and 3rd subintervals, leavingthe other two. Now apply Q to eah of the two remaining subintervals. Clearly,f(f(x)) = 0 for every x in the 2nd and 3rd parts of these subintervals, leaving uswith 22 = 4 subintervals. This proess is repeated inde�nitely to remove all x0for whih xn ! 0 as n!1.
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Graphially, the proedure is similar to that for the Cantor set, but removingthe setion of length 1=2 of the segment length in the entre of eah of thesegments at eah stage, thus

Using boxes to over the line segments and tabulating the results we haveLevel No. of boxes, N(�) Size of boxes, �0 1 11 2 1/42 2� 2 = 22 1=4� 1=4 = (1=4)2... ... ...n 2n (1=4)nUsing the same proedure as in part (a)(ii) we haveN(�) = 2n = A((1=4)n)�d = A(4)nd:Taking logs we have n ln 2 = lnA+ nd ln 4so, in the limit as n!1, d = ln 2ln 4 = 0:5:[8 marks℄(iv) A reurring expression with no "1" or "2" digits in base 4 will orrespondto a yle and hene show periodi behaviour. For example, in base 4, the number0:003003003 : : : : : : reurringorresponds to a 3-yle. [2 marks℄[All overed in problem sheets, tutorials and letures. Also past exam questionand lasswork℄Paper Code MATH 322 Page 27 of 32 CONTINUED



7. Consider the Lorenz systemdxdt = y � xdydt = �x� y � xzdzdt = �z + xy ;with � a real positive onstant.(i) Show that the origin is a �xed point, P1 = (0; 0; 0), and that its stabilitydepends on eigenvalues � satisfying(�+ 1) ��2 + 2�+ 1� �� = 0 : [5 marks℄(ii) Dedue that this �xed point is stable only when 0 < � < 1. [5 marks℄(iii) Show that there are two further �xed pointsP2 ; P3 = ���(�� 1)1=2 ; �(�� 1)1=2 ; (�� 1)�	 ;when � > 1 and that their stability depends on eigenvalues � satisfying�3 + 3�2 + (1 + �)� + 2(�� 1) = 0 : [7 marks℄(iv) Show that, if �z = z � �� 1, then12 ddt �x2 + y2 + �z2� = �x2 � y2 � ��z + 12(� + 1)�2 + 14(� + 1)2 ;so that px2 + y2 + �z2 dereases for all states outside a partiular sphere (imply-ing the existene of an attrator). [3 marks℄Solution(i) The system is dxdt = y � x = f(x; y; z)dydt = �x� y � xz = g(x; y; z)dzdt = �z + xy = h(x; y; z)Paper Code MATH 322 Page 28 of 32 CONTINUED



with � > 0.For a �xed point we need dxdt = dydt = dzdt = 0.This is learly true for x = y = z = 0 so P1 = (0; 0; 0) is a �xed point, asrequired.To investigate stability we need the eigenvalues of the Jaobian matrix, J ,given by
J = 2666664 �f�x �f�y �f�z�g�x �g�y �g�z�h�x �h�y �h�z

3777775 = 24 �1 1 0�� z �1 �xy x �1 35 :Substituting (x; y; z) = (0; 0; 0) we haveJ jP1 = 24 �1 1 0� �1 00 0 �1 35 :For the eigenvalues we need to solve det(J � �I) = 0, giving������ �1� � 1 0� �1� � 00 0 �1� � ������ = 0) (�1� �)(�1� �)(�1� �)� (�(�1� �)) = 0) �(1 + 2�+ �2)(1 + �) + �(1 + �) = 0) (1 + �)[�2 + 2�+ 1� �℄ = 0 (1)as required. [5 marks℄(ii) For stability we need all solutions of equation (1) to have � < 0, or tohave Re(�) < 0:� = �1 < 0 is one obvious solution.Using the formula for the other two, and denoting them by ��, we have�� = �2�p4� 4(1� �)2= �1�p�Clearly �� < 0 sine p� > 0 by de�nition.Paper Code MATH 322 Page 29 of 32 CONTINUED



