SECTION A

1. By forming an exact differential, or otherwise, find the general solution of the
ordinary differential equation

dy _ —(y* —2z)
dr 2y

)

leaving your answer in the form y = f(z).
[5 marks]

Solution [Homework]

Rearranging gives
(y* — 22) dz + 22y dy = 0.

This is an exact differential, as there is a function u(z,y) with

Then
u(z,y) = /y2 — 2z dz = zy® — 2® + k(y)

for some function k(y), which turns out to be 0. So zy*> — 2% = ¢, giving solution

c+ z?

X

y(z) =
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2.  Solve the initial value problem

d
%4—21:3/:&6; y(0)=1.

[4 marks]
Solution [Homework]

This is a linear equation. Multiply by the integrating factor

_ f2xdz _ _2?
HT = € =€

to find p p
2 2 ay 2 2
s T — ot Y 2 T — T
dx( y) e I + 2re” y = xe

Integrating the right hand side gives

2

e y(z) = e /2 +c
SO .
y(x) =ce™ +1/2.

The initial conditions give
l=c+1/2

so ¢ = 1/2 and hence the solution is
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3.  Find the general solution of the ordinary differential equation

d’y dy
2 2
x @-1—3:6%—37;:5:6 .

[9 marks]
Solution [Homework]

The complemenary (homogeneous) equation is

d*y dy

2

—= +3r— -3y =0.
xdx2+ xda: y

Try solution y = ™. Subsituting into the equation gives
m(m — 1)z™ 4+ 3mz™ — 32™ =0

SO
m2+2m—-3=0

giving roots m = 1 and m = —3. Hence the complementary solution is
yo(z) = 1w + ca/z°.
For a particular solution, try y;(z) = az?. Substituting into the equation gives
202 + 6az?® — 3az® = 5z’
which gives 5ax? = 522, so a = 1. The general solution is therefore
y(r) = 17 + /7 + 2

This question may also be solved by using the substitution z = €.
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4.  The Laplace transform of a function f(t) is defined by
{50} =Fe) = [ e sy
0

(i) Show that N
L{f'(t)} =sf(s)— f(0).

[2 marks]
Solution [Bookwork]
[,{fl(t)} — / fl(t)efst dt — t fst / f fst)
= +s/ f(te st dt = sf(s ) — f(0) .
(ii) Find a formula for L{f"(t)} .
[8 marks]
Solution [Bookwork]
L@} =sL{f 0} = £1(0) = $*F(s) — 5£(0) = £(0).
(The question can also be done by computing [ f”(t) e~** dt directly. )
(iii) Compute the Laplace transforms of sin(at) and cos(at).
[4 marks]

Solution [Bookwork]
The second derivative of sin(at) is —a?sin(at), so

—a’L {sin(at)} = s°L { sin(at)} —

giving
a

E{Sln(at)} = m .
The derivative of sin(at) is a cos(at), so
al { cos(at)} = sL { sin(at)}

giving
a S
L { cos(at)} = — = .
{C a} asQ—l-OL2 s2 + a?

(These can also be computed by calculating the Laplace transforms of e*ét))
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5.  Calculate the Fourier cosine series of period 2w for the function f(x) defined
forO<zx<mby

f(z) =22,
[7 marks]

Solution [Homework]

2 ™
- ° d
ag 7T/0 f(z) dz
9 T 317 3 2
_ _/xadeEH _ 2 _ 2
T Jo T3], T 3 3
2 ™
ag = —/ f(z) cos(nz) dz
T Jo
2 ™

_ _/ 22 cos(nz) dz — 2 {ﬁsin(nx) N 2:1,‘0052(711') _ 2sin(na)]”
m

T Jo n n n 0
2 2mcos(nm)  4(—1)"
oo n? - n2
So the Fourier cosine series is
°° 2 °° n
ag T (—1)" cos(nx)
f(z) = 5 +;ancos(nx) =3 +4;T :
Sketch the graph of this cosine series for —2m < x < 2m.
[2 marks]
Solution [Bookwork]
10 -
5 -
-6 -4 -2 2 4 6
75 -
71 O -
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6.  The function u(z,y) satisfies the first order partial differential equation

in the domain x > 0, y > 0.

