SECTION A

1.  Find the general solution of the linear ordinary differential equation

d
ﬁ + tan(z) y = 2z cos(z) ,
leaving your answer in the form y = f(z).
[4 marks]
Solution [Homework]
The integrating factor is
,U,(.’L') — ef tan(z) de _ e log(cos(z)) _ 1/ COS(.Q?).
Therefore the equation becomes
1 dy sin(x) d y
- = =2
cos(z) dz * cos2(a:)y dx \ cos(z) v
Therefore
LA + A,
cos(z)
so the solution is
y(z) = Acos(z) + z* cos(z) .
MATH224—Solutions Page 1 of 14 CONTINUED



2.  Solve the initial value problem

dy 3r+y

dz x

y(l)=2.

[5 marks]
Solution [Homework]

This is a homogeneous equation. The substitution y(z) = zv(z) gives

d
x—v+vz3+v

dx
SO d
v
SO

v(z) =3In(z) +¢

and the general solution is
y(z) = 3zln(z) + cx

Putting z = 1 gives y(1) = ¢, so ¢ = 2 and the solution is

y(z) = 3zln(x) + 2z .
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3.  Find the general solution of the following system of equations:

dzx

hatedR -9

dt ‘/'C y)
dy

— =5 3y .
7 T + 3Y

[9 marks]
Solution [Homework]

In vector form, we have

dy 1 =2
E_Ay where A—(5 3)-

The characteristic polynomial is
N —4r+13=0

SO
A=2+£3i

The eigenvector v corresponding to A = 2 + 3¢ is
v— 2
o\ —-1-3%

A2 2 cos(3t) ot 2sin(3t)
y(t) = Ae < — cos(3t) + 3sin(3t) ) + Be ( —sin(3t) — 3 cos(3t) ) ’

or, componentwise,

Hence the general solution is

z(t) = 2Ae* cos(3t) + 2Be* sin(3t) ,
y(z) = Ae® (—cos(3t) + 3sin(3t)) — Be’t (sin(3t) + 3 cos(3t)) .

This question may also be solved by substitution or using the Laplace transform.

MATH224—Solutions Page 3 of 14 CONTINUED



4.  The Laplace transform of a function f(t) is defined by
{10} =Fo = [ fe D ar.
0

(i) Show that

df
L{tft)} = —
[8 marks]
Solution [Bookwork]
! _ = —st _ % _ i —st
c{tf't)} = /0 f)te™tdt = /O f(t)ds (™) dt
— d = —st _ _d_}:
- _)E/o Fle *dr = 2
(ii) Compute the Laplace transform of t?sin(3t).
[5 marks]

Solution [Bookwork]

The Laplace transform of ¢?sin(3t) is second derivative of the Laplace transform of
sin(3t), so

) &£ [ 3
E{t Sln(3t)} = @ m

- ()
~ds \(s2+9)°
—6 24

_|_
(s2+9)°  (s2+9)°
—652 — 30
(s2 4+ 9)3 '
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5.

Calculate the Fourier cosine series of period m for the function f(zx) defined

for0<zx<m by

f(z) = sin(zx).

Hint: For any A and B,

sin(A) cos(B) = 1 (sin(A + B) +sin(A — B)). [7 marks]

Solution [Homework]

%/wa(x) dx

2 /7r sin(z) de = 2 [—cos(z)]; = 2 (1—cos(m)) = 4/x

T Jo 7r T
2 ™
—/ f(z) cos(nz) dz
T Jo
2 [T 2

—/ sin(z) cos(nz) de = = /077% (sin((1 + n)z) + sin((1 — n)z)) dz

1 [—cos((l1+n)z) —cos((1—n)z)|” 1 /1+(-D™ 1+4+(-1)"
;{ 1+n * 1—n L :;< 1+n * 1—-n )
21+ (-1)™)
(1 —n?)

So the Fourier cosine series is

Note:

flz) = % + Zan cos(nz) = % + % Z a+=0" cos(nz)

41 (2n2)
= — E ﬁ CoS\Znx) .
T = 1—4n

Full marks can be obtained without noticing that a; = 0/0.

Sketch the graph of this cosine series for —2m < x < 2m.

[2 marks]

Solution [Bookwork]
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6.  The Cauchy-Riemann equations for the real and imaginary parts u(z,y) and
v(z,y) of a complex function f(x + iy) are

ou v

or 0Oy

ou Oov
and — =——.
dy ox
(i) Suppose v(z,y) is given by v(z,y) = 322y — v +z. Find a function u(x,y)
so that u and v satisfy the Cauchy-Riemann equations.