For �+ < 0 we need �1 +p� < 0)p� < 1) � < 1Hene, sine � > 0 by de�nition, P1 is stable only when 0 < � < 1. [5 marks℄(iii) Fixed points are wheredxdt = y � x = 0) y = x (1)dydt = �x� y � xz = 0 (2)dzdt = �z + xy = 0 (3)Substituting from equation (1) in equation (2) we have�x� x� xz = 0) x(�� 1� z) = 0) x = 0 or z = �� 1:Substituting y = x and z = �� 1 in equation (3) we have�� + 1 + x2 = 0) x = �p�� 1 (� > 1 so that x is real)) y = x = �p�� 1Hene there are two further �xed points atP2; P3 = f(�(�� 1)1=2;�(�� 1)1=2; (�� 1)g (� > 1):Let R = �(�� 1)1=2.Substituting in the Jaobian matrix as before we haveJ jP2;P3 = 24 �1 1 01 �1 �RR R �1 35Paper Code MATH 322 Page 30 of 32 CONTINUED



Hene, using det(J � �I) = 0, we have������ �1� � 1 01 �1� � �RR R �1� � ������P2;P3 = 0) (�1� �)((�1� �)(�1� �) +R2)� ((�1� �) +R2) = 0) (�1� �)(1 + 2�+ �2 +R2) + 1 + ��R2 = 0) �1� 2�� �2 �R2 � �� 2�2 � �3 �R2�+ 1 + ��R2 = 0) �3 + 3�2 + (2 +R2)�+ 2R2 = 0) �3 + 3�2 + (2 + �� 1)�+ 2(�� 1) = 0) �3 + 3�2 + (1 + �)�+ 2(�� 1) = 0as required. [7 marks℄(iv) Let z = z � �� 1.Using the hain rule we have12 ddt(x2 + y2 + z2) = 12(2xdxdt + 2ydydt + 2z dzdt )= xdxdt + ydydt + z dzdt :Now from the de�nition of z, we have dzdt = dzdt so, substituting using thesystem equations for dxdt et. we have12 ddt(x2 + y2 + z2) = xdxdt + ydydt + zdzdt= x(y � x) + y(�x� y � x(z + �+ 1)) + z(�z � �� 1 + xy)= xy � x2 + �xy � y2 � xyz � xy�� xy � z2 � z�� z + xyz= �x2 � y2 � z2 � z(� + 1)= �x2 � y2 � �z + 12(�+ 1)�2 + 14(�+ 1)2by ompleting the square, as required.For px2 + y2 + z2 to derease we needddt(x2 + y2 + z2) < 0;Paper Code MATH 322 Page 31 of 32 CONTINUED



whih is true provided that�x2 � y2 � �z + 12(�+ 1)�2 + 14(�+ 1)2 < 0) �x2 � y2 � �z + 12(� + 1)�2 + 14(�+ 1)214(�+ 1)2 < 0) �x2 � y2 � �z + 12(� + 1)�214(�+ 1)2 + 1 < 0) x2 + y2 + �z + 12(�+ 1)�214(� + 1)2 > 1) x214(�+ 1)2 + y214(�+ 1)2 + �z + 12(�+ 1)�214(�+ 1)2 > 1:Comparing the LHS of this equation with the standard form for a sphere ofx2A2 + y2A2 + z2A2 = 1shows that px2 + y2 + z2 dereases outside the sphere with equationx214(�+ 1)2 + y214(�+ 1)2 + �z + 12(�+ 1)�214(�+ 1)2 = 1implying the existene of an attrator sine px2 + y2 + z2 is the distane ofthe point (x; y; z) from the origin. [3 marks℄[Past exam question. All overed in tutorials, letures and lasswork℄
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