MATH298 May 2004 exam: solutions (part A)

All problems are similar to homework or class examples, except where stated explicitly as book-
work.

1. (a) Use Gaussian elimination method to show that one of the following systems has no solutions
and the other has an infinite number of solutions. (HINT: find the rank of A and A|b and

compare with n, the number of unknowns):
)]
i) 1 -2 -3 =1 4

2 o) [=] o)

Answer
1 -4 1 |-2 o 1 —4 1 ]-2
1 -2 -3|4 (”_)”_gl ) 0 2 —4|6
2 -7 09 T o 1 -2 13
1 -4 1 |-2

(7'3—>7"3—%7"2) 0 2 —4 6
10 0 0|10

We have rank (A) = 2 # rank(A|b) = 3. Therefore, the system Ax = b has

no solutions |.

7 marks for this part

1 -3 -1 T 3
(ii) Question | 2 =5 —4 |- |y [ =[5
1 4 1 z 4
Answer
1 -3 —-1|3 1 -3 —-1] 3
9 —5 —4|5 (’"2*?"2_2“) 0 1 —2|-1
1 —4 1|4 |\NBTTN Sl -1 2|1
1 -3 —-1] 3
(7’3-)7'3-{-7’2) 0o 1 —-2|-1
10 0 0] 0

We have rank (A) = rank (A |b) = 2. Therefore, the system Ax = b has an | infinite number of solutions. |

7 marks for this part

(b) Question Find the general solution of whichever of the above systems is consistent and
write the solution in parametric form
Answer The general solution of the system (ii) in parametric form is: z = ¢, y =
—1+2z2=-1+2c,2=3+2+3y =34+ c— 3+ 6¢c = Tc, where c is an arbitrary constant.

r="Tc, y=—1+2¢c, z=rc.

3 marks for this part

Total for this question: 17 marks




2.

(a) Question Find the adjoint, adj (A), determinant, det A, and inverse, A=', of the square

matriz
1 0 -2
A=|2 -1 -1
1 -1 -1

Answer The minors are:

[ | -1 -1 2 -1 2 =1
-1 -1 1 -1 1 -1
0 -1 -1
minors (A) = _01 :f }:f } _01 =] -2 1 -1
-2 3 -1
0 —2] |1 =2] |1 0
-1 -1 |2 -1 ~1 ]
The cofactors are: )
0 1 -1
cof(A)=1] 2 1 1
—2 -3 1|
The adjoint matrix is:
0 2 =2
adj(A)=cof (A)"=| 1 1 -3
11 -1
Check by multiplying:
1 0 -2 0 2 -2 2 00
Aadj(A)=|2 -1 =1 |-| 1 1 =3|=]0 2 0|=21,
1 -1 -1 -1 1 -1 0 0 2
thus
det(A) =2
and
1 0 1 —1
A‘1:§adj(A): 1/2 1/2 -3/2
~1/2 1/2 —1/2

11 marks for this part

(b) Question Using your result from part (2a), find the solution to the system of simultaneous
equations

r—2z = 1,
20 —y—2z = =2,
rT—y—z = 3.

2



Answer

T 0 1 -1 1 -5
x = A 'b; y | =1 1/2 1/2 -3/2 -2 | =1]-5
z -1/2 1/2 -1/2 3 -3

6 marks for this part

Total for this question: 17 marks

3. Consider the matriz

0 01
A= -1 21
-3 0 4

e Question Write down its characteristic polynomial. Verify that its eigenvalues are \y = 1,
/\2:2 and/\3:3.
Answer Characteristic polynomial:

-2 0 1
det(A=XI)=| -1 2—-X 1 = —A2=-N)(4=N)+3(2=)) = (2=N) (N2 =4X+3) = = \34+6)%—1
-3 0 4-2)

Check that A = {1, 2, 3} are its roots:

A=1: 13 4+6%x12—-11%x14+6=—-12+12=0. v
A=2: —22 4 6%x22—-11%24+6=-30+30=0. v
A=3: —334+6%x32—-11%x3+6=—60+60=0. v

5 marks for this part

e Question Find an eigenvector for each of the three eigenvalues.
Answer For )\; =1, equation (A — \I)x = 0 takes the form

-1 0 1 Ty 0
-1 2-1 1 v | =10
-1 0 1]0 10 1(0
=[-11 10| <« |0 10]|0
-3 0 3]0 0 0 0]0
hence we may choose
T 1
Vi= | Y1 | = 0
21 —1



For Xy =2, equation (A — A\I)x = O takes the form

-2 0 1 Ty 0
-1 2-2 1 Y2 | =10
-3 0 4-2 2 0
-2 0 1]0 -2 0 110
=|-10 1|0 & 0 0 —-11]0
-3 0 2|0 0 0 010
hence we may choose
i) 0
vo= |y | =|1
z9 0

For A3 =3, equation (A — A\3I)x = 0 takes the form

-3 0 1 T3 0
-1 2-3 1 y3 | =10
-3 0 4-3 23 0
-3 0 110 [ -3 0 1|0 -3 0 110
=|-1-11/0| < | 3 3 =-3|0] < | 0 3 =2]|0
-3 0 110 | 0 0 010 0 0 010
hence we may choose
[ 24 1
Vi= | Y3 | =
_23 3

9 marks for this part

Question Find the unit length (normalised) eigenvectors corresponding to the three eigen-
values A1, Ao and As.