[6 marks]
Solution:
Integrating the equation
Oou Ov
—=2_-=3 2 3 2
or 0Oy ¢ y
we find
u(z,y) = 2* = 3zy* + k(y)
or some function k. Then
ou Ov
2L~ boy+K(y) = —6zy—1=——
9y zy + K'(y) Ty 5
so k(y) = —y (plus an arbitrary constant). Therefore
u(z,y) = z° = 3zy* —y.
(ii) Find a function f(z) such that f(z +iy) = u(z,y) + w(z,y).
[8 marks]

Solution [Class]
We have f(z +iy) = 23 — 3zy? — y +i(32%y — y® + ). Taking z = z and y = 0 we find

f(z) = 2* +iz.
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7.  The function u(x,t) = F(x)cos(Act), where ¢ and X are positive constants, is
a nontrivial solution of the wave equation

u 0%
— = —.
ot? oz’

Show that F(z) satisfies the ordinary differential equation
F'+XNF=0.

[4 marks]
Solution [Bookwork]

Substituting into the wave equation gives
—\2?F(x) cos(Act) = > F" () cos(Act) .
Cancel cos(Act) from each side to give
~\F(z) = F"(x)

which implies
F"(z) + N’F(z) = 0.

Given that u also satisfies the boundary conditions
u(0,t) = u(L,t) =0,

show that the possible values of A are nm/L, where n is a positive integer, and find the
corresponding functions F(zx).

[4 marks]
Solution [Bookwork]
The general solution for F(z) is

F(z) = Asin(A\x) + B cos(Az).
The boundary conditions give F'(0) = F(L) = 0. Now
F(0) = Asin(0) + Bcos(0) =B =0
and then
F(L) = Asin(AL) =0

so either A =0 or sin(AL) = 0. A = 0 gives the trivial solution, so sin(AL) = 0 which
means AL = nm or A = nz/L for some positive integer n. Thus

A=nn/L and F,(z)=sin (?) .
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Sketch F(x) on the interval 0 < z < L for n = 3.
[2 marks]

Solution [Bookwork]
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SECTION B

8. Find the solution of the following ordinary differential equation, using the
ingtial condition y(1) =y'(1) = 0.

d? d
Py L dy

122 Ix + 9y = 271In(z) — 42” .

[15 marks]
Solution [Homework]

Try y.(xz) = ™ as a solution to the complementary equation. We obtain the auxiliary
equation
m(m—1)—5m+9=0

which has a double root m = 3. Hence the complementary function is
Yo(r) = Az® + Bz’ In(z) .

[6 marks for this part]
Try particular integral y,(z) = aln(z) + b + cz®. Substituting into the equation gives

r*(—a/z? + 2¢) — 5z(a/z + 2cx) + 9(aln(z) + b + cx?) = 27In(z) — 42°
and simplifying gives
9aln(z) + (96 — 6a) + cx® = 271In(z) — 42>
from which we deduce a = 3, b = 2 and ¢ = —4. Hence the general solution is
y(z) = Az® + Bz®In(z) + 3In(z) — 42 + 2.

[6 marks for this part]
The derivative of y(z) is
y'(z) = 3Az* + B2*(3In(z) + 1) + 3/z — 8z,

S0
y(1)=A—2 and ¢ (1)=34A+ B-5.

Therefore A =2 and B = —1, so
y(z) = 22° — 2°In(z) + 31In(z) — 42° + 2.

[3 marks for this part|

(This problem can also be solved by using the substitution z = €.)
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(a) Find a function h(t) such that the solution of the ordinary differential equa-

tion P
)
— +dy =g(t
o gq(t)

with initial conditions y(0) = y'(0) = 0 is given by the convolution integral
t
/ g(t — 7)h(7) dT .
0

[6 marks]

Solution:
Take the Laplace transform of both sides to obtain

s*Y (s) + 4Y (s) = G(s).

Rearranging gives
1
G
s2+4 (5)

so h(t) is the inverse Laplace transform of 1/(s? + 4), which gives

Y(s) =

h(t) = 1 sin(2t).

