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1. (a) A particle of mass m is released from rest at time ¢ = 0 and allowed
to fall under the influence of gravity. The particle is also subject
to a resistive force equal to k times the speed of the particle.
Show that if the position z of the particle is measured downwards
from the point at which it is released, then the equation of motion
of the particle is

d’z k
@~ m
where g is the gravitational acceleration.
[2 marks]

Show that the velocity v(t) of the particle is given by

— MY (1 _ —kt/m
ot) =~ (1—e/m) .
Find an expression for the terminal velocity of the particle.

[7 marks]

Calculate the displacement z(t) for an arbitrary time ¢.
[5 marks]

(b) A particle with mass m is launched from the origin along the
positive z-axis with initial velocity £ = 3. The particle is subject
to the force

F(z) = k(52 — %) ,

where k£ > 0 is a constant.

Calculate the potential energy function V' (z) for the force, assum-
ing that V(z) = 0 at z = 0. Hence write down the particle’s total
energy.

[4 marks]
If m =2 and k = 2, use the energy to find #2 as a function of z.
Hence calculate the position of both of the turning points where

the particle changes direction.
[7 marks]
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2. A particle of mass m and charge ¢ starts at the origin and is launched

at t = 0 with an initial speed v, in the positive z direction. The particle
then moves under the influence of a magnetic field given by

B = (B,0,0) .
The equation of motion for the particle is

d’r
m@ =qV X B ,
where v = dr/dt is the velocity of the particle.

Show that the equations of motion for the particle can be written as

mi =0,
my =qBz ,
mzZ = —qBy .

[4 marks]

By integrating with respect to time, show that the velocities can be
written as

=0,
y=wz,
Z=—wy+v,,

where w = ¢B/m.
[6 marks]

Hence show that the equation for Z can be written as

5= —w?z .

[1 mark]

Write down the general solution for this equation, and hence find z(t).
Using this result find y(¢) and so y(¢).
[10 marks]|

Deduce that the trajectory is a circle and find the radius and the posi-
tion of the centre. Sketch the trajectory.
[4 marks]
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3. A projectile is launched at ¢ = 0 with initial velocity v, and initial
displacement r, relative to an origin fixed on the surface of the Earth.
The equation of motion in the local coordinates attached to the Earth’s
surface is

d*r

dt?
where g is the gravitational acceleration, w is the constant angular
velocity of the Earth, and r and v represent the projectile’s displace-
ment and velocity respectively. k is the unit coordinate vector pointing
straight up from the Earth’s surface, i is 'East’ and j is 'North’.

=—gk—2wXV—-—wx (wxr) ,

(a) Write down the condition between |w X r| and |v| that must be
satisfied in order that the equation of motion can be generally
approximated by

d*r

w:—gk—QwXV (*),

where —2w X v is due to the Coriolis force.
By integrating this equation, find an expression for v(¢) in terms
of w, r and t.
[6 marks]
Substitute your expression for the velocity back into equation (x)
and hence show that the acceleration is, to leading order in w (i.e.
ignoring terms with two or more factors of w),
2
% = —gk + 2gtw x k — 2w X v, .
Hence show that the displacement at time ¢ is

1 1
r(t) =1, + Vot — 5thk — 2w X v, + ggt?’w <k .

[10 marks]|

(b) A projectile is fired horizontally at ¢t = 0 with a velocity of 100
ms~! due East, from a point on the Earth’s surface with latitude
45° and 50m above the ground. Calculate the time of flight under
the assumption that this is not significantly affected by the Coriolis
force i.e. as if w =0 in r(t). Then by including the Coriolis force
terms in the solution for r(t), calculate the deviation of the pro-
jectile to the North during this time. [You may use g = 9.81ms™2
and w = |w| = 7.27 x 10 °rads ™" ]

[9 marks]
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4. (a) Find the moment of inertia of a uniform circular lamina of mass
M and radius a about an axis through its centre of mass and
perpendicular to the plane of the lamina.

State the Perpendicular Axes theorem for a lamina and hence or
otherwise find the moment of inertia of the circular lamina about
an axis through the centre of mass and parallel to the plane of the
lamina.

[9 marks]

(b) Explain briefly the meaning of the terms principal azes and prin-
cipal moments of inertia. Describe a set of principal axes for the
circular lamina above. What are the principal moments of inertia
about these axes?

[6 marks]

(c) The components of the angular velocity of a rigid body rotating
under the action of a torque N satisfy the equations:

Ly — (Is — I3)waws = Ny,

Ly — (I3 — I1)wswy = Ny ,
I3ws — (I; — Iy)wiwe = N3,

where the components of w are taken along the principal axes of
the rigid body. I, I and I35 are the principal moments of inertia
and N, Ny and N3 are the components of N about these principal
axes.

The circular lamina described in (a) is rotating with constant an-
gular velocity with respect to the principal axes about an axis
through its centre of mass inclined at an angle of 30° to the nor-
mal to the plane of the lamina. [You may assume that the angular
velocity has non-zero components along the 1 and 3 principal axes,
and that the component along the 2 principal axis is zero, where
the 1 and 2 axes are in the plane of the lamina.]

Write down the components of the angular velocity along the prin-
cipal axes. State the components of the angular momentum. Find
the moment N which is needed to keep the lamina rotating in this
way.

[11 marks]
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An object is observed moving through space-time with 4-velocity
u®. The same object is observed to be moving with 4-veolcity
u'® as seen from a second reference frame, which is moving with

velocity v along the z-axis with respect to the first frame.

The connection between these 4-velocities is given by the Lorentz
transformation

u'© ¥y =2 00 u®
u'l _ —'yﬁ v 00 ul
u? | 0 0 10 u?
u'® 0 0 01 u?

where v = (1 — v?/c?)~1/2,
If the squared norm of the 4-velocity is defined to be

U2 _ gabuaub ,
where g, = diag(1,—1,—1,—1), show that U? = U'2. What does
this tell us about U??
[10 marks]

A particle of rest mass m, moves along the z-axis of a coordinate
system with speed u. Write down expressions for its relativistic
momentum p and its total energy F in terms of m,, u and 7y(u).
[You may use the 4-momentum relation P = (E/c,p) = m,U]
By substituting these expressions prove that

2 22 _ 24
E* —p°c" =m,c" .

[6 marks]

A particle of rest mass m, and total energy E moving along the
positive x-axis collides with a stationary particle of the same rest
mass m,. The particles coalesce to become a particle of rest mass
M which continues along the z-axis. Show that

2m FE
cz

M? =2m?2 +

[10 marks]
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