Math294 Summer 2000 exam: solutions
All questions are problems very similar to those considered in class or in the homeworks,
except for question ba which is bookwork, as specified in the solution.

1. (a) Question FEwvaluate the determinant

2 3 0 1
1 2 3 -1
1 2 0 1
2 =21 2

Answer -20

10 marks for this part

(b) Question Use Cramer’s rule to solve the system

z+y+3z = 6

20+ 2y+ Pz = —2440
T—y+2z = 2
when [ = 1.
Answer If =1,
1 1 3 6 1 3
A=2 2 1|=-10 A, =12 2 1|=10
1 -1 2 2 -1 2
1 6 3 1 1 6
Ay=12 2 1]|=-10 A,=12 2 2|=-20
1 2 2 1 -1 2

11 marks for this part

(c) Question At what B does this system have no solutions?
Answer If § is not fixed,

1 1 3
1 2



which is zero when 8 = 6 . With = 6, the system becomes

r+y+3z = 6
2z 4+ 2y 4 62 22
r—y+2z = 2 (1)

and the second equation contradicts to the first, so there are no solutions
4 marks for this part

Total for this question: 25 marks

Question A and B are two square matrices and det(A) # 0. Show that a

matriz C satisfying
CA=AB

s given by
C=ABA™".
Answer Multiplying both parts by A~! gives
CAA'=ABA™!
and the left-hand side equals
CAA'=C(AAY)=CI=C

as required . (verification by direct substitution is also acceptable with full
credit).
2 marks for this part

Question Further, show that a matriz D satisfying
DA = AB?
1S given by
D =C”
Answer The easiest way is to substitute D = C? into DA = AB? which gives
C?A = ABA 'ABA 'A=AB(A'A)B(A'A)

= ABIBI = AB?

as required
5 marks for this part




(c) Question Find C=ABA™, if

1 3 1 1 00
A= 0 2 1/, B=|0 20
-1 =2 0 00 3
Answer
2 -2 1 2 1 1
A= -1 1 -1 ABA'=|2 1 2
2 -1 2 2 -2 3

14 marks for this part

(d) Question Verify the above result by showing that CA = AB
Answer

1 6 3
CA = 0 4 3 |=AB
-1 -4 0

4 marks for this part

Total for this question: 25 marks

(a) Question Show that A =1 is one eigenvalue of the matriz

-1 -1 1
A = 2 -1 2
2 1 0

and find the remaining eigenvalues.
Answer Characteristic equation:

—1-Xx -1 1
P(\)=det(A—X)=| 2 —1-X 2
2 1 =

=-N-22+X+2=0
Substitution A = 1 gives
P1l)=-1-24+1+2=0

so A = 1 is an eigenvalue as required. To find the other two eigenvalues, use
method of undetermined coefficients to factorise P(\):

A—1)(AN+BA+C) = AN — AN+ B\ = BA+CA—C = A +2)2 -\ —2

3



—A+B=2 B=3
—-B+C=-1 cC=2
—C =-2 — satisfied

A=1 A=1

Thus the other two eigenvalues are roots of

A2+ 30 +2

- 0 = )\2’3 - {—1, —2}

(b) Question Find corresponding eigenvectors.

Answer
L] )\1 = 1, (A—)\ll)vl =

sponds to

-2 -1
2 =2

1
2

2 1 -1

—2r —y+
20 — 2y + 2
2r +y —

z

z

z

Assuming z = 1, from the first two equations

-1
-2

8 marks for this part

0 | which corre-

find x = 0, y = 1; substitution into the third confirms this is a solution;

—2z —vy

2x — 2y
0

thus vi = | 1 or any its multiple.
1

[ )\2 = —1, (A— /\QI)VQ =

a solution to which is vy =

0 -1 1
2 0 2
2 1 1
—y+z
2r + 2z
20+ y+=z
-1
1
1

x 0
y | = | 0 | corresponding to
z 0

0
0
0



EEr A
e \3=-2 (A-M)vz=}12 1 2 y { = 0 | corresponding to
L2 v 2f[=] [o]
r—y+z = 0
2r+y+2z = 0
2r+y+2z = 0
where the third equation coincides with the second. A solution to the system
-1
is V3 = 0
1

8 marks for this part

(c) Question Write the system of differential equations for x(t), y(t) and z(t),
corresponding to the matriz differential equation
)|
)
)

|

t
t
t

(
(
(

< R

du/dt = Au where u(t) = [

[

N

Answer

de/dt = —z—-y+=2
dy/dt = 2z —y+2z
dz/dt = 2z+y

2 marks for this part

(d) Question Using the above results on the eigenvalues and eigenvectors of A,
find the general solution of this system.

