MATH191 Exam September 2004, Solutions

1. The maximal domain is R and the range is [—1,1].
The graph is shown below. It crosses the y-axis at y = 1, and the z-axis at
x=—-3r/2,—7/2,7/2,31/2.

2. We have f(0) =0, f'(x) = —2/(1—2x), so f(0) = =2, and f"(z) = —4/(1—2z)?,
so f"(0) = —4.

Hence the Maclaurin series expansion of f(z) up to the term in x2

is
f(z)= =2z —22% +---

3.

a) r=+I+1=+2 tanf =1/ —1=—1, so since v < 0 we have § = tan~(—1) +
m = 3m/4.

b) = = 3cos(27/3) = 3(—1/2) = —3/2. y = 3sin(27/3) = 3v/3/2.

4.

1 6350 1
/ (e?’x — cosh ac) de = [— — sinh :1:]
-1 3 —1

= ¢%/3 —sinh(1) — e3/3 + sinh(—1) = 2sinh(3)/3 — 2sinh(1) = 4.328
to three decimal places.
5. Differentiate the defining equation with respect to = to obtain

d d
Y gy —3sY y o=,

4x — 2
. yda: dzx



giving
dy 4x —3y+2
de 3z +2y

At (2,y) = (1,1) this gives % = 2.
Hence the equation of the tangent is

y=1+3x—-1)/5 or 5y =3z + 2.
6.

a) By the product rule,

d
e (x2 cosh m) = 2z cosh z + 22 sinh z.

b) By the chain rule,

d
%(m +sin x)? = 4(z + sin 2)3(1 + cos ).

c¢) By the quotient rule,

d z? _ 2z(1+4€%) — a?e”
de \1+4+e*) (1+e7)?

7. f'(r) = 622 — 182+ 12 = 6(2% — 3x +2) = 6(z — 1)(x — 2). Stationary points are
given by solutions of f'(x) = 0, so there are exactly two stationary points, namely
r=1and z=2.

To determine their natures, f”(x) = 6(2x—3) so (1) < 0 and f”(2) > 0. Hence
x =1 1is a local maximum and x = 2 is a local minimum.

8.
z21+20 = 3425
21 — Ry = 1—4j
2z = (2—5)(1+3j)=2+6j—j—32=5+5j
2 — )1 —3j —1-7j
o)z = (2-5)(1—35) _ j
(1435)(1 —3yj) 10

9. sin"1(1/2) = /6.
Hence the general solution of sinf = 1/2 is

o — &+ 2nm (neZ)
Tl E+2nr (neZ)
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10.

a+b = 4i+k
a—-b = 2i+2j-3k
la] = V3 +12+12=VI1
b = V12+12+22=16

a-b = 3-1-2=0

Hence the angle between a and b is 7/2.

11. The Maclaurin series expansion of sin x is

o 3 a2
s1nx—a:—§+5—---
Hence
a)
. 92 rt
rsinT =T —54—---
b)
8x3  32x° 4a3  4ad
sm(2m):2m—? BT —233_T+1_5_
c)
Gl x_x3+x5 - x_x3+x5 -
B 6 120 6 120
4
— 2
= x 3 +

¢) gives an approximation of (0.1)? — (0.1)%/3 = 0.01 — 0.0000333 = 0.0099667 to
sin?(0.1) (6 decimal places).

12. The radius of the convergence R of the power series

o0
E anx"
n=1

is given by
Qn

R = lim

n—oo

Ap41



provided this limit exists.

In this case a, = 1/n?2", 50 |an/ant1| = (n+1)22"1/(n?2") = 2((n + 1) /n))?,
which tends to 2 as n — co. Hence R = 2.

When ¢ = —2, the series becomes

This converges by the alternating series test, which states that

(=D)"an

n=1

converges if a, is a decreasing sequence with a,, — 0.
When x = 2, the series becomes

2

which converges (standard result).
Hence the series converges if and only if —2 <z < 2.

13. The graphs are as shown:

In [0,00), 1 — 222 decreases strictly from 1 to —oo, and z° increases strictly from
0 to oo: it follows that there is exactly one solution in z > 0. By symmetry, there is
exactly one solution in z < 0.

Setting f(z) = 2% + 222 — 1, we have f’(z) = 62° + 4z, so the Newton-Raphson
formula becomes
28 + 222 — 1

Tn+1 = Tn — 625 T4z,
n

Hence
zd +22% -1

= 0.674360.
6%8 + 4IL’0

r1 =Xy —
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33?4—2:13%—1

= 0.673350.
6z + 4xq

ro = XT1 —

64222 -1
T2 2T 1) 673348,

By symmetry, the best approximation available to the second solution of f(x) =0
is x = —0.673348.

14. For x < 0 we have f(x) = 22 4+ 22 — 1, which has zeros at * = —1 £ /2, of
which only —1 —+/2 lies in the appropriate domain. The derivative is f'(z) = 242,
so there is a stationary point at x = —1. Since f”(z) = 2, the stationary point is
a local minimum. f(zx) =1—2—1 = —2 at the stationary point. The gradient of
224+ 2x—1latx=0is 2.

For z < 0 we have f(x) = 2/(x — 2), which has no zeros and tends to —1 as
r — 0and to0as 2z — oco. f/(x) =—2/(x —2)?, so there are no stationary points,
and f(z) is decreasing in (0,2) U (2,00). The gradient is —1/2 at x = 0. There is a
vertical asymptote at x = 2.

The graph of f(x) is therefore

f(x) is not continuous at x = 2, since 2 is not in its maximal domain.
f(x) is not differentiable at x = 2 (not in maximal domain), or at x = 0 (since
the pieces join with different gradients).

15. Let z = cosf + jsin6, so by de Moivre’s theorem

z" = cosnf + jsinnf

z = cosnf — jsinnd.

Thus 2" — z7" = 25 sin nf.



In particular, 2jsinf = z — 2! so

8i3sin30 = (z—271)°

= 2 -3z4+3z1—-273

= (2:3 — z_3) —3(z — z_l)

= 25sin30 — 6 sin 6.
Thus, since j2 = —j,
4sin® 0 = —sin 30 + 3sin 6,

soa=—1and b=23.

So
w/2
/ sinzde = (3sin = —sin(3x)) dz
0

-
o

w/2

[COS — 3cos x]o
<cos 37r/2 —cos(0) 3(cos(m/2) — cos(O))>
(

L >_2/3

N s

c,o"



