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1. Consider the dynamical system given by iterations of a function f(z)
defined ou z € [0, 1], where

1
fl2)=2(1— =), 2 <ax <l
Find the fixed points of this system and show that they are unslable.
|5 marks|
Find F{z) = f{f{z}). Sketch () and find all of its fixed points.
[12 marks]

Discuss the sensitivity of this system to the initial condition.  [3 marks]

2. Consider the dynamical system given by iterations of a function f{x).
Define a fixed point of this system, and derive a general condition for it
o be stable. {You need not discuss the case when the general condition is

inconclusive.) Whal additional condition must be satistied for the fixed pomt
to be superstable? [6 marks]

(a} Consider the dypamical system given by iterations of a function
f(z)=1— px?, z e ]-1,1]
where g is a real, positive parameter. F(z) = f(f(x)) has a fixed point at

e 1EVI3

a 2
Show that this is a 2-cycle of f. [3 1iarks|
Find the value of p for which this fixed point is superstable. 6 marks;

(b) Consider the fractal sct generated by removing the middle 1/4 of the
line segment. (0,1}, and then repeatedly removing the middle 1/4 of each
remaining line scgment. Find the capacity dimension of the resulling set.
[5 marks]
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3. Consider the dynamical systemn defined by iterations of a function
Sz} in the lollowing four cases:

(i) ( = 2% (mod 1)

(ii) flz) ==+ 2/V3 (mod 1)

(i) flz)=2%,0<2<1

(iv) f(x) = %.’1:—2:1?3,;661?,

In cach casc find any fixed points and determine their stability. [10 marks;
For cases (1) and (ii) find the Lyapounov exponent. For all four cases
discuss the behaviour of the system as the number of iterations becones
large (this may depend on the starting value xy). [10 marks]

4. Consider a dynamical system defined by iterates of the functional re-
lationships
Lyl = f(x-n.: yn.J B Ynel = 8 (:I"n: yn-)

with
fley) =14 y—ax®, glr,y) ==z, a > (.
Shiow that this system is invertible by finding the inverse map. [3 marks]

Consider the system for all {x,y) and find all fixed points. Lineartse the
system about them and discuss their stability. 112 marks]

Deline what it means for a two-dimensional dynanical system to be
{1) dissipative

{i1) arca-prescrving

{iii) area-expanding.

Classify the dynamical system above, [5 marks]
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5. {a) Consider the dynamical system desceribed by

e .
— = {1 -u) 2k
dt ( ) Y
d r
Eg = ;I:(l — 11) — KL'AQ‘;.
Show that the trajectories cannot cross in phase space. 12 marks] Find
any fixed points and determine their stability. |8 marks

(b) Show that the equation

d*z de

E + 25 +ua=10
can be written as two coupled first-order differential equations. Find the
fixed point. Sketch the tangents to the trajectories passing through the four
poiuts (x,y) = (£1,2£1). Hence sketch the trajectories in phase space for the
whole plane. Deduce the basin of attraction of the fixed point.  [10 marks]
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6.  Consider the equations

i
— =2y—2
di 4 I
1.
iﬂ% —ar —xrz-—Y
dz
pri Ty — 22

where @ is a real, positive paramcter.
Show that this system of cquations describes a dissipative systew
|2 marks]
Show that the origin is a fixed point and find any other fixed points of
these equations. [5 marks;
Consider the fixed point at the origin and determine its stability for all
values of the parameter a. |6 marks]
For the particular value a = 4/3, determine the stability of the non-zero
fixed points given that one of the cigenvalues is —1. (7 marks|

7. Discuss briefly all of the three following topics:
(1} A model for diffusion limited ageregation that exhibits fingering.
7 marks]

{i1) Intermittency. [6 marks]
(iti) The period-doubling route to chaos. [7 marks|
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