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SECTION A

1. Find the general solution of the differential equation

d
% = e¥(2? +2),
putting your answer in the form y = f(x).
[6 marks]
This is a separable equation. Separating x from y gives the integrals
/eydy = /(332 + 2)dz
and the final result is
y=—1In(A— 32° — 2z)
2. Solve the initial value problem
d
o o [5 marks]

This is a linear equation. You can simplify it by using the integrating factor

4
[ = exp {— / —dx] = e — 4
x

Using the integrating factor (or otherwise) gives the general solution of the differential
equation:
y =23+ COz*

The boundary condition y(1) = 0 implies C = —1 so the final answer is

y =1 — 2t
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3. Solve the system of differential equations

dz
= = 2z-2
dt Ty
dy
-~ = _ 3
7 T + 3y

given the initial conditions z(0) = 1,y(0) = 1.
[9 marks]

The two main ways of doing this are by the matrix method (using eigenvalues and
eigenvectors) or by elimination. I’ll show the matrix method here (see Q9 for elimina-
tion). As a matrix the problem reads

a(0)=(5 ) 0)

We find the eigenvalues from the equation

2—X -2
-1 3-2A

‘:0:>-~~:>(>\—4)()\—1):0

so the two eigenvalues are A =4 and A = 1. To find the eigenvalue for A = 4 we solve
-2 =2 a) (0
-1 -1)\s) " \o
1
( _q ) for \=4.

Similarly the other eigenvector is

2
(1) for A=

The general solution is therefore

(1) =2(4)=n ()

giving the eigenvector

To match the initial conditions we need A = —3 and B = 2, so the final solution is
1 4t 4 t
T — §€ + §€
Y 1e" + 2¢t

(Elimination gives the same result.)
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4. The function f(z) is even and has period 27; it also satisfies

0<z<m/2

N[

fz) =

3, Tm2<z<T.

Sketch the graph of the function for —2w < x < 2w and find its Fourier series.

[10 marks]

The question tells us the function’s value between x = 0 and 7. Using periodicity and
the fact that the function is even we can find f for any other z, the sketch should look

like

f(x)

—2T

—3mf2 —TTf 2 i T 3mfR 2717

~-1/2

Because the function is even we know immediately that b, = 0 for all n. To find the
a, coefficients we have to do the integrals

2 27
an, = %/0 f(z) cosnx dx

First when n =0

Next n # 0.

an, =

MATH224

e
Qg = —
s
1 7r/2 37\'/2 1 1 27!'3
= —/ —dx+ / (——) d:v+—/ —dx
T /2 2 T J3nj2 2
o = S_L . 3_4
0= 173717

1 2w 2 ™
— / f(z) cosnz dz = - / f(z) cosnx dx (by symmetry)
0 0

2‘/Wﬂ:s 2(/* < 1)
- —cosnz dr + — —— ) cosnx
T 0 2 v ﬂ./2 2
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4 (nﬂ)
a, = —s8sin|—

Putting this together

[e o]

flz) = % +Zancosm:

(any of these three answers is fine.)
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5. The function u(z,y) satisfies the partial differential equation

(i) Find the characteristic curves of this equation for problems with a boundary

condition on the line y = 0.
[5 marks]

(1) Hence find the solution to the boundary value problem

u=cosr when y=0.
[4 marks]

(i) The parametric equations for the characteristic curves are
dx dy

&3 —
a oY dt

Since the boundary is on the line y = 0 a good initial condition is

1

y=0; rT=Ss when ¢ = 0.

Solve the y equation first

d
d—izl with y(0) =0 =>y=
Use this to eliminate y from the equation for z
dz
— =3t
at "

This is a separable equation, its solution (with z(0) = s) is
T = Sexp (gt2)
The characteristic curves are

z(t) = sexp (3¢%), y(t) =t

(ii) There rhs of this PDE is 0, so the equation for u is simply
du _
dt

and the solution is just

0  with initial condition wu(0) = coss

u(t) = coss for all ¢t.