13
Answer The length of vy is V12412 = \/5, so v = 0 , the length of v,
-1 /\/5
0
is V12 = 1, so vi°™ = [ 1 |, the length of v3 is V12422413 = /14, so viorm —
0
1/4/14
2/V14
3/V14

3 marks for this part

Total for this question: 17 marks




4. (a)

Question Show that the point (0,0) is a saddle point of the function
flz,y) = (1 +2* —y)e.
Answer First derivatives test. The partial derivatives are
fo=22e";  fy = (2" —y)eY;

Both are zero for z = 0, y = 0, thus (0,0) is a stationary point.
Second derivatives test. The second partial derivatives are

fro =2€%;  foy =2ze%;  fy, = (=1+2%—y)e;
The determinant of their matrix at point (0, 0) is then
‘ 2 0

— f:c:c fy:c
D 0 —1

N fwy fyy
Since D < 0, this is a saddle point.

-

8 marks for this part

Question Show that the point (0,0) is a critical point of the function
fz,y) = 2° + 22y + 3y>.
Classify this critical point.
Answer First derivatives test. The partial derivatives are
fe = 22 + 2y; fy = 2z + 6y.

Both are zero for x = 0, y = 0, thus (0,0) is a stationary point.
Second derivatives test. The second partial derivatives are

fzz:2a fzy:2a .fyy:6
The determinant of their matrix is then

fww fyx
fzy fyy

Since D > 0, this is a local extremum. Since f;;(0,0) =2 > 0, this is a local minimum.
9 marks for this part

D= 2 6

-5 § | mn2mass

Total for this question: 17 marks

Question Compute the partial derivatives fr, fy, fze, fzy and fy, of the function
f(z,y) = cos(2z)e™.

Answer
fz = —2sin(2z)e Y, fy = —cos(2z)e ™Y
[z = —4cos(2z)e ¥, foy =2sin(2z)e Y,  fy, = cos(2z)e Y,

4 marks for this part




(b) Question Using your result from part (5a), find the Taylor series at (w/4,0) for f up to
and including terms quadratic in the increments éx and dy.

Answer Values of the function and its derivatives at the point (7/4,0):

f:O: fz:_Qa fy:O

Taylor’s formula for the quadratic approximation

flx+0z,y+dy) = f(o,y) + fo(x,y)0x + fy(z,y)0y

+ % (foa(2,y)(62)% + 2 f2y026y + fyy (2, y)(6y)?)

Substituting here z = 7/4, y = 0 and the value of the function and its derivatives at this
point, obtain

f(% +dz,0y) ~ =20z + 20z dy

9 marks for this part

(c) Question Use the Taylor series found in part (5b) to obtain the linear and quadratic ap-
prozimations for f(0.7,0.1), with 4 decimal places. For reference: m = 3.14159265358.. . ..

Answer These values are obtained for dz = 0.7 — 7/4 =~ —0.08540 and dy = 0.1. Linear
approximation:
£(0.7,0.1) ~ —26z =~ 0.1708

Quadratic approximation:
f£(0.7,0.1) = —20x + 26z 6y ~ 2 * (—0.08540) * (—1 + 0.1) ~ 0.1537

(cf the exact value f(0.7,0.1) = 0.15379... — optional self-control, no credit)
4 marks for this part

Total for this question: 17 marks

6. (a) Question The function g(x) is periodic, with period p = 2L = 4, and has the Fourier
Series erpansion

g(x) = ap + i [an cos (nQﬂ) + by, sin (?)] :
n=1

State the formulae for the Fourier coefficients, ag, an, n = 1,2,... and by, n =1,2,...,
valid for this period.

Answer



5 marks for this part

(b) Question Sketch the graph of g(z) defined by

-2 —u, —2<x<0,
g(x) =< 2—uz, 0<z<?2,
g(x +£4), for all x,

for —6 <z < 6.
Answer

Question Give the definition of an odd function.

Answer f(—z) = —f(z) for all .

Question Ezplain what special features a Fourier series of an odd function has.
Answer ay = a, = 0 for all n.

Question FEzplain why the function g(x) defined above is odd.

Answer Graphical: the graph is center-symmetric about the origin.
Analytical: it is odd by definition within the symmetric interval —2 < z < 2, and periodic
with period 4 equal to the length of that interval, therefore odd everywhere.

4 marks for this part

(c) Question Find the Fourier series of the function g(x) defined above. You may use the
A+ Bx

B
following result: /(A + Bz)sin(kx) dz = — cos(kz) + w2 sin(kz), where A, B and
k # 0 are constants.
Answer
by =

1
L 2

S —

g(x) sin (niLx> dz = l/g(a:) sin(nrz/2) dz

g(z)sin(nmz/2) dx

I
O\w



2

- / (2 — ) sin(nrz/2) dz

>1

0
(now use the provided ready answer for the indefinite integral, for A = 2, B = —1, k =
nm/2)
2 — 1 2
= cos(nm&/?) — sin(mra:/?))
( (n7/2) (nm/2)? 0
2-2 2-0
= T2 cos(nm2/2) + /2 cos(nm0/2) = —
Thus,
_ 41
— Z —sin(nmz/2)
~n

Question Write out this series explicitly up to terms with cos(5mwx) and sin(5mrx)

Answer
() ~ 4 sin (—) + 1sin (rx) + 1sin s + E sin (27z) + 1sin ome
I= 5 2 )2 3 2 1 5 2
8 marks for this part

Total for this question: 17 marks