Answer The solution is

0 -1 -1
u = C1eMv+Che? vy +Cae™tvy = Crel | 1 [ +Coe™ | 1 [+Cse™ | 0
1 1 1
or for the components,
r = —Cge_t — 036_%
= Cl6t + CY267?5

z = Ciet + Coe™t + Cye ™



Question Check your solution.

Answer It is sufficient to check the solution for the three cases with only one
of each C}, Cs, C'3 being nonzero.

ForC,=1,C,=C3=0: 2 =0,y =¢€, z = €,
dr/dt=0; —-z—-y+z=—-€e+e'=0 v
dy/dt =e'; 2z —y+2z=—e"+2e =¢ v
dz/dt =e'; 2z +y=¢ v
ForC;=0,C,=1,C3=0: 2=—et, y=et, z2=¢7",
dz/dt=¢" —z—-y+z=e¢'—e'+el=¢" v
dy/dt =—e*; 20—y+2z2=-2¢'—e'+2e"=—¢" v
dz/dt = —e™% 204+ y=—-2e"+et=—e" v
ForC,=0,=0,C3=12=—2 y=0,2=¢%,

de/dt =2¢7%;, —rz—y+z=e24+0+e =22 v
dy/dt = 0; 2 —y+22=—-22—0+2"=0 v
dz/dt = —e™"  20+y=-2e'+et=—¢" v

7 marks for this part

Total for this question: 25 marks

(a) Question State the linear approzimation to a function f(x,y) in the neighbour-
hood of the point (xq, yo).
Answer

F@,0) % £ 50.90) + 5 0, 0) & = 20) + 5L 0,30} 0~ 0

3 marks for this part

(b) Question The function f(z,y) is defined as

flz,y) = ey’
Find the partial derivatives % and g—i.
Answer o/ o/
2L ope® Y’ U I
ox dy Y



3.

Question Hence find the linear approximation to this function in the neigh-
bourhood of the points

e 1o=1,9y,=0;
o 7p=0,y=1.
Answer
o f(z,y) ~ e+ 2e(x—1);
o flz,y)=1/e—2(y—1)/e.
10 marks for this part

(c) Question Find the second derivatives

for the function f(x,y) defined above, and hence evaluate

0? 0?
o Pf
ox? = 0y?
stating your result in its simplest form.
Answer 5 5 f
. 2 $27 2 _ 2 w27 2
@—(24—4:3)6 y, a—yQ_(_2+4y)e y,
an 82f 2 2 $2— 2
@ + a—y2 = 4(.’L’ +vy )6 Yy

12 marks for this part

Total for this question: 25 marks

(a) Question Briefly show how to derive the explicit finite difference scheme:

1 1
Yn+l = Yn T+ EAH + §hf(xn + h, Yn + An)

where
An = h,f(ib'n, yn)
for the numerical solution of the nonlinear differential equation

dy/dz = f(z,y)

with initial conditions
y(wo) = Yo

7



(It is not necessary to discuss the error in this approrimation).

Answer (Bookwork) The differential equation in the interval (z,,z, + h)
implies that
Tn+h
Yn+1 — Yn = / f(x,y) d.Z',
Tn

and the integral can be estimated by trapezoidal rule as

~ 8 () S (@t By gs)

As this equation is implicit, it is not suitable for nonlinear equations. Let us
estimate it by Euler’s rule,
y:H—l =yn + 4,

where A, is as defined in the question. Using y; , instead of y,4; in the
trapezoidal rule, we obtain that

h 1 h
yn—H - yn+§ (f(xnayn) + f(xn + hayn + An) = yn+§An+§f(xn+h: yn+An)

as required.
12 marks for this part

Question Use this scheme, with a step length h = 0.025, to calculate approxi-
mately y(2.1) when

flz,y) =y - % and  y(2) =1.

Answer
n| Yn | f(Tn,Un) | An = hf(@n,Yn) | Tn + P | Yo+ An | (@0 + hyyn + An) Ynt1
0 | 2.000 | 1.000000 | 0.750000 0.018750 2.025 | 1.018750 0.793986 | 1.019300
1] 2.025 | 1.019300 | 0.795107 0.019878 2.050 | 1.039178 0.841936 | 1.039763
2 | 2.050 | 1.039763 | 0.843153 0.021079 2.075 | 1.060842 0.893131 | 1.061466
31 2.075 | 1.061466 | 0.894457 0.022361 2.100 | 1.083828 0.947925 | 1.084496
4 |2.100 | 1.084496

Total for this question: 25 marks

13 marks for this part




