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1. (a) dep, = —=d\ + —Z2dp + —=d 1
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[10 marks]

b) f(z,y) = 23+ y> + 32% — 3y?
Stationary points, given by f,(z,y) = f,(z,y) = 0.
fo(z,y) =322 +62=0 < 3z(z+2)=0,s0z=0o0r z = —2
fyl@,y) =3y* —6y =0 < 3y(y—2)=0,s0y=0o0ry=2
4 possible stationary points are (0,0), (0,2), (—=2,0) and (-2, 2) [4]
Discriminant D(a,b) = f2,(a,b) — foz(a,b)fyy(a,b)

fwy = 0;
fyy(2,y) = 6y — 6. 2]

At (0,0) fz2(0,0) =6, fyy(0,0) = —6 = D(0,0) =36 > 0, so (0,0) is a saddle point. [1]
At (0,2) f22(0,2) = 6, £,,(0,2) = 6 = D(0,2) = —36 < 0, and f,,(0,2) > 050 (0,2) is a

minimum. [1]

At (=2,0) fra(—2,0) = =6, f,y(—2,0) = —6 = D(—2,0) = —36 < 0, and f,(0,2) < 0 so

(—2,0) is a maximum. [1]



At (=2,2) f22(—2,2) = =6, fyy(—2,2) =6 = D(—2,2) =36 > 0, so (—2,2) is a saddle
point. [1]
[10 marks]

2. F(z,y,2) = 22 + z2%y + 62y — log(z? +4%) =0

F,  2wzy+0y— o 2 — (22 + y?)(2wyz + 6y)

T — T = 3
(a) 2 LI, 2z + 2%y (22 + 12)(22 + 22y) 3]
5 _7&_7‘T2Z+6x_m22fy2 . Qy_(x2+y2)(x22+6x) [3]
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[4 marks]

(c) F.(z,y,2) = 22+ 2%y. If 22 + 2%y = 0 then z is not defined implicitly as a function
of z and y [4]
[4 marks]

(d) z =cos(t), y =sin(t), z =1t
aF _OFds  OFdy  OF d:
dt — Ox dt Oy dt Oz dt

oF 2z dz
i 2xzy + 6y — o it sin(t) [1]
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o r°z + 6z oL o cos(t) [1]
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o = (2t sin(t) cos(t) + 6sin(t) — 2 cos(t))(— sin(¢))+
+(t cos®(t) + 6 cos(t) — 2sin(t)) cos(t) + 2t + cos?(¢) sin(t)
= —2tsin?(t) cos(t) — 6sin?(t) + t cos®(t) + 6 cos?(t) + 2t + cos?(t) sin(t)
= 2t — 2sin?(t)(t cos(t) + 3) + cos?(t)(sin(t) + t cos(t) + 6) [3] [6 marks]



3. (a) f(x,y) = ycos(z?y) near (1,27)
pa(z,y) = .]10(17 2m) + (z — 1) fo(1,2m) + (y — 27r)fy(1a 27) 2]
+ 5 [z = 1) fae(1,2m) + 2(z = 1) (y — 27) fuy (1, 27) + (y — 27)* fyy (1, 270)]
Construct the table
f(1,2m) =2rx
fo(z,y) = —229? sin(2%y), = f.(1,27) =0 2]
fy(x,y) = cos(x?y) — ya? sin(z?y), = f,(1,27) =1 [2]
foz(z,y) = —2y% sin(x?y) — 42%y3 cos(2?y), = foz(1,27) = —4 - 873 = —3273 2]
foy(z,y) = —dzysin(2z?y) — 223y? cos(z?y), = fuy(1,27) = —2 - 4n? = —8n? [2]
4

fyy(xvy) = —z?

sin(z?y) — 22 sin(2?y) — zty cos(z?y), = fyy(1,27) = —27 [2]
po(x,y) =27+ (y —27) + % [—32#3(95 —1)? = (x — 1)(y — 2m)167% — 27(y — 27r)2] [2]

[14 marks]

(b) F(x,y,2) = x?cos(y + 2z) + y?ze™*, Py = (2,0,7), t = (1,—1,3)

