
MATH227 MATHEMATICAL METHODS FOR NON-PHYSICAL SYSTEMSJANUARY 2007
1. U(x; y) = xy + 7x+ 3y = U0 ) y = U0 � 7xx+ 3 = �7 + U0 + 21x+ 3 :dydx =� U0 + 21(x+ 3)2 < 0;d2ydx2 =2U0 + 21(x+ 3)3 > 0;
2. Budget 
onstraint tou
hes indi�eren
e 
urve where�U�x�U�y =233(x+ 3)2(y + 2)55(x+ 3)3(y + 2)4 =239(y + 2) =10(x+ 3)) 10x� 9y = �12:Solving with 2x+ 3y = 36, we have x = 6, y = 8.
3. 
(x; y) is minimised where�q�x�q�y = �
�x�
�y�q�x =(y + 4)(x+ y + 9)� (x+ 5)(y + 4)(x+ y + 9)2= (y + 4)2(x+ y + 9)2�q�y = (x+ 5)2(x+ y + 9)2) (y + 4)2(x+ 5)2 = 169 ) y + 4x+ 5 = 43 :

) 3 = 431 + 43 (x+ 5) = 47 (x+ 5)) x = 14 ; y = 3) 
 =16 14 + 9:3 + 4 = 35:Minimum 
ost for produ
tion level of 3 units is 35 units.



4. C(q) = q3 � 6q2 + 14q + 10:(i) Fixed 
ost C(0) = 10. (ii) MC(q) = C 0(q) = 3q2�12q+14.(iii) AV C(q) = C(q)�C(0)q = q2 � 6q + 14.Cease produ
tion when p = min(AV C).AV C 0(q) = 2q � 6 = 0 when q = 3) p = AV C(3) = 5:
5. S(p) = 45p+ 25p+ 8 ) dSdp = 45(5p+ 8)� 5(5p+ 2)(5p+ 8)2 = 120(5p+ 8)2 > 0:For a tax-rate of t, equilibrium is whereS((1� t)p) =D(p)) 45: 45p+ 25 45p+ 8 =p21� 3p

) 22p+ 1p+ 2 =p21� 3p:p = 4 is a solution by inspe
tion. Sin
e S(p) is in
reasing, D(p) is de
reasing,it is the only solution. Then amount sold in a week = D(4) = 3:
6. C(q) = q3 � 8q2 + 24q + 3; D(p) = 48� p = q ) p = 48� q:Pro�t given byP (q) = pq � C(q) = (48� q)q � (q3 � 8q2 + 24q + 3) =� q3 + 7q2 + 24q � 3) P 0(q) = �3q2 + 14q + 24 = �(3q + 4)(q � 6) =0 for q = � 43 ; 6:Take the +ve solution q = 6. Then p = 48� q = 42.P 00(q) = �6q + 14 < 0 for q = 6:So we have a lo
al maximum. AlsoP (6) = �63 + 7:62 + 24:6� 3 = 177 > P (0) = �3:So q = 6 is a global maximum.



7. Have y =p(1� x)) px+ y = p) �U�x�U�y =p
) y + 9x+ 2 =p) p(x+ 2) = y + 9) x = 92p � 12 = 9� p2p :

) dxdp = � 92p2 :so x de
reases with p for p < 9.
8. dndt = �21n+ 10n2 � n3 = �n(n� 3)(n� 7) = f(n):Equilibrium densities n = 0, n = 3, n = 7.f 0(0) < 0, f(n)! �1 as n!1. So graph looks like this:

Equilibria at n = 0, n = 7 stable; equilibrium at n = 3 unstable.
9. dxdt = x(4� 2x+ 3y); dydt = y(3 + x� 4y);4� 2x+ 3y = 3 + x� 4y =0) x = 5; y = 2;or y = 4� 2x+ 3y =0) x = 2;or x = 3 + x� 4y =0) y = 34 ;or x = y =0:So the equilibria are (5; 2), (2; 0), (0; 34 ), (0; 0).



10. x = xe + 
1x1e�1t + 
2x2e�2t;where �1;2 are the e-values, x1;2 are the e-ve
tors. If �1 and �2 are 
omplex,then we have an spiral point; stable if the real parts of the e-values are �ve,unstable if they are +ve.

11. Budget 
onstraint tou
hes indi�eren
e 
urve where�U�x�U�y =pq13 (x+ 9)� 23 (y + 5) 2323 (x+ 9) 13 (y + 5)� 23 = pq ) 12 y + 5x+ 9 = pq) 2p(x+ 9) =q(y + 5)Adding to budget 
onstraint px+ qy = 15 we have3px = 5q + 15� 18p) x =15 + 5q � 18p3p = 15 + 5q3p � 6
) y =30 + 18p� 5q3q = 10 + 6pq � 53 :�x =p 3p15� 18p+ 5q ��15 + 5q3p2 � = 15 + 5q18p� 5q � 15) �x + 1 = 18p18p� 15� 5q <0 if 18p� 5q < 15:



