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1. (a) dcL =
∂cL

∂λ
dλ +

∂cL

∂µ
dµ +

∂cL

∂ρ
dρ [1]
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2ρ
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)−1/2
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ρ
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dcL
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ρ

)−1/2

=
1
2

1
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− 1

2
dρ
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|dλ| ≤ 0.02, |dµ| ≤ 0.03, |dρ| ≤ 0.01,
∂cL

∂λ

∣∣∣∣
(λ=1,µ= 1

2 ,ρ=2)

=
1
4
;

∂cL

∂µ
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1
2
;

∂cL
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[2]

When λ = 1, µ = 1
2 , ρ = 2 ⇒ dcL

cL
=

1
4

2
100

+
1
2

3
100

− 1
4

1
100

=
7

400

% error =
dcL

cL
× 100 =

7
4
% = 1.75%. [2]

[10 marks]

b) f(x, y) = x3 + y3 + 3x2 − 3y2

Stationary points, given by fx(x, y) = fy(x, y) = 0.

fx(x, y) = 3x2 + 6x = 0 ⇐⇒ 3x(x + 2) = 0, so x = 0 or x = −2

fy(x, y) = 3y2 − 6y = 0 ⇐⇒ 3y(y − 2) = 0, so y = 0 or y = 2
4 possible stationary points are (0, 0), (0, 2), (−2, 0) and (−2, 2) [4]

Discriminant D(a, b) = f2
xy(a, b)− fxx(a, b)fyy(a, b)

fxy = 0;
fxx(x, y) = 6x + 6;
fyy(x, y) = 6y − 6. [2]

At (0, 0) fxx(0, 0) = 6, fyy(0, 0) = −6 ⇒ D(0, 0) = 36 > 0, so (0, 0) is a saddle point. [1]

At (0, 2) fxx(0, 2) = 6, fyy(0, 2) = 6 ⇒ D(0, 2) = −36 < 0, and fxx(0, 2) > 0 so (0, 2) is a
minimum. [1]

At (−2, 0) fxx(−2, 0) = −6, fyy(−2, 0) = −6 ⇒ D(−2, 0) = −36 < 0, and fxx(0, 2) < 0 so
(−2, 0) is a maximum. [1]



At (−2, 2) fxx(−2, 2) = −6, fyy(−2, 2) = 6 ⇒ D(−2, 2) = 36 > 0, so (−2, 2) is a saddle
point. [1]

[10 marks]

2. F (x, y, z) = z2 + zx2y + 6xy − log(x2 + y2) = 0

(a) zx = −Fx

Fz
= −

2xzy + 6y − 2x
x2+y2

2z + x2y
=

2x− (x2 + y2)(2xyz + 6y)
(x2 + y2)(2z + x2y)

[3]

zy = −Fy

Fz
= −

x2z + 6x− 2y
x2+y2

2z + x2y
=

2y − (x2 + y2)(x2z + 6x)
(x2 + y2)(2z + x2y)

[3]

[6 marks]

(b) zx(0, e,
√

2) =
−e2 · 6e

2
√

2e2
= −3

√
2

2
e [1]

zy(0, e,
√

2) =
2e− 0
2
√

2e2
=
√

2
2e

[1]

Tangent plane: z −
√

2 = −3
√

2
2

e(x− 0) +
√

2
2e

(y − e) ⇐⇒

z +
3
√

2
2

ex−
√

2
2e

y +
√

2
2
−
√

2 = 0 [2]

[4 marks]

(c) Fz(x, y, z) = 2z + x2y. If 2z + x2y = 0 then z is not defined implicitly as a function
of x and y [4]

[4 marks]

(d) x = cos(t), y = sin(t), z = t

dF

dt
=

∂F

∂x

dx

dt
+

∂F

∂y

dy

dt
+

∂F

∂z

dz

dt

∂F

∂x
= 2xzy + 6y − 2x

x2 + y2
,

dx

dt
= − sin(t) [1]

