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INSTRUCTIONS TO CANDIDATES

Answer ALL questions in Section A and THREE questions from Section B.
The marks shown against the questions, or parts of questions, indicate their
relative weights. The total of marks available in Section A is 55.
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SECTION A

1. Find the general solution of the differential equation

dy _ 2y°
de (22 +4)
putting your answer in the form y = f(z).
[65 marks]
2. Solve the initial value problem
d
Y9 ytanz = 2cosx — secz
dz
for y(x) where y(0) = 2.
[6 marks]
3. Solve the system of differential equations
dz
el 9
7 z + 2y
dy _
a Y
given the initial conditions z(0) = — 4 and y(0) = 3.
[8 marks]
4. Find the general solution to the ordinary differential equation
y// _ 2y/ + (1 _ a2)y — ebm
when a # 0 and b # 1 + a where a and b are real parameters.
Find the general solution in the case when b = 1 4+ a and a # 0.
[10 marks]
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5. The function f(z) is odd and has period 27 and also satisfies
flz) = z for — 7 <z <.

Sketch the graph of f(z) for — 37 < z < 37 and find its Fourier series.
[8 marks]

6. The function u(z,y) satisfies the partial differential equation

ou 1@

— — =0
8x+m8y

in the region x > 0.
(i) Find the characteristic curves of this equation for problems with a bound-
ary condition on the line x = 1.
(ii) Hence find the solution to the boundary value u = y? when z = 1.
[9 marks]

7. Write down the Cauchy-Riemann equations connecting a function u(z, y)
to its conjugate harmonic function v(z,y).
Show that the function

u(z,y) = e* Ycos(z +y)

satisfies the two dimensional Laplace’s equation.
Find v(z,y) the conjugate harmonic function corresponding to u(z,y).
[9 marks]
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SECTION B

8. Find the solution of the differential equation
22y’ — 9zy’ + 9y = 22 + 2?
with the initial conditions y(1) = 1 and y'(1) = 2.
[15 marks]

9. Find the general solution of the system of differential equations

du = 2z + + cost
dt y

d

d—z = x + 2y + sint.

[15 marks]

10. The function u(z,y) satisfies the first order partial differential equation

P L R

R €T —_— = €T

ox Y oy Y

in z > 0 subject to the boundary conditions u(z,0) = z.

Show that the family of characteristics of the partial differential equation
may be represented by

r = se y = ste'

where s and ¢ are parameters whose significance you should explain.
Hence determine the function u(z,y).
[15 marks]
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11. (i) Sketch the graph of the function g¢(¢) in the range — 27 <t < 2T
where

glt) = 1 +

it
— - T < t < T.
cos(T)‘ < <

What is the period of ¢(t)?
(ii) Calculate the Fourier series for g(t).
[ You may use without proof the relation

cos Acos B = 1(cos(A+ B) + cos(A— B)) ]

[15 marks]

12. Show that the function

u(z,t) = A + Bz + ) Cpsin <?> g~ Rt/ L2

n=1
where A, B and C,, are constants, satisfies the heat equation

ou O%u

ot~ ox?
in a horizontal bar of length L where the left and right ends of the bar are

held at temperatures Ty and T} respectively and k is a positive constant.
If the initial temperature distribution is

(2,0) — 0°C 0 <z < iL
U= Y 100°0c L <z < L

and the ends are held at 20°C, find the temperature distribution, u(z,t), at

time ¢.
[15 marks]
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