VF(z,y,2) = Fi+ Fj+ F.k=

= (2rcos(y + 22) — y?ze™%, 2yze ® — a2 sin(y + 22), y?e % — 222 sin(y + 22)) [2]
VF(2,0,7) = (4,0,0)

6= (L-13) [t = VIT = t, = (T ) 2

4
Dy F(2,0,7) = VF -ty = ——  [2

ty ( 7T) u \/ﬁ [ }
[6 marks]

4'Pé<ftr>ag:rtf—%1a_c%7r§1 S, ti_/,‘sg 47 and is periodic of period T = 2.
—4m

f(@®)

[4 marks]
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Wa=2 [ jwa 1

ap = % :T f(t) cos(nt)dt 2]
b, = % ’ f () sin(nt)dt 2]
[6 marks]

1 (7 2 [T . t, t> . .
(c) ap = */ |t|dt = */ tdt, since |t| = { ’t _<%’ is an even function,
™ ) _x ™ Jo 2

2 [2]"
= — | — = 2
S0 ag 7'('[2:|0 T [2]

1 T
an = / 1] cos(nt)dt,

2 [ 2 t Y
and since |t| cos(nt) is an even function, a,, = — / tcos(nt)dt = — <[ sin(nt)] - = / sin(nt)dt) ,
™ Jo ™ n 0 n Jo

from integration by parts (u = t, dv = cos(nt))
2 (7 2 2
Since sin(nm) = sin(0) = 0, a,, = — (—sin(nt))dt = ) [cos(nt)]g = P [cos(nm) — 1] 3]

1 ™
by, = 7/ |t| sin(nt)dt = 0, since [t| sin(nt) is an odd function [1]
T

. . N T = 2
Thus, the Fourier series for f(t) is given by f(t) = 5—1—; W[COS(nﬂ')—l] cos(nt) [2];
cos(nm) = (=1)"

fniseven, ie. n =2k k=1,2,..., [cos(nm) — 1] = [(-1)%) —1] = 0.
If nisodd,ien=2k—1,k=1,2,.... [(-1)2~1 — 1] = -2, and thus

f) = g + Z Wfl)z cos((2n — 1)t) [2]

n=1

[10 marks]



5. F(s) = L{ (1)} = /f g, >0

{ } / ft)e stdt = [z(t)e St]go + s/ x(t)e”5tdt, using integration
0
by parts (u = e~ %!, dv —dt) 3]
Since x(t) is exponentially bounded, |z(t)] < Meb = |z(t)e™t| < Me(=)t, thus
lim z(t)e™*" =0, (s>b>0) [2]
t—o0
—st

lim z(t)e
Jim ()

Thus, [z(t)e~ ;" = —2(0), s > 0 1]

8/000 x(t)e *'dt = s7(s) = sL{z(t)} and

= 2(0), since z(t) is continuous for ¢ > 0 1].

% W) = s} —2(0) 12

Hence, £{ 22 (1) = s{ 22 (1) - %(0) = L) - 320) - E0) 2
[10 marks]
21} T X
) Tx 3% —ar =, 20)=1, ()=
L{EZ 0 = s 0} - T 0) = 2LL(0} — s2(0) - S 0)
Take the LT, £{£(t)} = sL{z(t)} — z(0) [1]
L{e 2} = 3%2
Thus, s*Z(s) — sx(0) — %(0) —3(sz(s) — 2(0)) — 4z(s) = s j_ 9 2]
Z(s)(s> —3s —4)+4— 5= P = T(s)(s® — 35 —4) = 5—1#2 +s—4= %82_7
and
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P 3sd= () ) STy = BT A B Oy,

(s+2)(s2—3s—4) s—4 s+1 s+2
2 —2s—T=A(s+1)(s+2)+B(s—4)(s+2)+C(s —4)(s + 1)
s=4=1=304; ,4:3i
s=-2=1=6C, 026 2]

4
s=-1=-4=-5B; B=:



Therefore Z(s)

From L{e®'} =

[10 marks]
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