∂F

∂y
= x2z + 6x− 2y

x2 + y2
,

dy

dt
= cos(t) [1]

∂F

∂z
= 2z + x2y,

dz

dt
= 1 [1]

dF

dt
= (2t sin(t) cos(t) + 6 sin(t)− 2 cos(t))(− sin(t))+

+(t cos2(t) + 6 cos(t)− 2 sin(t)) cos(t) + 2t + cos2(t) sin(t)

= −2t sin2(t) cos(t)− 6 sin2(t) + t cos3(t) + 6 cos2(t) + 2t + cos2(t) sin(t)

= 2t− 2 sin2(t)(t cos(t) + 3) + cos2(t)(sin(t) + t cos(t) + 6) [3] [6 marks]



3. (a) f(x, y) = y cos(x2y) near (1, 2π)

p2(x, y) = f(1, 2π) + (x− 1)fx(1, 2π) + (y − 2π)fy(1, 2π)
+ 1

2

[
(x− 1)2fxx(1, 2π) + 2(x− 1)(y − 2π)fxy(1, 2π) + (y − 2π)2fyy(1, 2π)

] [2]

Construct the table
f(1, 2π) = 2π

fx(x, y) = −2xy2 sin(x2y),⇒ fx(1, 2π) = 0 [2]

fy(x, y) = cos(x2y)− yx2 sin(x2y),⇒ fy(1, 2π) = 1 [2]

fxx(x, y) = −2y2 sin(x2y)− 4x2y3 cos(x2y),⇒ fxx(1, 2π) = −4 · 8π3 = −32π3 [2]

fxy(x, y) = −4xy sin(x2y)− 2x3y2 cos(x2y),⇒ fxy(1, 2π) = −2 · 4π2 = −8π2 [2]

fyy(x, y) = −x2 sin(x2y)− x2 sin(x2y)− x4y cos(x2y),⇒ fyy(1, 2π) = −2π [2]

p2(x, y) = 2π +(y−2π)+
1
2

[
−32π3(x− 1)2 − (x− 1)(y − 2π)16π2 − 2π(y − 2π)2

]
[2]

[14 marks]

(b) F (x, y, z) = x2 cos(y + 2z) + y2ze−x, P0 = (2, 0, π), t = (1,−1, 3)
∇F (x, y, z) = Fxi + Fyj + Fzk =

= (2x cos(y + 2z)− y2ze−x, 2yze−x − x2 sin(y + 2z), y2e−x − 2x2 sin(y + 2z)) [2]
∇F (2, 0, π) = (4, 0, 0)

t = (1,−1, 3) |t| =
√

11 ⇒ tu =
(

1√
11

, −1√
11

, 3√
11

)
[2]

Dtu
F (2, 0, π) = ∇F · tu =

4√
11

[2]

[6 marks]

4. f(t) = |x| −4π < t ≤ 4π and is periodic of period T = 2π.PSfrag replacements
−4π

−3π

−2π

−π

π

2π

3π

4π

2π

f(t)

t

[4 marks]



(b) a0 =
1
π

∫ π

−π

f(t)dt [2]

an =
1
π

∫ π

−π

f(t) cos(nt)dt [2]

bn =
1
π

∫ π

−π

f(t) sin(nt)dt [2]

[6 marks]

(c) a0 =
1
π

∫ π

−π

|t|dt =
2
π

∫ π

0

tdt, since |t| =
{

t, t ≥ 0,
−t, < 0 is an even function,

so a0 =
2
π

[
t2

2

]π

0

= π [2]

an =
1
π

∫ π

−π

|t| cos(nt)dt,

and since |t| cos(nt) is an even function, an =
2
π

∫ π

0

t cos(nt)dt =
2
π

([
t

n
sin(nt)

]π

0

− 1
n

∫ π

0

sin(nt)dt

)
,

from integration by parts (u = t, dv = cos(nt))