Show the the family of characteristics of the partial differential equation may be rep-
resented by

T = zoe? y = 1yoe" .
[8 marks]
Solution [Homework]
The characteristics are given by the differential equations
dx 5 dy
— =2z _— =
7
which have solutions
= 1zge?* and y = ype
respectively.
Find the solution of the equation with u = z when y = z2.
[6 marks]

Solution [Homework]

Parameterising the boundary curve by s gives 2o = s, ¥ = s and ug = 5. u is constant
on the characteristic curves, so

Then €' = y/s? so e* = y?/s* hence x = y?/s® and s* = y?/x. Therefore the solution

u(z,y) = Vy?/x
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7. The function u(z,t) = F(z)e X", where k and )\ are positive constants, is a
nontrivial solution of the heat equation

ou_ o
ot oz’

Show that F(x) satisfies the ordinary differential equation
F'+XNF=0.

[4 marks]
Solution [Bookwork]

Substituting into the heat equation gives
—NkF(z)e N = gF"(z)e M
Cancel ke™*** from each side to give
~\F(z) = F"(z)

which implies
F"(z) + A\?F(z) = 0.

Given that u also satisfies the boundary conditions
u(0,t) = u(L,t) =0,

show that the possible values of A are nm/L, where n is a positive integer, and find the
corresponding functions F(z).

[4 marks]
Solution [Bookwork]
The general solution for F(z) is

F(z) = Asin(A\x) + B cos(Az).
The boundary conditions give F'(0) = F(L) = 0. Now
F(0) = Asin(0) + Bcos(0) =B =0
and then
F(L) = Asin(AL) =0

so either A =0 or sin(AL) = 0. A = 0 gives the trivial solution, so sin(AL) = 0 which
means AL = nm or A = n7/L for some positive integer n. Thus
nwm)

A=nr/L and F,(z) =sin (T
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Sketch F(x) on the interval 0 < x < L forn=1 and n = 2.
[2 marks]

Solution [Bookwork]
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SECTION B

8. Find the particular solution of the following system of equations, using the
ingtial conditions z(0) = 1, y(0) = 0.

dz

— = 4x — 11¢
dy

— =5 2 30t .
7 T + 2y +

[15 marks]
Solution [Homework|
Write in vector form dy/dt = Ay + f(t) where

(4 -1 B 11\ | z(2)
A_<5 . ) f(t)_t<30)_tb, y(t)—(y(t) )
First find the solution to the complementary homogeneous equation dy/dz = Ay. Try
y(z) = e*®v. Then Av = \v, so )\ is an eigenvalue of A and satisfies

det(A—=A)=(4=XN)(2-X) = (=1)5=X—=6A+13=(A—3)2+4=0.

The eigenvalues are complex, A\ = 3+2, and the eigenvector corresponding to A = 3+2:

is given by o ) )
— 27 — a
(57 -2 (5)-(0)
_ 1
V_<1—%>

or a scalar multiple. The real complementary solution is given by taking linear com-
binations of the real and imaginary parts of e’v, and is

SO

y(t) = c1€¥(cos(2t)u — sin(2t)w) + coe® (sin(2t)u + cos(2t)w)

(1) e ()

are the real and imaginary parts of v respectively.

where

[6 marks for this part]

Try particular solution y(t) = tu; + uy Substituting into the equation gives
u; = tAu1 + Auo + tb,

SO
Au; = -b and Auyg = u;.
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To solve these equations, invert A. Then

R (EDIONE)
R TENEINE!

So the general solution is

and

z(t) = c1e* cos(2t) + cpe®sin(2t) — 4t — 1,
y(t) = ci1e®(cos(2t) + 2sin(2t)) + coe3t(sin(2t) — 2 cos(2t)) — 5t.

[6 marks for this part|
To satisfy the initial conditions, we require

01—1 =1

C1 — 262 = 0.
This gives ¢; =2 and ¢ = 1, so
z(t) = 2e*cos(2t)+ e*sin(2t) — 4t — 1,
y(t) = b5e¥sin(2t) — 5t.

