THE UNIVERSITY
of LIVERPOOL

SECTION A

1. Find the general solution of

dy 4
—=(1+3 )
o= (1432 (y+5)
leaving your answer in the form y = f(z). [4 marks|

2. Solve the differential equation

[6 marks]

3. Solve the system of differential equations for z = x(t) and y = y(t)

t4+y = 0
di—g+4z = 0

given the initial conditions z(0) = 1,y(0) = 0. [9 marks]

4. (i) Show that the Laplace transform of the Heaviside function H(t — k)
with £ > 0 is given by

—ks

CL{H(t—Fk)} =

[4 marks]
(ii) Calculate the Laplace transform of the function
0 0<t<k
fA)=5 £+ k<t<k+a
0 t>k+a
[4 marks]
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5. The function f(z) is even and has period 2; it also satisfies

fl@)= -3, 0<z<m/2
%, m/2<zx<T.

Sketch the graph of the function for —27 < x < 27 and find its Fourier series.
[10 marks]

6. Given u(z,t) = F(z)exp(—A?kt), where k and X are constants, satisfies
the partial differential equation

o*u _ 10u
0x2 kOt
show that F"” 4+ A\?F = 0. [4 marks]

Given that solutions of the above partial differential equation also satisfy the
boundary conditions

u(0,t) = u(d,t) =0

where d is a constant, find the possible values of A\. Hence find the general solution
for this boundary value problem. [5 marks]

7. Show that the function u(z,y) = e®cos(y) satisfies the two-dimensional
Laplace’s equation. [3 marks]

Write down the Cauchy-Riemann equations involving u and its conjugate
harmonic function v(z,y). Find v(z,y). [6 marks]
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8. Given that the Laplace transform of f(t) is denoted F'(s), show that

(1)

ity =

[2 marks]

(i)

L{S(t)} = sF(s) = f(0)

[3 marks]

(i)

L{f"()} = s"F(s) — s£(0) = f'(0)

[3 marks]|

(iv) Given that y(t) satisfies the differential equation

and the boundary conditions y = 1 and dy = —2 at t = 0, show that the Laplace
transform of y(t), denoted Y'(s) sat1sﬁes

(s+1)(s+3)Y(s) = Si2+s+2.

Hence find y(t). [7 marks]

9. The periodic function f(¢) is defined by

f()—\sm(gf)|, T<t<T

and f(t+T) = f(t). Show that the Fourier series of f(t) may be written

2 4 2nmt
e D T 2n—1)C°S(T)'
[10 marks]
Find a particular integral of the ordinary differential equation
d*x
2 Tr= f(#)
assuming resonance does not occur. [5 marks]
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10. The function u(z,y) satisfies the first order partial differential equation

ou ou

1 iy =
( +wax+ym/ u+y

in the domain z > 0, y > 0 and the boundary condition
u=y(l—y) on z=0.

Show that the family of characteristics of the partial differential equation may
be represented by

r=t+se" —s, y = se'

where s and ¢ are parameters whose significance you should explain. [7 marks]

Hence determine the function u(z,y). [8 marks|

11. Use the transformation
{=r+y, n=r-2
to reduce the partial differential equation
Wiy + AUy + Uy = 9(x* — zy — 2¢%)

to canonical form. Hence or otherwise, classify the equation. [11 marks]

Find the general solution of this equation in terms of x and y. [4 marks|
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12. (i) Writing f(s) for the Laplace transform of f(t) and H(t — a)
for the Heaviside (or unit step) function, show that the Laplace transform of
fit—a)H(t —a) is

f(s) exp(—as) .
[3 marks]|

(ii) The function u(z,t) satisfies the partial differential equation
o*u ’u  0%u

—2- 4
O0z?  Oxz0t  Ot?

and the initial and the boundary conditions

=0, O<z<l1, t>0,

ou ou

E(l‘,O):O, a—x(I,O):O,

u(z,0) =0,
u(0,t) =0, wu(l,t)=t.

Show that the Laplace transform of u(x, t) with regard to ¢, denoted by 4, satisfies
the ordinary differential equation

" — 28t +s*u=0.

[5 marks]

(iii) Find the boundary conditions for % at = 0 and at x = 1. [2 marks]
(iv) Solve this equation for & and hence find the function u(z,t). [5 marks]
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