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INSTRUCTIONS TO CANDIDATES
Answer ALL questions in Section A and THREE questions from Section B. The

marks shown against the questions, or parts of questions, indicate their relative
weights. The total of marks available in Section A is 55.
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SECTION A

1. By forming an exact differential, or otherwise, find the general solution of the

ordinary differential equation

dy
dx 2y

(y*> —2x)

’

leaving your answer in the form y = f(z).

2. Solve the initial value problem

d
£+2xy:x; y(0)=1.

3. Find the general solution of the ordinary differential equation

d? d
Yi3: Y

il — 52
dx? dz 3y = ot

.’L‘2

4. The Laplace transform of a function f(¢) is defined by
{70} =F6) = [ e sy
0

(i) Show that _
L{f' (&)} =sf(s) = f(0).

(ii) Find a formula for £ {f"(t)} .

(iii) Compute the Laplace transforms of sin(at) and cos(at).
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[6 marks]

[4 marks]

[9 marks]

[2 marks]
[3 marks]

[4 marks]
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5. Calculate the Fourier cosine series of period 27 for the function f(x) defined for
0<z<mhby
flz)=2°.
[7 marks]

Sketch the graph of this cosine series for —27 < x < 27.
[2 marks]

6. The function u(z,y) satisfies the first order partial differential equation

in the domain z > 0, y > 0.

Show the the family of characteristics of the partial differential equation may be rep-
resented by
z=1x0e",  y=1yoe .
[3 marks]

Find the solution of the equation with © = = when y = z2.

[6 marks]

7. The function u(z,t) = F(x)e ", where s and X are positive constants, is a
nontrivial solution of the heat equation

ou_ o
ot oz

Show that F'(x) satisfies the ordinary differential equation
F'+NF=0.

[4 marks]

Given that u also satisfies the boundary conditions
u(0,t) = u(L,t) =0,

show that the possible values of A are nw/L, where n is a positive integer, and find
the corresponding functions F'(z).
[4 marks]

Sketch F'(x) on the interval 0 <2 < L forn =1 and n = 2.
[2 marks|
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SECTION B

8. Find the particular solution of the following system of equations, using the
initial conditions z(0) = 1, y(0) = 0.

dz

— = 4 — 11¢
dy

= = 2 t.
7 ox + 2y + 30

[15 marks]

9. The function y(t) satisfies the ordinary differential equation

Py dy
?+5$+4y—g(t)

where ¢ is a constant.

(a) Suppose § = 5, and the initial conditions for y(¢) are y(0) = 3'(0) = 0. Find
a function h(t) such that the solution to the initial value problem is

y(t) = / h(r)g(t - 7) dr.

[8 marks]

(b) Suppose now 0 < § < 1 is very small. Write down the form of the particular
integral when ¢(t) = sin(nt), where n is a positive integer. Hence, or otherwise,
approximate the amplitude of the steady-state response of the system to the input
g(t) = sin(nt).

[7 marks]

MATH224 Page 4 of 6 CONTINUED



10. Suppose the Laplace transform of f(t) is F(s). Show that the Laplace trans-
form of H(t —a)f(t —a) is e *F(s) if a > 0.
[4 marks]
The function u(z,t) satisfies the partial differential equation

ou Ou
- ~~ 19 —
6x+8t+ zu=0

in the domain x > 0, £ > 0, with boundary conditions
u(z,0) =0, u(0,t)=sin(3t).

By taking the Laplace transform of u(xz,t) with respect to ¢, or otherwise, determine
the function u(z,t).

[11 marks]
11. Find the solution of the wave equation
u 4, 0%
o~ a2
(a) in an infinite string, with initial conditions
u(z,0) =sin(z) and wu(z,0)=0.
[4 marks]

(b) in a string of length L with boundary conditions u(0,t) = u(L,t) = 0, and
initial conditions

x if0<z<L/2

u(a:,O):f(a:):{L_x L2 <z<L and  u(z,0) =0.

[11 marks]
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12. Show that the function
u(z,y) = 2° — 3zy° +

satisfies Laplace’s equation.
[3 marks]

In polar coordinates, Laplace’s equation can be expressed as

Pu 10u 1 0%

at rar T =Y

Show that the functions
Un(r,0) = A,r" cos(nf) + B,r" sin(nf)

are solutions of Laplace’s equation.
[4 marks]

Why are the functions
r*2cos(50/2) and 7 3sin(36)
not solutions of Laplace’s equation in the disc r < a?

[2 marks]

Find the solution of Laplace’s equation in the disc » < 2 which satisfies the boundary

conditions
1 fo<bl<n

u(r,9)=f(9):{ -1 if —7r<6 <.

on the circle r = 2.
[6 marks]
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