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Full marks can be obtained for complete answers to FOUR questions. Only the
best FOUR questions will be counted.

This examination contributes 80% towards the final mark.
The balance comes from two class tests.
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1.
(a) Given
f(z,y) = zy*sin(z/y)
evaluate the first order derivatives f; and f,.

[7 marks]|

(b) Given
u(z,y) = 2° + *sin(y)

and
r=tan(t), y=1¢t,

du . . .
express 7 as a function of x,y and ¢ by using the chain rule and hence

du
evaluate — at t = .
dt

[10 marks]

(c) Given
zu? —yu? +zyu—3=0

ou e e e 1 .
evaluate — by the use of implicit differentiation.

Oy

[8 marks]
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2.
(a) Find the critical points of the function
1 1
flay) =ay+—+—
r oy
and classify them.
[10 marks]

Hint: A critical point of the function f(z,y) is a minimum if

(] ) = fue| S| <0 amd £ >0

P P

a mazximum if

2
(.fzy P) _fzz Pfny<O and fmm <07

and a saddle point if

> 0.

) e

(fer

Pfyy P

(b) Given
f(z,y) =In(a* +y?),
evaluate fy, fy, foz, fzy and fy, at the point (x,y) = (1,0).
Hence, show that the Taylor series expansion of the function about the
point (x,y) = (1,0), up to and including second order terms, is

20 — 2 — (z — 1)* + ¢*.

[15 marks]
Hint: Use the formula
ﬂfwzﬂmw+u—@nww+w—wnww
+5 [(@ = ) fan(a, b) + 2(z = a)(y = b) fuy (0, 8) + (y = £)* (0, )]

for the expansion of the function f(x,y) about the point (x,y) = (a,b).

Paper Code MATH295 Page 3 of 5 CONTINUED/



THE UNIVERSITY
of LIVERPOOL

3. The formula for the Fourier series of a function f(¢), ¢t € (0,27), of period
27 is

f(t) = % + Z{an cos(nt) + by, sin(nt) },

n=1

where the Euler-Fourier coefficients can be computed by the formulae
1 2 1 2m 1 2
a0 = / FOdt an =~ / F(t) cos(nt)dt, b = — / (1) sin(nt)dt.
T Jo T Jo T Jo
(a) Given that

-k, 0<t<m/2, .
ft) = ™/ k is a constant,
0, w/2<t<2m,

sketch the sum of its Fourier series for —4m < t < 4.

[6 marks]

(b) Show that its Fourier series has the following form

ft) = —% — %Z {Mcos(nt) - %sin(nt)} :

n n

[10 marks]
(c) Hence, by choosing £ = 1 and setting ¢ = 7/2, prove that
1 1 1 = (=)™ o«
14— _Z...= A _°
37577 g;o @m+1) 4
[5 marks]

(d) Given that

P(t) = {—k/z, 0<t<m/2

k is a constant,
k/2, w/2<t<2m,

obtain its Fourier series directly from (a) and (b)? Is F(¢) an odd or an
even function?

[5 marks]
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4. The formula for the Fourier series of a function f(t), t € (—«, @), of period

200 is i,
) =5+ Z {ancos (") + basin (“5t) ],

where the FEuler-Fourier coefficients can be computed by the formulae

_é/:f(t)dt, / fycos (“Zt) dt, b, / F#ysin (“2t) d.

(a) Given that

t, 0<t< L/2,
£(t) = /
L—t L/2<t<L,

sketch the sum of its Fourier half range Sine and the sum of its Fourier
half range Cosine series for —3L <t < 3L.

[5 marks]
(b) Show that its Fourier half range Sine series has the following form
41, . sin (”7“) . /nT
flt)=— Z sin (—t) .

2 n? L
n=1
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