Solutions to MATH 201 JAN 2006
The solutions are all similar to questions set for homework except where marked bw for
bookwork.

SECTION A
1.
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This is separable. Separating the variables gives
dy 1 2
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The second equation is linear

d 2 2d
ﬁ + T3V =%" 1 has integrating factor exp(/ Hig;) =exp(2In |1 +2|) = (1 + )%
Multiplying through by the integrating factor gives
d d
(1+m)2£ +2(14+2)y = %((1—1—33)21/) =2’ 4?21
Integrating this equation gives
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1 y=" -4 C
(1+2)%y sty et

2. The solution y = e™* will satisfy the homogeneous equation if m? 4 13m + 40 = 0. This
has roots m = —5 and m = —8 so the Complementary Function is Ae™5% + Be~8%,
To find the particular integral we try y = ax? 4+ Bz + . We find
20+ 13(20x + B) + 40(ax? + B + ) = 402 + 1462 + 241

This is satisfied if o = 1, 26+ 406 = 146, so that § = 3 and 2a + 133 4+ 40y = 241, so that v = 5.
The general solution is then

y=Ae * 4+ Be 3 422 + 3245
From the initial conditions we get
y(0)=A+B+5=10, 4/(0)=-31=-54—8B+3

Therefore A =2 and B = 3.
The solution is therefore y = 2e7°% + 3¢ 8% + 22 + 3z + 5



3. Substituting x in to the equation gives —4x + 4x =0
Try y = zu. We get

(14 2?)[zu” +2u'] — dz[zu’ +u] + dzu =0

This simplifies to

-2 4 d(vw d 4 d
W= —+ x2 u so that / (u):_z/x+/ ;EJU
T 14+« u’ T e+ 1

1+22)? 1
In(v') = —2Inz + 2In(z? 4 1) or u/:%:—z—f—Q—l-xQ
x x

Therefore
1 3
u=——+2x+2°/3
T

The second solution is therefore y = % + 222 — 1.
4. For A = w?, The general solution is y = Acos(wz) + Bsin(wz). y(0) = A = 0 and

y'(m) = Bwcos(wm). B = 0 unless cos(wm) = 0 that is if w = (n + 1/2). The eigenvalues are
therefore A = (n + 1/2)? and the eigenfunctions sin((n + 1/2)x).

/7r O () (x)dx = /7r sin[(n + 1/2)z] sin[(m + 1/2)z|dx
0 0

s

sin[(n — m)x] _ sin[(n +m + 1)‘73] =0

= % /07r [cos[(n — m)x] — cos[(n +m + 1)z]]dz = % [

d.

n—m n+m+1 0

d2
d—g = 2ay + 6azz + 12a47% + 20a52> + ... + (n + 2)(n + D)a,02™ + ...
X

2zy = 2xag + 2a12° + 2a20° + 2a3x + ...+ 20, 12" + 2a,2" L.

We get a recurrence relation between a, 2 and a,_1 by equating coefficients of ™. We find that

An+42 . -2
an—1  (n+2)(n+1)

We see that ag and a1 are equal to A and B, that ay = 0, a3 = —ag/3, ay = —2a1/12, a5 = 0.
Thus

2, 22,
flx) = 5 + 6.5633 + ...
and 5 5 9
_ s e = 6
g@) =1 a4 psa + o

The ratio between successive terms in each of the two series is —223/((n + 3)(n + 2)). The size
of this ratio tends to zero for all finite values of x as n tends to co. The two series will therefore
converge for all finite values of x.



6. Any point where P(z) = 0 and so d?y/dz? is not defined is a singular point of the differential
equation. All other points are ordinary points. If zq is a singular point and

xlingo(x ) ggmi exists and wlingo (x — $0)2PE$; exists

the singular point is a regular singular point. If either limit does not exist, the point x = zg is an
irregular singular point.

There are 3 singular points, x =0, x = 1 and x = 2.

For z = 0 we have (x +4)/(z? — 3z + 2) is finite, but 5/[z(2? — 3z + 2)] is not as z — 0, so
x = 0 is an irregular singular point.

For z =1, (z +4)/[z(z — 2)] and 5(z — 1)/[z3(x — 2)] are both finite as z — 1, so this point
is a regular singular point

For z = 2, we have (x +4)/[z(z — 1) and 5(x — 2)/[23(z — 1)] are both finite as z — 2 so this
point is also a regular singular point.

7. The eigenvalues of A satisfy (2 — A)(6 — A\) + 3 = 0 so the eigenvalues are A = 3 and
A = 5. The eigenvectors are (3,—1)7 and (1,—1)7. The complementary function is therefore
A1(3,—1)Te3t + Ay(1,—-1)Ted, where A; and Ay are constants.