[3 marks for this part]

(This problem can also be solved by substituting for one variable into the other equa-
tion or using the Laplace transform.)
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9.  The function y(t) satisfies the ordinary differential equation

d?y d
prel +5—y+4y—g(t)

where § is a constant.
(a) Suppose 6 = b5, and the initial conditions for y(t) are y(0) = y'(0) = 0. Find
a function h(t) such that the solution to the initial value problem is

y(t) = / h(r)g(t — 7) dr.

[8 marks]
Solution [Class]

Taking the Laplace transform gives
s’Y (s) +5sY(s) +4Y(s) = G(s)
S0

Gs) Gl
s2+5s5+4  (s+1)(s+4)

Y(s) =
[3 marks for this part|
Express 1/((s + 1)(s +4)) as a partial fraction

A+B
s+1 s+4°

The coefficients A and B satisfy
A(s+4)+B(s+1)=1

so, setting s = —1 we find B = 1/3 and setting s = —4 we find A = —1/3. The inverse
transform of 1/(s + a) is e™*, so

[3 marks for this part|
Then

4(t—T) e(t ‘r))
g(T) dr

[2 marks for this part|
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(b) Suppose now 0 < & <K 1 is very small. Write down the form of the particular
integral when g(t) = sin(nt), where n is a positive integer. Hence, or otherwise,
approzimate the amplitude of the steady-state response of the system to the input g(t) =

sin(nt).
[7 marks]

Solution [Homework]

The particular integral has the form y(¢) = Asin(nt) + B cos(nt). Substuting into the
equation gives

(—An® — 6Bn + 4A) sin(nt) + (—Bn® + §An + 4B) cos(nt) = sin(nt)
Equating coefficients of sin(nt) and cos(nt) gives

(4—n*)A-6nB = 1
(4—n®*)B+06nA = 0

[3 marks for this part]
As 6 = 0, if n # 2, then

Ax and B=x0

4 —n?
so the amplitude is approximately 1/(4 — n?).
If n =2, then
1
A=0 d B=—
an 55
so the amplitude is approximately 1/24, which is very large.

[4 marks for this part|
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10.  Suppose the Laplace transform of f(t) is F(s). Show that the Laplace trans-
form of H(t —a) f(t — a) is e **F(s) if a > 0.
[4 marks]
Solution [Bookwork]

/000 H(t—a)f(t—a)e ™" dt = /aoo ft—a)e ™t dt = /Ooo f(r)e*) dr
= e_‘”/o f(r)e*"dr = e *F(s).

The function u(z,t) satisfies the partial differential equation

ou Ou
8—x+a+2$U—0

in the domain x > 0, t > 0, with boundary conditions
u(z,0) =0, u(0,t) =sin(3t).

By taking the Laplace transform of u(zx,t) with respect to t, or otherwise, determine
the function u(z,t).
[11 marks]

Solution [Homework]

Taking the Laplace transform gives

du(z, s) ~
2 = 0.
Ida + (s + 2z)u(z,s) =0
[3 marks for this part|
Solving this equation
g
Tu = /—21: —sdzx
u
In |u(z,s)] = —z?— sz + c(s)
U(z,s) = Als)e ™ e

[3 marks for this part]
A(s) = (0, s), so U(x, s) = e = u(0,s)e**. Now (0, s)e ** is the Laplace transform
of u(0,t —z)H(t — ), so
w(z,t) = e u(0,t—z)H(t— z)
= e % sin(3(t—z))H(t — ).

[6 marks for this part|
(This equation may also be solved by using the method of characteristics.)
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11.  Find the solution of the wave equation

Pu 5, 0%
e _ 29"
ot? ox?