(b) Show that the Fourier series of the 2m-periodic odd function f(z) defined by
fle)=x for —m <z <mis

By evaluating the square integral of f(x) and of its Fourier series, show that

S
9 — -
—~n 6

[9 marks]

Solution:
The Fourier coefficients b,, are given by

b, = E/ zsin(nz)dxr = z [—xcos(m:) +sm(72m)}
™ Jo T n n 0
B g _7.‘_(_1)11, B 2(_1)n+1
N ™ n N n

The square integral of f(z) over [—m, 7] is

[oor [ za-ls] %

MATH224—Solutions Page 10 of 14 CONTINUED



The square integral of the Fourier sine series gives

o0 2 o0
/ <Z by, sin(nx)) de = Z b2 .
4 n=1 n=1

Taking b, = 2(—1)""!/n gives

273 T, >4 1
?:/_Wx dwzﬂnz_;ﬁ:@r;ﬁ,

SO

i1_2ﬂ31_7r
n2 3 4n 6

n=1
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10.  Show that the characteristic curves of the first-order partial differential equa-
tion

are given by

[6 marks]
Solution [Homework]

The characteristic equations are

dz dy
= =2 — = _gy.
I and 7 Ty
Solving first for x, we find
T = x9 + 2t,
SO p
d—i = —(z0 + 2t)y.

Solving this by separation of variables we find
In(y) = — (2ot +t*) +In(yo)

SO
—(zot?)

Y = Yo€

By considering the boundary value problem u(0,s) = f(s), or otherwise, find the gen-
eral solution of this equation.

[9 marks]
Solution [Homework]

The right-hand side gives

dt

SO
_ ¢
U = Ug€" .

The boundary conditions give zg = 0, yo = s and ug = f(s), so
r =2, y=se® and u=f(s)e.
Therefore
2 2
t=x/2 ands=ye" =ye® /4,

so the general solution is

u(z,y) = flye”/*)e?.
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11.  Write down the general solution of the heat equation
ou 0%u
ot ox

in a bar of length L, whose left and right hand ends are held at temperatures Ty and

Ty respectively.
[4 marks]

Solution [Bookwork]

u(z,t) =To + %T1 + Z Ay, sin (%) gL
n=1

Find the particular solution of the heat equation in a bar for which the initial temper-
ature distribution is

_ 0°C if 0<z<L/2
“(m’o)_{ 50°C if L/2<z<L

and the ends are held at 20°C.
[11 marks]

Solution [Homework]
The equilibrium solution is u.(z) = 20°C. Let f(z) = u(x,0) —ue(z). The coefficients
of the Fourier sine series of f(z) are

2 (L2 . /N7 2 rf . /N7
b, = Z/o —20sin <T) dm+Z/L/23OSm <T) dz

2 [zoLcos(mm/L)r/?+ 2 {—30Lcos(n7r:c/L)r

L L nmw

nm 0 L/2
40 (cos(nm/2) — 1) N 60 (cos(nm) — cos(nm/2))
B nm nm
_ 3cos(nm) — cos(nmw/2) — 2 50°C
nm

Therefore,

1e=3 — 2)—2
u(z,t) =20°C <1 + - Z cos(nr) (;;)s(mr/ ) sin (nzm) e_"z’TZ”t/Lz)

n=1
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12.  Show that the function
u(z,y) = ; sin (?) (A, cosh (nrz/L) + B, sinh (nmz/L))

satisfies Laplace’s equation

0%u N Pu 0
or? oyt
in the square 0 < z,y < L with boundary conditions u(0,y) = u(L,y) = 0.
[5 marks]
Solution [Example]
Find the particular solution for which
u(z,0) =0 and u(z,L)=z(L—x).
[10 marks]

Solution [Homework|
The boundary condition u(z,0) = 0 implies

Y 4,sin (@) —0
n=1 L

so the coefficients A,, are all 0.

The boundary condition u(z, L) = 1 gives
Z B,, sinh(nr) sin (?) =1.
n=1

The Fourier coefficients b, = B,, sinh(n) are then given by

o L
b, = Z/o z(L — x)sin (?) dx
2 [-Lz(L—z)cos(nrz/L) n L*(L — 2z)sin(nnz/L) B 2L3 cos(nrz /L) 1"
L nmw n?m?2 n3m3 0
2 203(1 — (—=1)") 41?2 "
T I n3s T i (=07 -
Thus , ( (1) )
A2 (1= (-1D)™) . /nwzy . nmy
u(z,y) = 3 n3 sinh(n) S (T) sinh (T)
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