12. C(q) = q3 � 2q2 + 5q + 36) AV C(q) = q2 � 2q + 5:AV C 0(q) = 2q � 2 = 0 when q = 1) min(AV C) = 4:So 
ease produ
tion when p = min(AV C) = 4. For p � 4,p = C 0(q) = 3q2 � 4q + 5) 3q2 � 4q + 5� p = 0) q = 4�p16� 12(5� p)6 = 2�p3p� 113 :Take +ve sign for maximum pro�t. SoS(p) = � 2+p3p�113 if p � 40 if p < 4.Equilibrium is when NS(p) = D(p) (N �rms) so2 +p3p� 113 = 11� p:p = 9 is a solution by inspe
tion, and sin
e D(p) is de
reasing and S(p) isin
reasing, it is unique. p = 9) q = 1ND(p) = 2) P (q) = pq � C(q)= 18� (8� 8 + 10 + 36) = �28:So ea
h �rm makes a loss of 28 units.Produ
tion not viable in the long-run for p < min(ATC).ATC = q2 � 2q + 5 + 36q ) ATC 0(q) = 2q � 2� 36q2= 0 when q = 3;by inspe
tion. It is a minimum, sin
eATC 00(q) = 2 + 72q3 > 0:min(ATC) = 9� 6 + 5 + 12 = 20:So minimum pri
e in the long-run is 20 units.



13. C1(q1) =7 + 6q1 + q21 ;C2(q2) =5 + 9q2 + q22 ;Pro�ts:P1(q1; q2) =pq1 � (7 + 6q1 + q21) = [15� (q1 + q2)℄q1 � (7 + 6q1 + q21)=� 2q21 � q1q2 + 9q1 � 7;P2(q1; q2) =pq2 � (5 + 9q2 + q22) = [15� (q1 + q2)℄q2 � (5 + 9q2 + q22)=� q1q2 � 2q22 + 6q2 � 5:Cournot duopoly ) maximise P1, P2 wrto q1, q2 respe
tively. So�P1�q1 =� 4q1 � q2 + 9 = 0;�P2�q2 =� q1 � 4q2 + 6 = 0;Then q1 = 2, q2 = 1. So p = 15� 2� 1 = 12 and P1(2; 1) = 1, P2(2; 1) = �3.If 
o-operate, maximiseP (q1; q2) =P1(q1; q2) + P2(q1; q2)=� 2q21 � 2q1q2 + 9q1 � 2q22 + 6q2 � 12�P�q1 =� 4q1 � 2q2 + 9 = 0;�P�q2 =� 2q1 � 4q2 + 6 = 0;giving q1 = 2, q2 = 12 . Then P1(2; 12 ) = 2, P2(3; 1) = � 72 .



14. Have Z N(j)1N0 dn1n1 �N =Z jT0 dtT) [ln(n1 �N)℄N(j)1N0 =j
) N (j)1 �NN0 �N =ej) N (j)1 =N + (N0 �N)ejFor the se
ond population, we haveZ 2N(j)2N(j�1)2 dn2n2 =Z jT(j�1)T dtT) [lnn2℄2N(j)2N(j�1)2 =1) N (j)2 = e2N (j�1)2) N (j)2 =� e2�j N0:Sin
e N0 > N and e > 2 it is 
lear that both populations in
rease inde�nitely.But if the se
ond harvesting strategy is 
hanged so that the population densityis redu
ed by 23 at ea
h step, thenN (j)2 = �e3�j N0and the population dies away sin
e e < 3.



15. dxdt = x(7� 2x)� 3xy; dydt = y(10� 2y)� 4xy;Terms (1), (3) are logisti
 growth fun
tions, implying ea
h population 
ouldsurvive on its own in a limited resour
e environment.Terms (2), (4) with negative signs imply the two spe
ies are 
ompeting.Either 7� 2x� 3y =10� 4x� 2y = 0) x = 2; y = 1or x = 10� 4x� 2y =0) y = 5;or y = 7� 2x� 3y =0) x = 72 ;or x = y = 0:So the equilibria are (0; 0), (0; 5), ( 72 ; 0), (2; 1).Community matrixA = � (7� 2x� 3y)� 2x �3x�4y (10� 4x� 2y)� 2y� :
For (0; 0), A = � 7 00 10�. E-values 7, 10 both positive ) improper node,unstable.For (0; 5), A = � �8 0�20 �10�. E-values �8, �10 both negative ) im-proper node, stable.For ( 72 ; 0), A = ��7 � 2120 �4 �. E-values �7, �4 both negative ) impropernode, stable.For (2; 1), A = ��4 �6�4 �2�.Linearised equationsd�xdt =� 4�x � 6�yd�ydt =� 4�x � 2�y:�4�x � 6�y =� 4Æ[3e�8t � 2e2t℄� 12Æ[e�8t + e2t℄=Æ[�24e�8t � 4e2t℄ = d�xdt�4�x � 2�y =� 4Æ[3e�8t � 2e2t℄� 4Æ[e�8t + e2t℄=Æ[�16e�8t + 4e2t℄ = d�xdtAlso �x(0) = Æ, �y(0) = 4Æ.