We want a solution with x and y, so we eliminate s and ¢ by using

t=uy, $ = T exp (— %t2) = rexp (— gy2)
to give the final answer
3,2
u(z,y) = cos [a:e_fy ]

MATH224 Page 6 of 14 CONTINUED



6. (i) Given that u(z,y) = F(z) exp(—py), where p is a constant, satisfies the
partial differential equation

Pu  u
0z Oy?
show that the function F' must obey
d’F 9
— F=0.
dzx? T

Write down the general solution for F
[4 marks]

(ii) If the function u also satisfies the boundary conditions
u0,y) =0,  u(L,y)=0

where L is a constant, find the possible values of u. Hence find the general solution

for u with these boundary conditions.
[5 marks]

Substitute the suggested form into the equation, and you get

d’F &CF
e H <w+u2F> =0 :>W—|-,u2F:O

The general solution for F is

F(z) = Acos px + Bsin ux

(ii) To satisfy u(0,y) = 0 we need A = 0 (no cosine term). To also satisfy u(L,y) we

need
nmw

sinul =0 b=

with n an integer.

We get the general solution by adding together all the separable solutions we have just

found, i.e.
u(z,y) = _ Cpsin (?) exp <_ n_;rjy)
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7. (i) Write down the Cauchy-Riemann equations connecting a function u(x,y) to
its congugate harmonic function v(zx,y).

Show that the function
u(z,y) = 3e** cos(2y) — e¥sinz

satisfies the two-dimensional Laplace’s equation.

[4 marks]

(i) Find v(x,y), the conjugate harmonic function corresponding to u(z,y) in

part (i).
[4 marks]

The Cauchy-Riemann equations say

Oou B ov ov ou

d9r 9y 9z 9y

To check Laplace, take the second derivatives of u

Uge = 12€*®cos2y+ e¥sinz
Uyy = —12e* cos 2y — e¥sinz
SO Ugy + Uyy = 0 .
(ii) From the CR equation
ov

— = u, = 6e*®cos 2y — €Y cos
Ay
Integrate both sides wrt y.

v =3e*sin2y — e¥ cosz + A(z)

To fix the unknown function A use the other CR relation

5, s,
o Y o 6e™sin 2y — e¥ cos T = —6e**sin2y — €Y cosz — A'(z) = A'(z) =

Jy ox
A(z) has to be a constant so the final result is

v =23e**sin2y — e’ cosz + C
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SECTION B

8. Find the solution of the differential equation
222" —3zz' +3z=2"+1

with the initial conditions z(1) = 0,2'(1) = 1.
[15 marks]

Recognise that this is Euler’s equation, so try functions of the type zP for the comple-
mentary function. The characteristic polynomial equation is

pP—4p+3=0
which has the roots p = 1 or 3. Therefore the complementary function is
2. = Az® + Bz

For a particular solution of Euler’s equation try a polynomial with the same powers
that occur on the right-hand side.

z, = az’+ 3

This works if o = —1, [ =3, so

QO

_ 2 1
Zp = —X +§

The general solution is
z=z+2,=A* — 2>+ Bz + 3 .

Now use the initial conditions to find A and B. (A common mistake is to use the
initial conditions too early, on just the complementary function. You must impose the
initial conditions after adding z. and z,.) The final answer should be

7,3 _ 2 1 1
zZ = g% T 2$+3
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9. Find the general solution of the system of differential equations

d

_df = 4w—y+63t,
d

d_ilt/ = —dx+4y+et.

[15 marks]

You can do this either by vector methods or by elimination. Here is the solution by
elimination (see Q3 for a matrix example). From the first equation we have

dzx
:4 _ 3t
Y X dt+e

Substitute into the second equation to get rid of y.

Az dz
— — 88— + 12z = —2¢*
az S T ¢

For the complementary function try e*. The solutions for )\ are
N —8\+12=0 = A=6or2
z, = Ae® + Be?

For the particular solution guess z, = ae. This works if a = %,

T =+ 1, = Ae® + Be® + 2¢*

We recover y from y = 4x — ‘fi—f + €% to give

y = —2Ae% + 2Be* + ge‘%
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10. The function u(x,y) satisfies the first order partial differential equation

ou ou
~ 10 =9y — 2y —
z— 4+ (1+x) u—2y—3

in the domain z > 0, y > 0 and the boundary condition
uw(z,0)=z+2 on y=0.