The particular integral will be we?!. Substituting into the differential equation and dividing
through by e?! gives:

2wy = 2wy — 3wy — 6 and 2we = wy + 6wy — 9.

The solution is wy = 17 and wy = —2.
The complete solution is then

x=4 (_31>€3t+Az <_11>e5t+ <i72>62t,

where A; and As are constants

SECTION B

8. y = ™ will be a solution if m? + 4m + X = 0, that is for m = —2 £ /4 — .

If A < 4, both values of m will be real and distinct. Let A\ = 4 — p?, the general solution is
then y = Ae(P=2? 4+ Be~(P+2)* The boundary conditions give y(0) =0= A + B and /(1) =0 =
(p —2)AeP=2 — (p+ 2)Be P~2. The only solution is A = B = 0.

For A = 0 the general solution is y = (A4 + Bx)e 2*. The boundary conditions give y(0) =
0=Aandy'(1)=0=(B—-2A—-2B)e 2 andso A= B = 0.

For A = 4 + w?, we have y = e~ 2% (A cos(wzx) + Bsin(waz)).

The boundary conditions give y(0) = 0 = A and then y'(1) = 0 = Be 2(—2sinw + w cosw).
Thus B = 0 unless —2sin(w) + wcosw = 0. This will be so if w = 2tanw. eigenfunctions
e~ 2% sin(w,x). To convert to the Sturm Liouville form, we have to multiply through by a function
P(x) which changes the derivative part to the form

d dy\ d?y ;. dy

3



Such a function will satisfy the differential equation P’(z) = 4P(z). This function is e*®. The
Sturm Liouville form is therefore

d ( 4.dy 4

— | e™—= Ae™ Py = 0.

dz <e d:U) ATy =0

If ¢,,(z) is the n’th eigenfunction, with eigenvalue A,

d 4x d¢n _ 4x
dz (e dz > = A€ 0.

Multiply this by a different eigenfunction ¢,,(x) and integrate from 0 to 1

Ly doy, ! d
/O qﬁmdx<e4xj;>dx =\, /0 e b pdr = [(l)m(x)e“dx¢n(x)]

The integrated term is zero because at © = 0, ¢,,,(0) = 0 and at x = 1, ¢/,(1) = 0. If we now write
the equation for ¢,,(x), multiply by ¢, (x) and integrate from 0 to 1, we see that if we integrate by
parts, the integrated term vanishes leaving us with the same integral of ¢], and ¢/,. We see then
that

1_/1€4xd¢m.d¢n_
0 0 dr dz

1 1
_>\n/ €4r¢n¢md$ - _)\m/ 64m¢n¢mdﬂf-
0

0

For this to be true with A, # Am, [y € dpmdr = 0.

9. Substituting y = Y-, a,x™ into the differential equation gives

Ay = Alag + iz +hasz?  +dazzr®  +Fagx? 4. Flapz" +...
2

372’ = 2ay +2.3azr +3.4a47® +4.5a52 +5.6a¢x? +.. F+n+2)(n+ 1)z +...
—xﬁ%’ = —2a92? —2.3a3x® —3.4asz? —e —n(n — D)apq22™ —

The coefficient of ™ in the differential equation is
(n+2)(n+ 1ap+2 —n(n —1)a, + Aa, =0
This gives the recurrence relation

Any2  n(n—1)—A
an  (M+2)(n+1)

The solution is

az o A2 Q4 4 a3 3 @305 5
aps 1+ —z°+ ——2"+ ..o +a1yr+ —2°+ ——x° + ...
ao agp az ay ay as
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Clearly if A = m(m — 1) for some integer m, a,,+2/a,=0, and this series terminates. If m is
odd, it is the series of odd powers which terminates, while if m is even, the series of even powers
terminates.

Ifm=2A=2a4=0,as/ap=—1, s0 Qz(z) =1 — 22

4



If m=3,A=6,a;5=0,as/a; = —1, so Q3(z) = v — 3.

If m=4,A=12, a6 =0, so Q4(x) = 1 — 622 + 5z*.

If m =5 A=20,a; =0, s0o Qs(z) =x — 1023/3 + 725 /3.

The integration is from —1 to 1. This means that the integral of an odd function of x is zero.
Therefore the integral of an odd order () with an even order @ is zero. We thus only have to
evaluate the integral with (02 and Q4 and the integral withQ3 and (J5. These are

/1 (1 —22)(1 — 622 + 5a%)

dr = [x—2x3+x5]i =0

1 1— 22 1
and X 1
r—23)(x — 1023 /3 + 75 3), 3 240
-1 1—=x 3 3 .

10. Substituting into the differential equation:
-y = —agx®© - . _anxc—&-n _
3L = 3capr? 13(c+ Daz® + ...  +3(c+n)ansizct" L
—x% = capx® — .. —(c+n)a, petn -
41:% = de(c—1)agzc™!t  +4(c+ l)calx + . +4(c+n+1)(c+ n)appzc™™  + .