Since sin(nπ) = sin(0) = 0, an =
2

πn

∫ π

0

(− sin(nt))dt =
2

πn2
[cos(nt)]π0 =

2
πn2

[cos(nπ)− 1] [3]

bn =
1
π

∫ π

−π

|t| sin(nt)dt = 0, since |t| sin(nt) is an odd function [1]

Thus, the Fourier series for f(t) is given by f(t) =
π

2
+
∞∑

n=1

2
πn2

[cos(nπ)−1] cos(nt) [2];

cos(nπ) = (−1)n

f n is even, i.e. n = 2k, k = 1, 2, . . . , [cos(nπ)− 1] = [(−1)2k − 1] = 0.

If n is odd, i.e n = 2k − 1, k = 1, 2, . . . . [(−1)2k−1 − 1] = −2, and thus

f(t) =
π

2
+
∞∑

n=1

−4
π(2n− 1)2

cos((2n− 1)t) [2]

[10 marks]



5. f(s) = L{f(t)} =
∫ ∞

0

f(t)e−stdt, s > 0

(a) L
{

dx

dt
(t)

}
=

∫ ∞

0

f(t)e−stdt =
[
x(t)e−st

]∞
0

+ s

∫ ∞

0

x(t)e−stdt, using integration

by parts (u = e−st, dv =
dx

dt
dt) [3]

Since x(t) is exponentially bounded, |x(t)| ≤ Mebt ⇒ |x(t)e−st| ≤ Me(b−s)t, thus

lim
t→∞

x(t)e−st = 0, (s > b > 0) [2]

lim
t→0+

x(t)e−st = x(0), since x(t) is continuous for t ≥ 0 [1].

Thus, [x(t)e−st]∞0 = −x(0), s > 0 [1]

s

∫ ∞

0

x(t)e−stdt = sx(s) = sL{x(t)} and

L{dx

dt
(t)} = sL{x(t)} − x(0) [2]

Hence, L{d2x

dt2
(t)} = sL{dx

dt
(t)} − dx

dt
(0) = s2L{x(t)} − sx(0)− dx

dt
(0) [2]

[10 marks]

(b)
d2x

dt2
− 3

dx

dt
(t)− 4x = e−2t, x(0) = 1,

dx

dt
(0) = 1

Take the LT,


L{d2x

dt2
(t)} = sL{dx

dt
(t)} − dx

dt
(0) = s2L{x(t)} − sx(0)− dx

dt
(0)

L{dx

dt
(t)} = sL{x(t)} − x(0)

L{e−2t} =
1

s + 2

[1]

Thus, s2x(s)− sx(0)− dx

dt
(0)− 3(sx(s)− x(0))− 4x(s) =

1
s + 2

[2]

x(s)(s2 − 3s− 4) + 4− s =
1

s + 2
⇒ x(s)(s2 − 3s− 4) =

1
s + 2

+ s− 4 =
s2 − 2s− 7

s + 2
and

x(s) =
s2 − 2s− 7

(s + 2)(s2 − 3s− 4)
[2]

s2−3s−4 = (s−4)(s+1)⇒ x(s) =
s2 − 2s− 7

(s + 2)(s2 − 3s− 4)
=

A

s− 4
+

B

s + 1
+

C

s + 2
[1]

s2 − 2s− 7 = A(s + 1)(s + 2) + B(s− 4)(s + 2) + C(s− 4)(s + 1)

s = 4 ⇒ 1 = 30A; A =
1
30

s = −2 ⇒ 1 = 6C; C =
1
6

s = −1 ⇒ −4 = −5B; B =
4
5

[2]



Therefore x(s) =
1
30

1
s− 4

+
4
5

1
s + 1

+
1
6

1
s + 2

From L{eαt} =
1

s− α
,

x(t) =
1
30

e4t +
4
5
e−t +

1
6
e−2t [2]

[10 marks]