(a) in an infinite string, with initial conditions
u(z,0) =sin(z) and w(z,0)=0.
[4 marks]

Solution [Homework]
Since the string is infinite, use D’Alembert’s solution of the wave equation,

u(z,t) = F(z + ct) + G(z — ct).
The initial conditions give
F(z)+ G(z) =sin(z) and cF(z) — cG(z) =0,
so F(z) = G(z) = sin(x)/2. Thus the solution is

w(z, 1) = sin(z + ct) —;— sin(z — ct)

(b) in a string of length L with boundary conditions u(0,t) = u(L,t) = 0, and
initial conditions

u(m,O):f(x):{Lx if0<z<L/2

—o ifLj2<a<L and  ui(z,0) = 0.

[11 marks]
Solution [Homework]

The general form of the solution with the given boundary conditions is

u(z,t) = ZBn sin (?) cos (m;ct) .
n=1

The boundary conditions give

iBn sin (?) = f(z)

so to solve the problem we need to find the Fourier sine series of the function f(z).

2 (" _
B, = z/o f(z)sin(nrz/L) dz

/2

_ % ( /0 " sin(nme /L) do+ /L " (L - 2) sin(omz/L) da:)
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Setting y = L — x in the second integral, we find

/L (L —z)sin(nmz/L) de = /L ysin(nm —nry/L) (—1)dy

/2 /2

L/2
= / y cos(nm) sin(—nny/L) dy
0
L/2
— —1”+1/ ysin(nmy/L) d
0

so B, =0 if n is even. If n is odd,

L/2
B, = / zsin(nmz/L)
0

—Lz cos(nmz/L) N L?sin(nrzL)]*"?
nm n2m?

L2(1 — cos(nm/2)) L2 sin(mr/Q)O
( . )

Sl e e

2mn n2n?
Setting n = 2m — 1, we have

oL  (=1)m4L
Bomss = -2 4 ) 2
- + n2m?

So

o~ 3% (L L (e ()
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12.  Show that the function
u(z,y) = 2° — 3zy° + z

satisfies Laplace’s equation.

[8 marks]
Solution [Example]
Compute
ou 0u ou 0%u
—=3"-3y°+1, —5=6 — =6 — =6
ax T y + ? 81’2 .'L', 8y "L.yJ 8y2 x?
SO 5 o
S Y 6r—6r=0
ox oy
In polar coordinates, Laplace’s equation can be expressed as
Pu tou 1o
or* " ror  r2aer
Show that the functions
Un(r,0) = A,r" cos(nf) + B,r" sin(nf)
are solutions of Laplace’s equation.
[4 marks]

Solution [Class]

Compute the derivatives

6;" = nA,r" *cos(nf) + nB,nr" ' sin(nd)
82un n—2 n—2 .:
7 n(n —1)A,r" = cos(nf) + n(n — 1) B,r" “sin(nh)
r
2
88:; = —n?A,r" cosnf — n’B,r"sin(nf)

Substituting into Laplace’s equation gives

0%u,, N 10u, 1 0%,

or: ' r or + 2 99r Ap (n(n —1+n-— n2) "% cos(nf)

+ B, (n(n — 1) + n — n?) r"*sin(nf)

Why are the functions
/2 cos(50/2) and r~sin(30)
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not solutions of Laplace’s equation in the disc r < a?
[2 marks]

Solution [Bookwork]

The function 7%/2cos(56/2) is not a solution since if is not 27-periodic in ; if § = 0,
we have 71/2 and if § = 27 we have —r'/2. The function 3 cos(36) is not a solution
since it is unbounded as r — 0.

Find the solution of Laplace’s equation in the disc r < 2 which satisfies the boundary
conditions

u(r,e):f(e):{ 1 ifo<f<m

-1 f —m<f<O.
on the circle r = 2.
[6 marks]
Solution [Homework]
The general solution is

. P

u(r,0) = -t Z " (A, cos(nf) + By, sin(nb)) .

The boundary conditions u(2,0) = f(#) can be used to compute the coefficients A,
and B,. f(f) is an odd function, so we only need the Fourier sine series of f, which
has coefficients

by = g/wsin(nﬁ) & - 2 [Mr _ 2(1 — cos(nm))

™ ™ n 0 nm

0 if n is even,
= 4

— s

Now, B, = b,/2", so

i) = &30 €L (om0

m=1
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