The smallest power of x in this is ¢~ . Its coefﬁment is (4c(c — 1) + 3¢)ag. agp is not zero by

hypothesis and so ¢ =0 or ¢ = 1/4.
We get the recurrence relation by looking at the coefficient of "¢, This gives us

an+1 c+n+1 . 1
an  (c+n+1)(dc+4n+3) de+4n+3

For ¢ = 0 if we take ag =1,

1 11
y=1+_-z+--2%+..

3 37
and for ¢ = 1/4 we have
o 1+1 Ll
y = T+ ;3%

The ratio between successive terms in either of the series is x/(4c+4n+3). This tends to zero
as n tends to infinity for all finite values of . The series therefore converges for all finite values of
x.

To convert to the Sturm Liouville form, we have to multiply through by a function P(x) which
changes the derivative part to the form

& (Pof) =P+ PO

Such a function will satisfy the differential equation P'(z) = [(3 — z)/4x]|P(x).
Thus In P = (3Inz — x)/4 so that P = 23/%¢~*/4, The Sturm Liouville form is then

d 3/4 —m/4dy x71/4 —z/4, _
dx ( dx 1 ¢ VT 0




11. A(1,2,-1)T = (1,2,-1)T, so (1,2, —1)T is an eigenvector with eigenvalue A = 1.
Alternatively, we can find the other eigenvalue from the determinant

T—-X 2 10
det| =8 —3—-X —16 |=0=-XA+8\7+17TA+10=—-(A—1)(A—2)(A—5).
5 1 4— )\

The roots are A\=1, A=2 and A = 5.
The third eigenvector can be found by multiplying the first column of A — Ao by the matrix
A — X\ I. That is

6 2 10 ) 24
e3=| -8 —4 -16 8| =1 -24
1 1 3 1 0

We can take a factor of 24 out so that e3 = (1,—1,0)7. Its eigenvalue is 5.
The second eigenvector can be found by multiplying the first column of A — A3 by the matrix
A — X\{I. That is

6 2 10 2 6
es=|-8 -4 —-16|[-8]=10
1 1 3 1 -3

We can take a factor of 3 out so that ez = (2,0, —1)T. Its eigenvalue is 2.

The second eigenvector can be found by taking the cofactors of the elements of the first row
of A —2I. This gives a multiple of (2,0, —1)7.

The third eigenvector can be found by taking the cofactors of the elements of the first row of
A —51. This gives a multiple of (1,—1,0)T.

The matrix P is the matrix whose columns are the eigenvectors, so

P = 2 0o -1 and D =

O O =
o N O
oo O

Write x = Py and then X = Py = APy + f(t).
Then P~'Py = P~1APy + Pf(t)
or y = Dy + c(t), where c(t) = P~1f(t). The inverse matrix P~! is

1 1 2
-1 -1 -3
2 1 4

Therefore ¢; = f1 + fo +2f3, co = —f1 — fo — 3f3/ and c3 = +2f1 + fo +4fs.



12.

dx (5N 5 (2 1\[1) &
dt_(15>e _<—9 8)(3)6'

We find the eigenvalues by solving

This has a double root A =5
We look for a second solution (1,3)Tte5 4+ we®'. We get

5t + 1+ bwq o5t — 5t + 2wy + wo o5t
15t + 3 + bwsy —\ 15t — Jwy + 8wy ’

Therefore
3wy —wy = —1 and wy — 3wy = —3.

We can take wy = 1 and w; = 0. The second solution is then y = (1,3)Tte + (0,1)Te5 The
general solution is then y = A(1,3)Te® + BJ[(1, 3)Tted + (0,1)T €]

We take P to have the first column (1,3)7 and second column (0, 1) Thus

(1 0 (1 0
P—(3 1) and P —<_3 1).
Writing x = Py

dy _,dx 1 0 2 1 1 0 1 0 5 1 1 0
a = T (—3 1) (—9 8) (3 1>Y+<—3 1>f: (0 5>Y+<—3 1)f
The equations are now decoupled. The equation for ys does not involve ;.
We have g1 = 5y1 + y2 + f1 and g2 = 5y2 — 3f1 + fo
We have to solve 73 = 5y, + €®*. This is a first order linear equation whose integrating factor
is e 7>, The solution is y = (A + t)e’.
The equation for y; is 11 = 5y; + (A + t)e®*. This is also a first order linear equation with
integrating factor e=®*. The solution is y; = (B + At + t2/2)e®*. Then
r1 =11 = (B + At +t2/2)e’, and 22 = 3y1 +y2 = (A + 3B + (3A + 1)t + 3t /2)e5.

5t