(i) Show that the family of characteristics of this partial differential equation
may be represented by

r = se’, y=se'+t—s

where s and t are parameters whose significance you should explain.

[6 marks]
(i) Hence, or otherwise, determine the function u(z,y).
[9 marks]
(i) The characteristics are given by the equations

with the initial condition y = 0,2 = s when ¢t = 0. Solve the x equation first, because

it doesn’t mix up z and y.
dz

E —
Now we can eliminate z and solve the y equation:

T :>ZL':8€t

d
—(izl—l—:;@lt =y=t+se+C
We want y = 0 when £ = 0, so

y=t+se —s
as we were told.

Explain s and t. s identifies the different characteristic curves, it is constant on any
given characteristic. t is a parameter indicating the distance along a characteristic.
For convenience we make ¢ = 0 on the boundary.

(ii) The parametric equation for u is

du
& oy —2y—3
a4

First step is to get rid of any z or y by using the results from (i).

d
d—?zQu—Qset—2t+2s—3
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This is a linear equation, solve it to get
u=Ae*+2se! +t+2—s

with A an unknown constant. At ¢t = 0 we were told u(0) = z(0) + 2 = s + 2 which
tells us that A = 0. So
u=2se'+t+2—s

Using the results from (i) to eliminate s and ¢ gives

u=z+y+2
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11.(i) Sketch the graph of the function g(t) where:

g(t) =4+ |sint|
What is its period?
[5 marks]

(i1) Calculate the Fourier series for g(t).
[10 marks]

Hint: Remember that sin Acos B = §sin(A + B) + 1 sin(4 — B) for any A and B.
(i) Your sketch should look like this:

The function g has period 7.
(i) Because the function is even with period 7 its Fourier series will have the form

g(t) = tao + Z a, cos 2nt

n=1
We find the a,, form the integrals
a, = —/ g(t) cos 2nt dt
T Jo

Because sint > 0 in the region 0 < ¢ < 7 we can replace |sint| by sint in this region .
The results are

2 (7 4
aoz—/(4+sint)dt:---:8+—

™ Jo ™
2 [T 4 1

an:;/o (4+sint)cosZntdt:---:—;4n2_1
(using the hint). So
2 4 cos 2nt
9(t) =4+ - - —
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12. A function u(x,y) satisfies Laplace’s equation in the rectangle 0 < = < a,
0 <y < b together with the homogeneous boundary conditions

u(0,y) =u(a,y) =0, 0<y<b

onz =0 and z = a.
(i) Verify that the function

u(z,y) = 3 sin (20 [Cucosh (22 + Dsinh (22 )

a a

satisfies the differential equation and the boundary conditions on x =0 and x = a if n
s an integer and C,, and D,, are constants.

[5 marks]

(ii) Find the solution to this problem, i.e. find C, and D,, given that u(z,y)
satisfies the boundary conditions

u(z,0) =0, u(z,b) =1, 0<z<a

ony =0 andy=>.
[10 marks]

(i) Putting in 2 = 0 and x = a gives zero, so the boundary conditions are satisfied.
Take the second derivatives

Upy = — zn: <7%7T)2 sin (?) [Cn cosh (?) + D, sinh (’”(liy)]
Uy = + zn: (%)25111 (?) [Cn cosh (naﬂ> + D, sinh (?)]

so the Laplace equation u, + uy, = 0 is fulfilled.
(ii) We can satisfy the b.c. u(z,0) = 0 by making C,, = 0 for all n.

To find the value of all the D,, we have to calculate the half-range Fourier sine series
for the boundary condition u(z,b) = 1. The result is

= 4 . (@Qk+)mz
stul(T)_l’ O<zx<a

k=0
where 2k + 1 = n. To match this series when y = b needs

(2k+1)mb\ 4
)  (2k+D)r

D2k+1 sinh <
a

o A sin ((2k+al)7rz) sinh ((2194;1)7@)
= u(z,y) =
(z,y) kz:; (2k + Dmr sinh ((2}9—{;1)#6)
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